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PREFACE. 



Most persons do not possess, and do not easily acquire, the 
power of abstraction requisite for apprehending the Geometri- 
cal conceptions, and for keeping in mind the successive steps 
of a continuous argument. Hence, with a very large proportion 
of beginners in Geometry, it depends mainly upon the form in 
which the subject is presented whether they pursue the study 
with indifference, not to say aversion, or with increasing interest 
and pleasure. 

In compiling the present treatise, this fieust has been kept con- 
stantly in view. All unnecessary discussions and scholia have 
been avoided ; and such methods have been adopted as experi- 
ence and attentive observation, combined with repeated trials, 
have shown, to be most readily comprehended. No attempt has 
been made to render more intelligible the simple notions of 
position, magnitude, and direction, which every child derives 
from observation; but it is believed that these notions have 
been limited and defined with mathematical precision. 

A few symbols, which stand for words and not for operations, 
have been used, but these are of so great utility in giving styU 
and perspicuity to the demonstrations that no apology seems 
necessary for their introduction. 

Great pains have been taken to make the page attractive. 
The figures are large and distinct, and are placed in the middle 
of the page, so that they fall directly under the eye in imme- 
diate connection with the corresponding text. The given lines 
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of the figoies are full lines, the lines employed as aids in the 
demonstrations are short-dotted, and the resulting lines are long- 
dotted. 

In each proposition a concise statement of what is given is 
printed in one kind of type, of what is required in another, and 
the demonstration in still another. The reason for each step 
is indicated in small type between that step and the one follow- 
ing, thus preventing the necessity of interrupting the process of 
the argument by referring to a previous section. The number 
of the section, however, on which the reason depends is placed 
at the side of the page. The constituent parts of the propo- 
sitions are carefully marked. Moreover^ each, distinct assertion in 
the demp7istrations, and each particiUar direction in the construc- 
tions of the figures, begins a new line; and in no case is it neces- 
sary to turn the page in reading a demonstration. 

This arrangement presents obvious advantages. The pupil 
perceives at once what is given and what is required, readily 
refers to the figure at every step, becomes perfectly familiar with 
the language of Geometry, acquires facility in simple and accu- 
rate expression, rapidly learns to reason, and lays a foundation 
for the complete establishing of the science. 

A few propositions have been given that might properly be 
considered as corollaries. The reason for this is the great diffi- 
culty of convincing the average student that any importance 
should be attached to a corollary. Original exercises, however, 
have been given, not too numerous or too difficult to discourage 
the beginner, but well adapted to afford an effectual test of the 
degree in which he is mastering the subjects of his reading. 
Some of these exercises have been placed in the early part of 
the work in order that the student may discover, at the outset, 
that to commit to memory a number of theorems and to repro- 
duce them in an examination is a useless and pernicious labor ; 
but to learn their uses and applications, and to acquire a readi- 
ness in exemplifying their utility, is to derive the full benefit 
of that mathematical trainin<]^ which looks not so much to tbe 
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attainment of information as to the discipline of tfie mental fac- 
ulties. 

It only remains to express my sense of obligation to Dr, 
D. F. Wells for valuable assistance, and to the University 
Press for the elegance with which the book has been printed ; 
and also to give assurance that any suggestions relating to the 
work will be thankfully received. 

G. A. WENTWOETH. 

Phillips Exeteb Academy, 
January, 1878. 



NOTE TO THIRD EDITION. 

In this edition I have endeavored to present a more ri;;or- 
ous, but not less simple, treatment of Parallels, Eatio, and 
Limits. The changes are not sufficient to prevent the simulta- 
neous use of the old and new editions in the class ; still they are 
very important, and have been made after the most careful and 
prolonged consideration. 

I have to express my thanks for valuable suggestions received 
from many correspondents ; and a special acknowledgment is due 
from me to Professor C. H. Judson, of Furman University, 
Greenville, South Carolina, to whom I am indebted for assist- 
ance in effecting many improvements in this edition. 

^O THE TEACHEB. 

When the pupil is reading each Book for the first time, it will be 
well to let him write his proofs on the blackboard in his own lan- 
guage ; care being taken that his language be the simplest possible, 
that the arrangement of work be vertical (without side work), and 
that the figures be accurately constructed. 

This method will furnish a valuable exercise as a language lesson, 
will cultivate the habit of neat and orderly arrangement of work, 
and will allow a brief interval for deliberating on each step. 

After a Book has been read in this way the pupil should review 
the Book, and should be required to draw the figures free-hand. He 
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should state and prove the propositions orally, using a pointer to 
indicate on the fij^re every line and angle named. He should be 
encouraged, in reviewing each Book, to do the original exercises ; to 
state the converse of propositions ; to determine from the statement, 
if possible, whether the converse be true or false, and if the converse 
be true to demonstrate it ; and also to give well-considered answers 
to questions which may be asked him on many propositions. 

The Teacher is strongly advised to illustrate, geometrically and 
anthmetically, the principles of limits. Thus a rectangle with a 
constant base 6, and a variable altitude x, will afford an obvious 
illustration of the axiomatic truth contained in [4], page 88. If x 
increase and approach the altitude a as a limit, the area of the rec- 
tangle increases and approaches the area of the rectangle a 6 as a 
limit ; if, however, x decrease and approach zero as a limit, the area 
of the rectangle decreases and approaches zero for a limit. An arith- 
metical illustration of this truth would be given by multiplying a 
constant into the approximate values of any repetend. If, for exam- 
ple, we take the constant 60 and the repetend .3333, etc., the approxi- 
mate values of the repetend will be ^, ^^, -f^j VWW» ^^^j *^^ 
these values multiplied by 6() give the series 18, 19.8, 19.98, 19.998, 
etc., which evidently approach 20 as a limit ; but the product of 60 
into ^ (the limit of the repetend .333, etc.) is also 20. 

Again, if we multiply 60 into the different values of the decreasing 
series, ^, ^, y^, ^ryW» ®^c., which approaches zero as a limit, 
we shall get the decreasing series, 2, \, ^, j^, etc. ; and this series 
evidently approaches zero as a limit. 

In this way the pupil may easily be led to a complete comprehen- 
sion of the whole subject of limits. 

The Teacher is likewise advised to give frequent written examina- 
tions. These should not be too difficult, and sufficient time should 
be allowed for accurately constructing the figures, for choosing the 
best language, and for determining the best arvangement. 

The time necessary for the reading of examination-books will be 
diminished by more than one-half, if the use of the symbols employed 
in this book be permitted. 

G.A.W. 

Phillips Exeter Academy, 
January, 1879. 
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BOOK I. 

RECniilNEAB FIGURES. 




Introduotort Remarks. 

A ROUGH block of marble, under the stone-cutter's hammer, 
may be made to assume regularity of form. 

If a block be cut in the shape repre- 
sented in this diagram, 

It will have six flat faces. 

Each face of the block is called a Sur- 
face, 

If these surfaces be made smooth by pol- 
ishing, so that, when a straight-edge is applied to any one of 
them, the straight-edge in every part will touch the surface, the 
surfaces are called Plane Surfaces, 

The sharp edge in which any two of these surfaces meet is 
called a Line, 

The place at which any three of these lines meet is called a 
Point, 

If now the block be removed, we may think of the place 
occupied by the block as being of precisely the same shape and 
size as the block itself; also, as having surfaces or boundaries 
which separate it from surrounding space. We may likewise 
think of these surfaces as having lines for their boundaries or 
limits ; and of these lines as having points for their extremities 
or limits. 

A Solid, as the term is used in Geometry, is a limited por- 
tion of space. 

After we acquire a clear notion of surfaces as boundaries of 
soKds, we can easily conceive of surfaces apart &om solids, and 
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suppose them of unlimited extent. Likewise we can conceive of 
lines apart from surfaces, and suppose them of unlimited length ; 
of points apart from lines as having position^ but no extent 

Definitions. 

1. Def. Space or Extension has three Dimensions, called 
Length, Breadth, and TTiichness, 

2. Def. A Point has position without extension. 

3. Def. A Line has only one of the dimensions of exten- 
sion, namely, length. 

The lines which we draw are only imperfect representations 
of the true lines of Geometry. 

A line may be conceived as traced or generated by a point in 
motion. 

4. Def. A Surface has only tufo of the dimensions of ex- 
tension, length and breadth. 

A surface may be conceived as generated by a line in motion. 

5. Def. A Solid has the three dimensions of extension, 
length, breadth, and thickness. Hence a solid extends in all direc- 
tions. 

A solid may be conceived as generated by a surface in motion. 

Thus, in the diagram, let the upright B_ 

surface A B CD move to the right to a^- 
the position E F H K. The points 
A, B, C, and D will generate the lines 



-a 



\y 



AE,BF, CK, and D H respectively. C K 

And the lines AB, BD, DC, and A C will generate the sur- 
faces A F, BE, DK, and A K respectively. And tiie surface 
ABC D will generate the solid A H. 

The relative situation of the two points A and H involves 
three^ and only three, independent elements. To pass from A to If 
it is necessary to move East (if we suppose the direction A E to 
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be due East) a distance equal to A E, North a distance equal to 
£F, and down a distance equal to FH. 

These thiee dimensions we designate for convenience length, 
breadth, and thickness. 

6. The limits (extremities) of lines are points. 
The limits (boundaries) of surfaces are lines. 
The limits (boundaries) of solids are surfiMses. 

7. Def. Extension is also called Mfignitude. 

When reference is had to extent^ lines, surfaces, and solids are 
called magnitudes, 

8. Dep. a Straight line is a line which has 
the same direction throughout its whole extent. 

9. Def. A Ctirtwe^ line is a line which changes 
its direction at every point. 

10. Def. a Broken line is a series of con- 
nected straight lines. 

When the word line is used a straight Une is meant; and 
when the word curve is used a curved line is meant. 

1 1. Def. a Platie Surface, or a Plane, is a surface in which, 
if any two points be taken, the straight line joining these points 
will lie wholly in the surface. 

12. Def. A Curved Surface is a surface no part of which 
is plane. 

13. Figure ot form depends upon the relative position of 
points. Thus, the figure or form of a line (straight or curved) 
depends upon the relative position of points in that line ; the 
figure or form of a surface depends upon the relative position of 
points in that surface. 

When reference is had to form or shape, lines, surfaces, and 
solids are caMe^ figures. 
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14. Dep. a Plane Figure is a figure, all points of which 
are in the same plane. 

16. Dep. Geometry is the science which treats of podtum, 
magnitude, and form. 

Points, lines, surfiEtces, and solids, with their relations, are 
the geometrical conceptionSy and constitute the suhject-matter of 
Geometry. 

16. Plane Geometry treats of^lane figures. 

Plane figures are either rectilinear, curvilinear, or mixtilinear. 

Plane figures formed hy straight lines are called rectilinear 
figures ; those formed hy curved lines are called curvilinear fig- 
ures ; and those formed hy straight and curved lines are called 
mixtilinear figures. 

17. Dep. Figures which have the same form are called 
Similar Figures. Figures which have the same extent are called 
Equivalent Figures. Figures which have the same form and 
extent are called Equal Figures, 



On Straight Lines. 

18. If the direction of a straight line and a point in the 
line he known, the position of the line is known ; that is, a 
straight line is determined in position if its direction and one of 
its points he known. 

Hence, all straight lines which pass through the same point in 
the same direction coincide. 

Between two points one, and hut one, straight line can he 
drawn ; that is, a straight line is determined in position if tv>o of 
its points he knoum. 

Of all lines hetween two points, the shortest is the straight 
line ; and the straight line is called the distance hetween the 
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The poiut from which a line is drawn is called its origin, 

19. If a line, &a CB, ^ \ ^ , be produced through C, 
the portions C B and CA may be regarded as different lines 
having opposite directions from the point C. 

Hence, every straight line, as AB, 6 ?, has two opposite 

directions, namely from A toward B, which is expressed by say- 
ing line A By and from B toward A, which is expressed by 
saying line B A. 

20. If a straight line change its magnitude, it must become 
• longer or shorter. Thus by prolonging AB io Cy ^ f ^ j 

AC = AB-\-BC'y andconversely, J?(7=^C7— ilJ?. 

If a line increase so that it is prolonged by its own magnitude 
several times in succession, the line is muUipliedy and the result- 
ing line is called a multiple of the given line. Thus, \i A B^= 

BC = ODy etc., ^ f ^ 5._?, then AC=2ABy AD = 

3^j5, etc. 

It must also be possible to divide a given straight line into an 
assigned number of equal parts. For, assumed that the nth 
part of a given line were not attainable, then the double, triple, 
quadruple, of the nth part would not be attainable. Among 
these multiples, however, we should reach the nth multiple of 
this nth part, that is, the line itself. Hence, the line itself wpuld 
not be attainable ; which contradicts the hypothesis that we have 
the given line before us. 

Therefore, it is cdways possible to addy subtract, multiplt/y and 
divide lines of given length, 

21. Since every straight line has the property of direction, 
it must be true that two straight lines have either the same 
direction or different directions. 

Two straight lines which have the same direction, withovt coin- 
ciding, can never meet ; for if they could meet, then we should 
have two straight lines passing through the same point in the 
same direction. Such lines, however, coincide. § 18 
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22. Two straight lines which lie in the same plane and have 
different directions must meet if sufficiently prolonged; and, must 
have one, and hut one, point in common. 

Conversely : Tioo straight lines lying in the same plane which 
do not meet have the same direction; for if they bad diflferent 
directions they would meet, which is contrary to the hypothesis 
that they do not meet. 

Two straight lines which meet have different directions; for 
if they had the same direction they would never meet (§ 21), 
which is contrary to the hypothesis that they do meet. 



On Plane Angles. 

23. Dep. An Angle is the difference in direction of two 
lines. The point in which the lines (prolonged if necessary) 
meet is called the Vertex, and the lines are called the Sides of 
the angle. 

An angle is designated by placing a letter at its vertex, and 
one at each of its sides. In reading, we name the three let- 
ters, putting the letter at the vertex between the other two. When 
the point is the vertex of but one angle we usually name the 
letter at the vertex only ; thus, in Fig. 1, we read the angle by 
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calling it angle A, But in Fig. 2, J7 is the common vertex of 
two angles, so that if we were to say the angle H, it would not 
be .known whether we meant the angle marked 3 or that 
marked 4. We avoid all ambiguity by reading the former as 
the angle EHD, and the latter as the angle E H F, 



DEFINITIONS. 




Tile luaguitude of an angle depends wholly upon the fxtetU 
of openiug of its sides, and not upon their 
length. Thus if the sides of the angle BACf 
namely, A B and AG^ h^ prolonged, their 
extent of opening will not he altered, and the 
9Ue of the angle, consequently^ will not be 
changed 

24. Def. Adjacent Angles are angles ^ 
having a common vertex and a .common / 
side between them. Thus the angles / 
ODE and C D F are adjacent angles. ^ D ^ 

25. Def. A Bight Angle is an angle included l^'twcen two 
straight lines which meet each other so that Clie two adjacent 
angles formed by producing one of the lines 

through the vertex are equaL Thus if the 
straight line A B meet the straight line C D 
so that the adjacent angles ABC and ABD 
are equal to one another, each of these an- 
gles is called a right angle. 

26. Def. Perpendicular Lines are lines 
which make a right angle with each other. 

27. Def. An Acute Angle is an angle 
less than a right angle ; as the angle B AC. 

28. Def. An Obtuse Angle is an angle 
greater than a right angle ; as the angle 
DEF. 

29. Def. Acute and obtuse angles, in 
distinction from right angles, are called ob- 



B 
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liqne angles ; and intersecting lines which are not perpendicular 
to each other are called oblique lines, ^ 

30. Def. The Complement of an angle is 
the difference between a right angle and the 
given angle. Thus ABB is the complement 
of the angle DBC; also BBC la the com- 
plement of the angle ABD, 
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31. Def. The Supplement of an angle 
is the difference between two right angles 
and the given angle. Thus AC D \a the 
supplement of the angle DC B\ also LCB 
is the supplement of the angle AC D. 

32. Dbp. Vertical Angles are angles 
which have the same vertex, and their 
sides extending in opposite directions. 
Thus the angles AOD and COB are 
vertical angles, as also the angles AOC 
and BOB. 
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On Angulab Magnitude. 




33. Let the lines ^J5' and ^^' be in 
the same plane, and let B B' hQ perpen- 
dicular to ^ ^' at the point 0, 

Suppose the straight line C to move ^ 
in this plane from coincidence with A, 
about the point as a pivot, to the po- 
sition C ; then the line C describes or 
generates the angle AOC 

The aiwmnt of rotation of the line, from the position ^ to 
the position (7, is the Angular Magnitude AOC. 

11 the rotating line move from the position A io the po- 
sition Bf perpendicular to A, it generates a right angle ; to 
the position A' it generates two right angles ; to the position 
OB', aa indicated by the dotted line, it generates three right 
angles; and if it continue its rotation to the position A, 
whence it started, it generates four right angles. 

Hence the whole angular magnitude about a point in a plane 
is equal to four right angles, and the angular magnitude about 
a point on one side of a straight line drawn through that point 
is equal to two right angles. 
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34. ^N'ow since the angular magnitude about the point is 
neither increased nor diminished by the number of lines which 
radiate from that point, the sum of all the angles about a point 
in a plane, as AOB + BOC-^COD, etc., in Fig. 1, is equal 
to four right angles ;* and the sum of all the angles about a point 
on one side of a straight line drawn through that point, as 
AOB-^BOO+COD, etc., Fig. 2, m equcU to two tnght 
angles. 

Hence two adjacent angles, OCA and OC B, jy 

formed by two straight lines, of which one is 
produced from the point of meeting in both di- 
rections, are supplements of each other, and may J 
be called supplementary adjacent angles. 

On the Method op Superposition. 

35. The test of the equality of two geometrical magnitudes 
is that they coincide point for point. 

Thus, two straight lines are equal, if they can be so placed 
that the points at their extremities coincide. Two angles are 
equal, if they can be so placed that their vertices coincide in 
position and their sides in direction. 

In applying this test of equality, we assume tliat a line may 
be moved from one place to another without altering its length ; 
that an angle may be taken up, turned over, and put down, 
without altering the difference in dh'ection of its sides. 
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This method enables us to com- 
pare unequal magnitudes of the 
same kind. Suppose we have two 
angles, ARC and A' B' C. Let 
the side j2^ (7 be placed on the side 
Bf (7', so that the vertex B shall fall on B', then if the side BA 
fall on J^A', the angle ABC equals the angle A' Bf C ] ii the 
side j5^ fall between B' C and Bf A' in the direction ^i>,the 
angle ABC\% less than A' B O ; but if the side ^ ^ fall in the 
direction B! Ey the angle ABC^& greater than A' B C, 

This method of superposition en- ^ q 

ables us to add magnitudes of the 

same kind. Thus, if we have two c Z> 

straight lines AB and CD, by ^ ^ 

placing the point C on J5, and keeping (7 Z> in the same direc- 
tion with A B, we shall 4iave one continuous straight Une A D 
equal to the sum of the lines A B 
and CD, 

Again : if we have the angles 
ABC and DBF, by placing 
the vertex B on E and the side ^c 
BC in the direction of ED, the 
angle ABC will take the position 
A ED, and the angles DEF and 
ABC will together equal the an- 
gle ^JS^^. 






Mathematical Terms. 

36. Dep. a Demonstration is a course of reasoning by which 
the truth or falsity of a particular statement is logically establisheil. 

37. Dep. A Theorem is a truth to be demonstrated. 

38. Dep. A Construction is a graphical representation of 
a geometrical conception. 

39. Dep. A Problem is a construction to be effected, or a 
question to be investigated. 
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40. Def. An Axiom is a truth which is admitted without 
demonstration. 

41. Def. A Postulate is a problem which is admitted to 
be possible. 

42. Def. A Praposttian is either a theorem or a problem. 

43. Def. A Corollary is a truth easUj deduced from the 
proposition to which it is attached. 

44. Def. A Scholium is a remark upon some particular fea- 
ture of a proposition. 

45. Def. An Hypothesis is a supposition made in the 
enuuciation of a proposition, or in the course of a demonstration. 

46. Axioms. 

1. Tilings which are equal to the same thing are equal to each 

other. 

2. When equals are added to equals the wholes are equal. 

3. When equals are taken from equals the remainders are equal. 

4. When equals are added to unequals the wholes are unequal. 

5. When equals are taken from unequals the remainders are 

unequal. 

6. Tilings which are double the same thing, or equal things, 

are equal to each other. 

7. Things which are halves of the same thing, or of equal 

things, are equal to each other. 

8. The whole is greater than any of its parts. 

9. Every whole is equal to all its parts taken together. 

47. Postulates. 

Let it be granted — 

1. That a straight line can be drawn from any one point to any 

other point. 

2. That a straight line can be produced to any distance, or can 

be terminated at any point. 

3. That the circumference of a circle can be described about any 

centre, at any distance from that centre. 
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48. Symbols and Abbreviations. 



.*. therefore. 
= is (or are) equal to. 
Z angle. 
A angles. 
A triangle. 
A triangles. 
II parallel. 
O parallelogram 
[U parallelograms. 
-L perpendicular. 
Jf perpendiculars, 
rt. Z right angle. 
rt. A right angles. 

> is (or are) greater than. 
< is (or are) less than, 
rt. A right triangle, 
rt. A right triangles. 
O circle. 
® circles. 
+ increased hy. 
— diminished hy. 
X multiplied hy. 
-T- divided hy. 



Post, postulate. 

Def. definition. 

Ax. axiom. 

Hyp. hypothesis. 

Cor. corollary. 

Q. E. D. quod erat demonstran- 
dum. 

Q. E. F. quod erat fieunendum. 

Adj. adjacent. 

Ext.-int. exterior-interior. 

Alt. -int. alternate-interior. 

Iden. identical. 

Cons, construction. 

Sup. supplementary. 

Sup. adj. supplementary-adja- 
cent. 

Ex. exercise. 

IlL illustration. 
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On Perpendioulab and Obuqub Linbb. 

Proposition I. Theorem. 

49. When one straight line crosses another straight line 
the vertical angles are equal. 



A 



Let line OP cross A B at (7. 

We are to prove Z, OC B^^ Z, AC P. 

Z,OCA + Z OCB== 2 Ti. A, §34 

{beinff sup.-adj. A). 

Z OCA-b ZACP=^2TtA, § 34 

(being sup.-adj.A). 

..ZOCA + ZOCB^ZOCA + ZACP. Ax. 1. 

Take away from each of these equals the common ZOC A. 
Then Z OCB^ZACP. 

In like manner we may prove 

ZACO==ZPCB. 

Q. E. D. 

50. Corollary. If two straight lines cut one another, the 
four angles which they make at the point of intersection are 
together equal to four right angles. 
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Proposition II. Theorem. 

51. When the sum of two ar/Jacent angles is equal to two 
right angles^ their exterior sides form one and tlie same 
straight line. 

O 




Let the adjacent angles Z0CA + Z0CB = 2rt. A. 
We are to prove A C and CBtnthe same straight line. 
Suppose C -F to be in the same straight line with A C. 

Then Z OC A + Z OCF= 2 tt A, §34 

{being sup.'Odj, A ). 

But ZOCA-b Z0CB=^2Tt.A. Hyp. 

.\ZOCA'\-ZOCF^ZOCA-\'Z OCB. Ax. 1. 

Take away from each of these equals the common ZOO A. 

Then ZOCF^ZOCB, 

.*. C B and C^ coincide, and cannot fonn two lines as rep- 
resented in the figure. 

.\ AC and C B are in the same straight line. 

Q. E. D. 
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Proposition III. Theorem. 
b2, A perpendicular meamres the shortest distance from 
a point to a straight line. 




Let AB be the given straight line, C the given point, 
and C the pezpendicular. 

We are to prove C < any oilier line^ as CF. 

Produce COtoE, making OE=CO. 

Draw EF. 
Om AB Q& an axis, fold over OC F until it comes into the 
plane of OJ^i^. 

The line C will take the direction of E^ 
{since /: CO F= Z EOF, each being a rt. Z). 

The point C will fall upon the point E^ 

(mice 00= Eby eons.). 

.\\mQCF=\mQFE, 

(having their extremities in the same points), 

.'.CF-i- FE=2CFy 
00+ 0E=2 00. 

00+ OE<OF+ FE, 

{a straight line is the shortest distance between two points). 

Substitute 2 O foT O + E, - 

and 2 OF for 0F+ FE; then we have 

2 00<2 0F. 

.\00<0F. 

Q. E. D. 



and 
But 



§ 18 

Cons. 
§ 18 
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Pboposition IV. Theobeh. 

58. Ttoo oblique lines drawn from a point in a perpen- 
dicular, cutting off equal distances from the foot of the per- 
pendicular, are equal. 




Let F C be the pezpendicular, and C A and C two 
oblique lines cutting off equal distances from F, 



We are to prove C A^= C 0, 

Fold over C FA, on CFas an axis, until it comes into the 
plane of C-FO. 

FA will take the direction of FO, 
{since Z CFA = Z.CFO, each being aH. Z). 

Point A will fall upon point 0, 
(FA = FO, by hyp.). 



,'AineCA^lmeCO, 
{their extremities being the same points). 



§ 18 



Q. E. D. 
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Proposition V. Theorem. 

54. The sum of two lines drawn from a point to the «r- 
tremities of a straight line is greater than the sum of two 
other Hnes similarly drawn, but included by them. 




Let C A and G B he two lines drawn from the point C 
to the extremities of the straight line A B, Let OA 
and B be two lines similarly drawn, but included 
byCA andCB. 

We are to prove C A-^- C B> A -^-'O B. 

Produce AO io meet the line C B dX E. 

Then AC -\' C E> AO + E, §18 

(a straight lirie is tJie shortest distance between tvx> points), 

and BE-\- OE>BO, §18 

Add these inequalities, and we have 

CA-\-GE-\'BE-\-OE>OA-\-OE'\-OB. 

Substitute Iqy C E -^^ B E \\& equal C B, 

and take away E from each side of the inequality. 

We have CA + CB>OA + OB. 

Q. E. D. 
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Proposition VI. Theorem. 

65. Of two oblique lines drawn from the same point in a 
perpendicular y cutting off unequal distances from the foot of 
the perpendicular^ the more remote is the greater. 
C 




Let OF he peipendicniar to A B, and C K and OH two 
oblique lines cutting off unequal distances from F. 

We are to prove OH>OK. 

Produce OF to E, making FE == F. 
Btslw E £ 2Liid E H. 

OH = HE, and OK = KE, § 53 

{ttpo oblique lines draton from the same point in a ±, cuUijig off eqtuil dis- 
tances from the foot of the X, are equal). 

But OH^ HE>OK-\' KE, §64 

(2Vie sum of two oblique lines draicn from a point to the extremities of a 
straight line is greater than the sum of two other lines similarly drawrt, 
but included by them); 

.\2 0H>2 0K; 

.\OH>OK. 

Q. E. D. 

6Q. Corollary. Only two equal straight lines can be drawn 
from a point to a straight line ; and of two unequal lines, the 
greater cuts off the greater distance from the foot of the perpen-. 
dicular. 
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Proposition VII. Theorem. 

57. Two equal oblique lines , drawn from the same point 
in a perpendicular y cut off equal distances from (he foot of 
the perpendicular. 




Let C F he the pezpendicular, and C E and C K be two 
equal oblique lines drawn from the point C. 

We are to prove FJS= F K, 

Fold over C FA on C F r8 an axis, until it comes into the 
plane cfCFB. 

The line FF will take the direction FJC, 
(Z CFE= ACFK, each being a rt. Z). 

Then the point F must fall upon the point K ; 

otherwise one of these oblique lines must be more remote from 
the ±, 

and .*. greater than the other; which is contraiy to tlie 
hypothesis. § 65 

.\FF=FK. 

Q. E. D. 
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Proposition VIII. Theorem. 

58. If at the middle point of a straight line a perpen- 
dicular be erected, 

I. Any point in the perpendicular is at equal distance.^ 
from the extremities of the straight line. 

n. Any point without the perpendicular is at unequal 
distances from, the extremities of the straight line, 

R 




Let PR he a, pezpendicnlar erected at the middle of 
the straight line AB, any point in FB, and C any 
point without PR, 

I. Draw Oil and A 
We are to prove 0A = B. 
Since P A = P B, 

OA = OB, §53 

(tioo oblique lines dravm frmn the mme point in a ±, cutting off eqiuil dis- 
tances from the foot of the ±, are eqtud), 

II. Draw CA and C B. 

We are to pr&ve C A and C B unequal. 

One of these lines, os CA, will intersect the -L. 
From D, the point of intersection, draw I) B. 
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DB = DA, ^ §53 

(two Mique lines drawn from the same point in a ±, evUing offejucU dis- 
tances from the foot of the ±, areeqttal), 

CBKCD + DB, §18 

{a straight line is the shortest distance between tico points). 

Substitute for D B its equal I) A, then 
CB< CD'\- BA. 
But GD^- DA^ CAy Ax. 9. 

.\CB<CA, 

Q. E. D. 

59. The Locus of a poiiU is a line, straight or curved, con- 
taining all the points which possess a common property. 

Thus, the perpendicular erected at the middle of a straight 
line is the locus of all points equally distant from the extremi- 
ties of that straight line. 

60. Scholium. Since two points determine the position of 
a straight line, two points equally distant from the extremities 
of a straight line determine the perpendicular at the middle 
point of that line. 



Ex. 1. If an angle be a right angle, what is its complement] 

2. If an angle be a right angle, what is its supplement 1 

3. If an angle be J of a right angle, what is its complement ] 

4. If an angle be J of a right angle, what is its supplement ] 

5. Show that the bisectors of two vertical angles form .one 
and the same straight line. 

6. Show that the two straight lines which bisect the two 
pairs of vertical angles are perpendicular to each other. 
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Proposition IX. Theorem. 

61. At a point in a straight line only one perpendicular 
to that line can be drawn ; and from a point without a 
straight line only one perpendicular to that line can be drawn. 



AE 



A F 



C 



D 



Let BA {hg. i) be perpendicular to C D at the point B. 

We are to prove B A the only perpendicular to C D at the 
point B. 

If it be possible, let ^ -^ be another line JL to C D at B. 

Then Z EBDhart. Z, §26 

But Z ABD 18^ H. Z. §26 

.\ZEBD=-ZABD, Ax. 1. 

That is, a part is equal to the whole ; which is impossible. 

In like manner it may be shown that no other line but B A 
is ± to CD at B, 

LetAB{fig.2) be perpendicular to C D from the point A. 
We are to prove A B the only ± to C D from the point A. 

If it be possible, let ^ ^ be another line drawn from A _L 
to CD, 

Conceive Z AE B to hQ moved to the right until the ver- 
tex E falls on B, the side E B continuing in the line CD. 

Then the line E A will take the position B F. 

Now if il ^ be ± to CD, BFia ± to CD, and there will 
be two JS. to C D a.t the point B ; which is impossible. 

In like manner, it may be shown that no other line but 
A B ia 1. to CD from A, q, e o. 

62. Corollary. Two lines in the same plane perpendicular 
to the same straight line have the same direction ; otherwise 
they would meet (§ 22), and we should have two perpendicular 
lines drawn fix)m their point of meeting to the same line ; which 
is impossible. 
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On Parallel Lines. 

63. Parallel Lines are straight lines which lie in the same 
plane and have the same direction, or opposite directions. 

Parallel lines lie in the same direction, when they are on 
the same side of the straight line joining their origins. 

Parallel lines lie in opposite directions, when they are on 
opposite sides of the straight line joining their origins. 

64. Two parallel lines cannot meet § 21 

65. Two lines in the same plane perpendicular to a given 
line have the same direction (§ 62), and are therefore parallel, 

66. Through a given point only one line can he drawn par- 
allel to a given line. § 18 




If a straight line EF cut two other straight lines AB 
and CD, it makes with those lines eight angles, to which par- 
ticular names are given. 

The angles 1, 4, 6, 7 are called Interior angles. 

The angles 2, 3, 5, 8 are called Exterior angles. 

The pairs of angles 1 and 7, 4 and 6 are called AUemate- 
interior angles. 

The pairs of angles 2 and 8, 3 and 5 are called Alternate- 
exterior angles. 

Tlie pairs of angles 1 and 5, 2 and 6, 4 and 8, 3 and 7 are 
called Extefior-interior angles. 
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Proposition X. Theorem. 

67. If a straight line be perpendicular to one of two 
parallel lines y it is perpendicular to the other. 






^--N 



Let A B and B F be two parallel lines, and let H K he 
perpendicular to A B. 

We are to prove HK ±to EF. 

Through C draw MN ± to HK. 

Then MN iaWtoAB. § 65 

{Ttoo lines in ihe same plane ±toa given line are parallel). 

But FFisWtoAB, Hyp. 

.-. F F coincides with MK § 66 

{Through the same point only one line can be dravm W to a given line). 

.'. E F is ± to HK, 
that is HK is ± to EF. 

Q. E. D. 
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Proposition XL Theorem. 

68. If two parallel straight lines be cut by a third 
straight line the alternate-interior angles are equal. 

E* A U £t 



Let EF and GH he two parallel straight lines cut hy 
the line BO. 

We are to prove ZB = Z.C. 

Through 0, the middle point of B C, draw AD±toGff. 

Then A D ia likewise ± to EF, § 67 

{a straight line ± to one oftvjo Wsis ±totJie other), 

that is, C/> and ^ ii are both ±ioAI). 
Apply figure C D to figure BOA so that OD shall faU 
on OA. 

Then OC will Ml on OB, 

{since ZCOD = ZBOA, being vertical A) ; 

and point C will fall upon B, 

{since 0C= B by construction). 

Then ± CZ> will coincide with ±BA, § 61 

{from a point toUhout a straight line onJy one ± to that line can be draum). 

.', Z C D coincides with /. B A, and is equal to it. 

Q. E. D. 

Scholium. By the converse of a proposition is meant a 
proposition which has the hypothesis of the first as conclusion 
and the conclusion of the first as hypothesis. The converse of 
a truth is not necessarily true. Thus, parallel lines never meet ; 
its converse, lines which never meet are parallel, is not true unless 
the lines lie in the same plane. 



Note. — The converse of many propositions will be omitted, 
but their statement and demonstration should be required as an 
important exercise for the student. 
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Proposition XIL Theorem. 

69. Conversely : When two straight lines are cut hy a 
third straight line, if the alternate-interior angles be equal, 
the two straight lines are paralUL 




Let B F cut the straight lines A B andC D in the points 
H and K, and let the Z A IfK= Z HKD. 

We are to prove AB II to C D, 

Through the point H draw MN II to C /> ; 

then Z MHK = Z HKD, § 68 

(peing alt.-inL A ). 

But Z A HK = Z HKD, Hyp. 

.-. Z MHK =ZA HK. Ax. 1. 

.'. the lines MN and A B coincide. 
But JfiVis II io CD', Cons. 

.*. A B, which coincides with MN, is II to CD. 

Q. E. D. 
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Proposition XIII. Theorem. 

70. If two parallel line9 be cut by a third straight line, 
the exterior-interior angles are equal, 

E 




Let A B And C D be two parallel lines cut by the 
straight line E F, in the points 11 and K, 

We are to prove Z EIIB = Z II KD. 

Z.EHB = ZAHK, §49 

(being vertical A), 

But Z.AHK=ZIIKD, §68 

(JkiTig aU,-int, A). 

.\/.EHB^AHKD. Ax. 1 

In like manner we may prove 

AEHA^AHKC, 

Q. E. D. 



71. Corollary. The alternate-exterior angles, EHB and 
CKF, and also A HE and DKF, are equal. 
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Proposition XIV. Theorem. 

72. Conversely : When two straight lines are cut hy a 
third straight line, if the eitterior-inferior angles be equal, 
these two straight lines are parallel. 

E 




Let EF cut the strsdght lines AB and C D in the 
points H and K, and let the Z EUB = Z U K D. 

We are to prove AB II to C D , 
Through the point H draw the straight line M N li io C D. 

Then Z EHN=Z HKD, § 70 

(being ext. 'int. A). 

But Z EffB = Z HKJ). Hyp. 

.-. Z EffB = Z EHK Ax. 1. 

.'. the lines MN and A B coincide. 
But if iV^ is II to C A Cone. 

.'. A Bf which coincides with MN, is ii to C D. 

Q. E. D. 
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Proposition XV. Theorem. 

IS. If two parallel lines be cut by a third straight line, 
the sum of the two interior angles on the same side of the 
secant line is equal to two right angles. 

E 




Let AB and C D be two parallel lines cut by the 
straight line EF in the points H and K, 

We are to jrrave Z BHK + Z HKD = tv)o rt. A, 

/.EHB+ABHK=-2rt,A, § 34 

{being sup.-adj. A), 

But ZBHB = Z HKD, § 70 

(peing ext,-int. A ). 

Substitute Z HKD for Z EffB in the first equality; 
then Z BffK + Z ffKD = 2 rt. A 

Q. E. D. 
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Proposition XVI. Theorem. 

74. CoNVEESELY : When two straight lines are cut hy a 
third straight line, if the two interior angles on the same sid^ 
of the secant line- be together equal to two right angles, then 
the two straight lines are parallel, 

E 




Let EF cut the straight lines AB and G D in the 
points H and K, and let the Z B II K + Z HKD 
equal two right angles. 

We are to prove A B II to C D. 

Through the point H draw MN II to C D. 

Then Z NHK + Z HKD = 2 rt. ^i, § 73 

(beiTig two interior A an the same side of the secant line). 

But Z BffK -\- Z HKD = iTt,A. Hyp. 

.\/.NnK+ZHKD = Z,BHK-\'ZHKD. Ax. 1.^ 

Take away from each of these equals the common AHK D^ 
then /,NHK=-ABHK, 

.*. the lines A B and JIf iV coincide. 

But ifiV^is II to CZ); Cons, 
,\ ABy which coincides with MN, is II to CD. 

Q. E D. 
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Proposition XVIL Theorem. 

75. Two straight lines which are parallel to a third 
straight line are parallel to each other. 



M 





c 


p 


TJ 




Ls 





B 



Let AB and C D he pazaUel to E F. 

We are to prove A B W to C D. 

Draw ffK±to BF. 

Since OB and BFBre II, HK is ± to CB, § 67 
(if a straigM line be ± to one of tiro \)s, it is X to the other also). 

Since ABsLndEFare II, ffK is also ±toAB, § 67 

.\ZffOB = ZIIPB, 

(e(ich being art. Z). 

.\ABi8 W to CB, § 72 

(when two straight lines are cut by a third straight line, if the ext, -int. ^ 
be eqiial, the two lines are II ). 

Q. E. D. 
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Proposition XVIII. Theorem. 

76. Two parallel lines are everywhere equally distant 
from each other, 

E M H 




§67 



i^7 



F P K 

Let A B and C D be two parallel lines, and from any 
two points in AB, as E and U, let EF and EK 
be drawn perpendicular to AB. 

We are to prove EF= EK, 

Now EF aud EK are ± to C A 
{a lint ± to one of two Ws is ±, to the other also). 

Let M be the middle point of E E. 
Draw MP ±to AB. 
On M P as sm axis, fold over the portion of the figure on 
the right oi M P until it comes into the plane of the figure on 
the left. 

MB will fell on MA, 
(for^PMH=/.PME, ea/ih being a H. Z) ; 

the point E will fall on E, . 

(for MH= ME, by ^iT ) i JCtT^' 

EK willMl on EF, 

(for Z MHK= jL MEF, etich being a rt, /.) ; 

and the point K will fall on EF, or EF produced. 

Also, PD will fall on PC, 

(ZMPK= ZMPF, each being a H. Z) ; 

and the point K will fall on P C. 

Since the point K falls in both the lines EF and P C, 

it must fall at their point of intersection F. 

.'.EK=EF, § 18 

(their extremities being the same points). 

Q. E. D. 
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Proposition XIX. Theorem. 

77. Two angles whose sides are par allele two and two, 
and lie in the same direction, or opposite directions, from their 
vertices, are equal. 



A D 




Pig. L 

Let A B and E {Fig. t) have their sides B A and E Z), 
and BG and EF respectively, parallel and lying 
in the same direction from their vertices. 

We are to prove the /. B =^ /. E. 

Produce (if necessary) two sides which are not II until they 
intersect, as at i7; 

then /.B^ZDHC, §70 

{being ext. -int. A)^ 

and ZE==Z BHC, §70 

.\ZB=^ZE, Ax. 1 

Let A B' and E {Fig. 2) have B' A' and E' /)', and B' C 
and E' F' respectively, parallel and lying in oppo- 
site directions from their vertices. 

We are to prove the A B* = A E. 

Produce (if necessary) two sides which are not II until they 
intersect, as at ZP. 

Then AS^AEffC*, §70 

{being exf,. -int. A ), 

and Z.E' = ZE'H'C', § 68 

{being alt. -ifU. A ) ; 

.-. ZB^ = Z E, Ax. 1. 

Q. E. D. 
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Proposition XX. Theorem. 

78. If two angles have two sides parallel and lying in 
the same direction from their vertices y while the other two 
sides are parallel and lie in opposit^e directions, then the two 
angles are supplements of each other, 

C 




Let ABC and D E F be two angles having B C and ED 
parallel and lying in the same direction from their • 
vertices, while EF and B A are parallel and lie in 
opposite directions. 

We are to prove /.ABC and Z D EF supplements of each 
other. 

Produce (if necessary) two sides which are not li until they 
intersect as at IL 

AABC=^Z.BHD, §70 

{Jbdnjg eact.-int. A ). 

Z DEF=Z BHE, §68 

{being alt. -int. A ). 

But Z B H D and Z B HE slvq supplements of each other, § 34 
(being sup.-adj. A ). 

.'. Z ABC QXidi Z DEF, the equals of Z BED and 
Z B H Ej are supplements of each other. 

Q. E. D. 
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On Triangles. 

79. Def. a Triangle is a plane figure bounded by three 
straight lines. 

A triangle has six parts, three sides and three angles. 

80. When the six parts of one triangle are equal to the six 
parts of another triangle, each to each, the triangles are said to 
be equal in all respects, 

81. Dep. In two equal triangles, the equal angles are called 
Homologam angles, and the equal sides are called Homologous 
sides. 

82. In equal triangles the equal sides are opposite the 
equal angles. 




ISOSCELES. EQUILATERAU 



83. Def. A Scalene triangle is one of which no two sides 
are equal. 

84. Def. An Isosceles triangle is one of which two sides 
are equal. 

85. Def. An Equilateral triangle is one of which the three 
sides are equal. 

86. Def. The Base of a triangle is the side on which the 
triangle is supposed to stand. 

In an isosceles triangle, the side which is not one of the 
equal sides is considered the base. 
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87. Def. a RiglU triangle is one which has one of the 
angles a right angle. 

88. Dbf. The side opposite the right angle is called the 
Hypotentise, 

89. Def. An Obtuse triangle is one which has one of the 
angles an obtuse angle. 

90. Def. An Acute triangle is one which has all the angles 
acute. 




CQUIANQULAR. 




91. Def. An Equiangvlar triangle is one which has all 
the angles equal. 

92. Def. In any triangle, the angle opposite the base is 
called the Vertical angle, and its veriiex is called the Vertex of 
the triangle. 

93. Def. The Altitude of a triangle is the perpendicular 
distance from the vertex to the base, or the base produced. 

94. Def. The Exterior angle of a triangle is the angle in- 
cluded between a side and an adjacent side produced, as Z CBD. 

95. Def. The two angles of a triangle which are opposite 
the exterior angle, are called the two opposite interior angles, as 
A A and C. 
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96. Any Bide of a triangle is less than the sum of the 
other two sides. 

Since a straight line is the shortest distance between two 
points, 

AC<AB-¥ BC. 

97. Any side of a triangle is greater than the difference 
ff the other two sides. 

In the inequality AC<AB+BC, 

transpose A B, 

Then AC- ABKBC; or 

BOAC-AB, 



Ex. 1. Show that the sum of the distances of any point in a 
triangle from the three angles of the triangle is greater than half 
the sum of the sides of the triangle. 

2. Show that the locus of all the points at a given distance 
from a given straight line A B consists of two parallel lines, 
drawn on opposite sides of A B, and at the given distance 
from it. 

3. Show that the two equal straight lines drawn from a point 
to a straight line make equal acute angles with that line. 

4. Show that, if two angles have their sides perpendicular, 
each to each, they are either equal or supplementary. 
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Proposition XXL Theorem, 

98. The sum of the three angles of a triangle is equal 
to two right angles. 

B E 



^' c "" "'^ 

Let ABC be a tiiangle. 

We are to prove Z B+ Z B CA -^ Z A "= ttoo rt. A, 

Draw (7-^ II to il ^, and prolong A C. 

ThenZECF+ ZECB + Z BCA='2rLA, § 34 
(the sum of all the A about a foird on the same side of a straight line 

But ZA=-ZEOF, §70 

(peing ext.-int, A\ 

andZ B-=ZBCE, §68 

(being alt. -int. A), 

Substitute for Z EOFmd Z B CE their equal A, A and B. 
Then ZA+ZB + Z BOA = 2 rt. A 

Q. E. D. 

99. Corollary 1. If the sum of two an<]jle8 of a triangle be 
known, the third angle can be found by taking this sum from 
two right angles. 

100. Cor. 2. If two triangles have two angles of the one 
equal to two angles of the other, the third angles will be equaL 
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101. Cob. 3. K two right triangles have au acute angle 
of the one equal to an acute angle of the other, the other acute 
angles will be equal. 

102. Cor. 4. In a triangle there can be but one right angle, 
or one obtuse angle. 

103. Cor. 5. In a right triangle the two acute angles are 
complements of each other. 

104. Cob. 6. In an equiangular triangle, each angle is one 
third of two right angles, or two thirds of one right angle. 



Pboposition XXIL Theobem. 

105. The exterior angle of a triangle is equal to theium 
of the two opposite interior angles. 




C 

Let BCH be an exterior angle of the triangle ABC. 
We are to pt'ove Z BCff= Z A + Z B. 

ZBCff+ ZACB=-2Tt.A, § 34 

(being sup.-adj. A). 

ZA-\-ZB + ZA CB = 2 ri. Ay § 98 

{three A of a A = two rt. A ). 

r.ZBCH+ZACB^ZA-^ZB + ZACB. Ax. 1. 
Take away from each of these equals the common ZACB; 
then ZBCH=ZA-^ ZB. 

Q. E. D. 
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Pboposition XXIII. Theorem. 

106. Two triangles are equal iti all respects when two 
sides and the iTicluded angle of the one are eqtuil respectively 
f^ two sides and the included angle of the other. 




B Af 




In the triangles ABC and A' Bf C'y let AB^A'B', 
A C=A'C'yZ.A =Z A'. 

We are to prove A ABC = A A' B' C. 

Take u]^ the A ABC and place it upon the A A' B' C so 
that A B shall coincide with A' B', 



Then A C wiU take the direction of A' C, 
(Jot /.A = /.A'fby hyp.\ 

the point C will fall upon the point C", 
{/orAC=AfCr,byhyp.); 

.\CB^C'B\ 

(their extremUiea being the same points), 

.*. the two A coincide, and are equal in all respects. 



$ 18 



Q. E. D. 
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Proposition XXIV. Theorem. 

107. Two triangles are equal in all reapecU when a side 
and two adjacent angles of the one are equal respectiveljf to a 
side and two adjacent angles of the other, 

c a 





B Af 



In the triangles ABC and A' B' C, let AB = A' B', 
ZA=ZA',ZB^ZB*. 

We are to prove A ABC = A A' B' C. 

Take up A ABC and place it upon A A' B* C", so that 
A B shall coincide with A' B'. 

A C will take the direction of A' C", 
(/or Z ^ = Z A\ hy hyp.) ; 

the point (7, the extremity of A C, will fall upon A' C or 
A' C produced. 

^ (7 will take the direction of B' C", 
{for/.B=/. B\ hy hyp.) ; 

the point C, the extremity of B C, will fall upon B' C or 
B* C produced. 

.'. the point (7, falling upon both the lines A' C and B' C", 
must fall upon a point common to the two lines, namely, C, 

.'. the two A coincide, and are equal in all respects. 

Q. E. D. 
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Proposition XXV. Theorem. 

108. Two triangles are equal when the three sides of \ 
one are equal respectively to the three sides of the other, 
B B' 





In the txiangles ABC and A' B' C", let A B = A' B', 
AC^A'C, BC-=-BC', 
We are to prove A A BC = A A''B' C. 
Place A A' B' C m the position A B' (7, having its greatest 
side A^ C in coincidence with its equal A C, and its vertex at 
-B', opposite B, 

Draw B B' intersecting AC &t ff» 

Since AB = AB, Hyp. 

point -4 is at equal distances from B and B\ 

Since B C = B' C, Hyp. 

point C is at equal distances from B and B', 

.'. A C ia ± to BB' at its middle point, § 60 

{two paints at equal distances from the extremities of a straight line deter- 
mine the ± at the middle of that line). 

Now ii A AB' Ch^ folded over on -4(7 as an axis until it 
comes into the plane of A ABC, 

HB'willMlonHB, 
{for Z A HB = AA HE', ectch being a rt Z), 

and point B' will fall on B, 
{forBBf = HB}. 

.". the two A coincide, and are equal in all respects. 

Q. E. D. 
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Proposition XXVL Theorem. 

109. Two right triangles are equal when a side and the 
hypotenuse of the one are equal respectively to a side and the 
hypotenuse of the other. 




C B^ 




In the light tiiangles A B C and A' B C, letAB = A'B', 
and AC^A'C, 

We are to prove AABC^AA'&C*. 

Take up i\iQ A ABC and place it upon A A' B' C", so that 
A B will coincide with A' Bf, 

Then ^ C will fall upon B' C, 

{f<yr/.ABC=Z. Af B* a, each, heiiig a H. Z), 

and point C will fall upon C" ; 

otherwise the equal oblique lines A C and A' C* would cut 
off unequal distances from the foot of the X, which is im- 
possible, § 57 
(ttao equal oblique lines from a point in a A. cut off equal distances from the 
foot of the ±). 

.'. the two A coincide, arid are equal in all respects. 

Q. E. D. 



46 



GEOMETRY. 



-BOOK I. 



Proposition XXVIL Theorem. 

110. Two right triangles are equal when the hypotenuse 
and an acute angle of the one are equal respectively to the 
hypotenuse and an acute angle of the other. 





In the light triangles ABC and A' B' C", letAC== A' C, 
and AA=A A', 



We are to prove ^ A BC "= A A' B' C. 
AC = A' C", 
Z.A = Z.A', 



Hyp. 
Hyp. 



then Z.C = /.C', §101 

(if two rt. ^ liave an acvle ^ of the one equal to an acute Z of the other^ 
then the other acute A are equal), 

.•.AABC-=AA'B'0', §107 

(ttffo ^ are equal when a side and two adj. A of the one -are eqtuH 
respectively to a side and two adj. A of the other), 

Q. E. D. 

111. Corollary. Two right triangles are equal when a 
side and an acute angle of the one are equal respectively to an 
homologous side and acute angle of the other. 
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Proposition XXVIII. Theorem. 

112. In an isosceles triangle the angles apposite the 
equal sides are equal, 

C 




Let ABC be an isosceles triangle, having: the sides 
AC and CB equal. 

We are to prove Z. A = /. B. 

From C draw the straight line C^ so as to bisect the 
ZACB. 



In the A il C J^ and 5 C E, 

AC-=BC, 

CE-=CE, 

ZACE = ZBCE', 



Hyp. 
Iden. 
Cons. 
§106 



.\AACE = ABCE, 

(two i^ are equal when two sides and the included Z of the one are equal 

respectively to two sides and the inclttded Z of the other). 



.',ZA=ZBy 

{being homologous A of equal ^ ). 



Q. E. D. 



Ex. If the equal sides of an isosceles triangle "be produced, 
show that the angles formed with the base by the sides produced 
are equal. 
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Proposition XXDL Theorem. 

118. A straight line which bisects the angle at th^ vertex 
of an isosceles triangle divides the triangle into two equal 
triangles, is perpendicular to the base, and bisects the base, 

C 




Let the line C E bisect the Z. AC B of the isosceles 

AACB. 

We are to prove I. AACE = ABOB; 
11. lineCEl^toAB', 
III. AE^BE. 



I. lathe A ACE dJidiBCE, 
AC=BC, 
CE=CE, 
Z.ACE-=^ABCE, 



Hyp. 

Iden. 

Cods. 

.\AACE = ABCE, §106 

{having two sides and the included Z of the one eqttal respectively to two sides 
and the incltided Z. of the other). 

Also, XL Z CEA=Z CEB, 

{being homologo7ts A of equal A). 

.-. CJ^isXto AB, 
{a straight line meeting another, making the adjcuxnt A equals is J- to 

that line). 

Also, III. AE = EB, 

(being homologous sides of equal A ). 

Q. E. D. 
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Proposition XXX. Theorem. 

114. If two angles of a triangle be eqiial, tie sides op- 
posite the equal angles are equal, and the triangle is isosceles. 




In the triangle ABC, let the Z B='Z 0. 

We are to prove AB =^ AC, 

J)TSLvrAD±toBC. 
In the It. A ABB a.iid A BCy 
AB==AB, 
ZB = ZC, 

.'. Tt. A A B B = Tt. A A B C, 

(having a side and an acute. A of the one equaZ respectively to a side and an 
actUe A of the other). 

.\AB = AC, 

{beiiig hoTnologous sides of equal ^). 

Q. E. D. 



Iden. 



§ 111 



Ex. Show that an equiangular triangle is also equilateral. 
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Proposition XXXI. Theorem. 

115. If two triangles have two sides of the one equal 
respectively to two sides of the other y but tJie inclvded angle 
of the first greater than the included angle of the second, then 
the third side of the first will be greater titan the third side 
of the second, 

B B B 



.^ 



:^c 





E 

In the A A BO and ABE, let AB=^AB, BC^BE; 
hut Z. ABO /-ABE. 

We are to prove AO A E. 
Place the A so that AB oi the one shall coincide with A B 

of the other. 

Draw ^^so as to hisect Z EBC. 

Draw EF. 
In the A ^jB^and CBF 

EB = BC, Hyp. 

BF=BF, Iden. 

AEBF=ACBF, Cons. 

.-. the A j^ J? Z' and C j5 ^ are equal, § 106 

{having two sides and the inclvded Z. of one equal respectively to two sides 
and the included Z of the other). 
.\EF=FC, 
{being homologous sides of equal ^ ). 
Kow AF-h FE>AE, §96 

{the sum of two sides of a IS. is greater than the third side). 
Substitute for FE its equal FC, Then 
AF'\-FG>AE', or, 
AOAE, 

Q. E. D. 
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Proposition XXXII. Theorem. 

116. Conversely: If two side^ of a triangle he equal 
respectively to two sides of another, but the third side of the 
first triangle be greater than the third side of the second, then 
the angle opposite the third side of the first triangle is greats 
than the angle opposite the third side of the second. 




In the A ABC andA'B'O, let AB =^ A' B', AC = A' C -, 
but BO B* C\ 

We are to prove /. A^ /. A\ 
If ZA=ZA\ 

then would AABC = AA'B'C\ § 106 

{having two sides and the included Z. of the one cqtial respectively to two sides 
and the included A of the other), 

and BC = B'C', 

{being homologous sides of equal ^ ). 

And if A< A', 

then would BC<B'C', § 115 

{if two sides of a IS. he equal respectively to tvH) sides of another A, btU the 
included Z. of the first he greaJter than the included Z. of the second, the 
third side of the first will be greater than the third side of the second,) 

But hoth these conclusions are contrary to the hypothesis ; 

.•. Z A does not equal Z A', and is not less than Z A'. 

.\ZA>Z A'. 

Q. E. D 
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Proposition XXXIII. Theorem. 

117. Of two sidei of a triangle^ that is greater which is 
opposite the greater angle. 

B 




In the triangle ABC let angle ACB he greater than 
angle B. 

We are to prove AB> AC. 

Draw C7^ so as to make /.BOE = Z.B. 

Then EC=^EB, §112 

{fieing sides opposite equal A ). 

Now AE-h EOACy. §96 

(the sum of two sides of a ^ is greater than the third side). 

Substitute for -^C its equal EB. Then 

AE'\- EB>AO, or 

AB>AO. 

Q. E. D. 



Ex. ABC and ABD are two triangles on the same base 
A By and on the same side of it, the vertex of each triangle 
being without the other. If AC equal A B, show that B G 
cannot equal BD. 
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Proposition XXXIV. Theorem. 

118. Of two angles of a triangle, that is the greater 
which is opposite the greater side. 



B 




C 

In the triangle ABC let AB be greater than A C. 

Wearetopnm Z. ACB> Z. B. 

Take -4^ equal to ^C; 

Drawee. 

/LAEC = Z. ACE, §112 

(/being A opposite equal sides). 

But ZAEOZB, §105 

(cm exterior Z. of a A is greater than either opposite interior Z), 

and ZACB>ZACE. 

Substitute {or Z ACE its equal Z AEC, then 

ZACB>ZAEC, 

Much more ia Z A CB > Z B, 

Q. E. D. 



Ex. If the angles ABC and ACB, at the base of an 
isosceles triangle, be bisected by the straight lines BD, CD, 
ehow that DBC will be an isosceles triangle. 
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Proposition XXXV. Theorem. 
119. Tlie three bisectors of the three angles of a triangle 
meet in a point. 




P 

Let the two bisectors of the angles A and C meet 
at 0, and B be drawn. 

We are to jyrove B bisects Uie Z B, 

Draw the ± K, F, and OH. 

In thert, A 00 K and OOF, 

00 = 0, Iden. 

Z OOK==Z OOF, f^'lk ermaa 

.\AOOK = AOOF, §110 

(having the hypotenuse and an acute Z of^he one equal respectively to the 
hypotenuse and an acute /.of Ike other), 

,\OF = OK, 

(homologous sides of equal ^ ). 

In the rt,AOAFiin^OAH, 

OA = OA, Iden. 

ZOAP = ZOAff, li^)i ,r,nng> 

,'.AOAP=^AOAff, §110 

{having the hypotenuse and an acute Z of the one equal respectively to the 
hypotenuse and an acute /.of the other). 

,\OP=^OH, 

{being homologous sides of equal ^ ), 

But we have already shown P =^ OK, 

,\OIf=OK, Ax. 1 

Now in rt. A HB and K B 
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Off=OK,QiidOB==OBy 

.'.AOffJS-^^AOKBy §109 

{Tiaving the hypotenuse and a aide of the (me equal reepeetively to tlie hypote- 
nuse and a side of the other\ 

.-.Z OBU-^A OBK, 

(being homologous A of equal ^ ). 

Q. E. D. 

Proposition XXXVI. Thborbii. 
120. The three perpendiculars erected at the middle 
points of the three sides of a triangle meet in a point. 
A 




F 

Let 2>2>', EI?, FFy he' three peipendicnlars erected 
at 2>, U, Fy the middle points ot AB,A (7, and B C, 

We are to prove they meet in some point, as 0. 

The two ^ DD* and E E' meet, otherwise they would be 
parallel, and A B and A (7, being J§ to these lines from the same 
point A, would be in the same straight line; 

but this is impossible, since they are sides of a A. 

Let be the point at which they meet. 

Then, since is in 2> D', which is -L to -4 -ff at its middle 
point, it is equally distant from A and B, § 59 

Also, since is in E E', A.io AG oi its middle point, it is 
equaDy distant from A and C 

.*. is equally distant from B and C \ 

.-. is in FF' ± to ^ C at its middle point, § 59 

{the locus of all points equally distant frovti the extremities of a straight line 

is the 1. erected ai the middle of that line), 

Q. E. D. 
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Proposition XXXVIL Theorem. 

121. The three perpendiculars from the vertices of a tri- 
angle to the opposite sides meet in a point. 

B 



v 


yfX 


\n 


^y \ 


^ 


> \ 


\ 


Z A 


B O 



In the triangle ABC, let B P, AH, C K, be the pez^ 
pendicnlars from the vertices to the opposite 
sides. 

We are to prove they mest in some point, as 0, 

Through the vertices A, B, 0, draw 

A'F II to BC, 

A'C W to AC, 

B'O' 11 toAB. 

In the &kABA' and A BC,wq have 

AB = AB, 



ZABA' = Z BAC, 

{being aUemate interior A ), 

ZBAA^ = ZABO. 



Iden. 
§68 

§ 68 
§ 107 



.\AABA'=-AABO, 

(having a side and tvx> adj. A of (he one equal respectively to a side and 

two adj. A of the other), 

.\A'B=^AC, 

{beiTtg homologovs sides of egual A ). 
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In iheACBC'&ndAB C, 

BC = £C, Ideu. 

ZCBC' = ZBCA, §68 

{being aUemaU interior A ). 

ZBCC' = ZCBA. §68 

.'.ACBC'^AABCy § 107 

{having a side and two adj, A of the one equal respectively to a side and tvco 
adj, A of the other), 

.\BC' = AC, 

(being homologous sides of equal &k ). 

But we have already shown A* B=^ AC, 

.\A'B = BC\ Ax. 1. 

.-. B is the middle point of A' C". 

Since ^ P is JL to ^ C7, Hyp. 

itisXtOil'C', § 67 

(a straigM line which is ± to one of two lb is ± to the other also). 

But B is the middle point of A* C ; 

.'. -5P is J- to -4' C" at its middle point. 

In like manner we may prove that 

-4 ZT is J- to -4' -B' at its middle point, 

and C7 JTJ- to jB' C at its middle point. 

.', BP, AH, and C K are J^ erected at the middle points 
of the sides of the A A' B' C. 

,', these Js meet in a point. § 120 

(the three J& erected at the middle points of the sides of a A meet in a point), 

Q. E. D. 
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On Quadrilaterals. 

122. Def. a Quadrilateral is a plane figare bounded by 
four straight lines. 

123. Def. A Trapezium is a quadrilateral which has no 
two sides paralleL 

124. Def. A Trapezoid is a quadrilateral which has two 
sides parallel. 

125. Def. A Parallelogram is a quadrilateral which has 
its opposite sides paralleL 




TRAPIZOIO. 



PARALLCLOORAM. 



126. Def. A Rectangle is a parallelogram which has its 
angles right angles. 

127. Def. A Square is a parallelogram which has its 
angles right angles, and its sides equal 

128. Def. A Rhombus is a parallelogram which has its 
sides equal, but its angles oblique angles. 

129. Def. A Rhomboid is a parallelogram which has its 
angles oblique angles. 

The figure marked parallelogram is also a rhomboid. 



RCOTANQLC. 
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130. Def. The side upon wliich a parallelogram stands, 
and the opposite side, are called its lower and upper bases ; and 
the parallel sides of a trapezoid are called its bases. 

131. Def. The Altitude of a parallelogram or trapezoid is 
the perpendicular distance between its bases. 

132. Def. The Diagonal of a 
quadrilateral is a straight line joining 
any two opposite vertices. 




Peoposition XXXVIII. Theorem. 

133. The diagonal of a parallehgram divider the figure 
into two equal triangles. 

B C 




A E 

Let ABC E he a pazallelogmm, and A C its diagonal. 
We are to prove AABC^AAFC. 
Inthe A A BO and A EC 



AC-=AC, 


Iden. 


Z.AGB = ZCAE, 


§C8 


(being aU.-int. A). 




ZCAB = ZACE, 


§68 


.AABC = AAEC, 


§107 



(having a side aiid two adj, A of the one eqital respectively to a side and two 
adj, A of the other). 



Q. E. D. 
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Proposition XXXIX. Theorem. 

134. In a parallelogram the opposite sides are equals 
and the opposite angles are equal. 

B C 



A E 

Let the Ggnre ABC E he a panUlelogiam, 

We are to prove BC = A E, and AB = £C, 

aUo, /.B=-/.E,andZ,BAE=^Z. BCE. 

Draw A C. 

AABC==AAEC, §133 

{the diagonal ofaO divides the figure into two equal A). 

.\BC=-AE, 

and AB = CE, ' 

{being homologous sides of equal ^). 

ZB = ZE, 

(being hoTnologous A of equal ^ ). 

ZBAC=-ZACE, 

and Z.EAC = ZACB, 

(Jbeing homologous A of eqv^al A). 

Add these last two equalities, and we have 

Z.BAC+/.EAC = ZACE-\-ZAOB\ 
or, /.BAE^ZBCE. 

Q. E. D. 

135. Corollary. Parallel lines comprehended between par- 
allel lines are equal. 
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Proposition XL. Theorem. 

136. If a quadrilateral have two sides equal and par- 
allel, then the other two sides are equal and parallel, and the 
figure is a parallelogram. 




Let the figure ABC E he a quadrilateral, having the 
side A E equal and parallel to B C. 

We are to prove A B equal and II to EG. 

Draw AC. 

In the A il j5 C and A EC 

BC = AE, Hyp. 

AC^ACy Iden. 

ZBCA=/.CAE, §68 

(being aU.HrU. A), 

.\AABC = AACE, §106 

(having two sides and the included A of the one eqtial respectively to ttvo sides 
and the indvded Z. of the other). 

.'.AB^EC, 

(being homologoiis sides ofeqital ^ ). 

Also, ZBAC=-ZACE, 

(being hoTnologous A of eqtuil A ) ; 

.'.AB'^A II to EG, §69 

(^hen two straight lines are ctUby a third straight line, if the aJL-int. A be 
equal the lines are parallel). 

.'. the figure ABGEl^aCJ, § 125 

(the opposite sides being parallel). 

Q. E. D. 



62 GEOMETRY. — BOOK I. 



Proposition XLI. Thborbm. 

187. If in a quadrilateral the opposite sides be equal, the 
figure is a parallelogram. 




Let the figure A B C E he a qnadiilatersd having 
BC=^AE and AB^EG, 

We art to prove figure ABC E a O. 

Draw A C. 

In the A ABC ^wdi A EC 

BO = AE, Hyp. 

AB = CE, Hyp. 

AC = AC, Iden. 

.\AABC = AAEC, §108 

Quwing three aides oftheoM equal respectively to three sides of the other). 

.'.ZACB = Z CAE, 

and ZBAC = ZACE, 

(being homologous A of equal i^ ). 

.\BC\& II \jqAE, 

and AB\% II ioEC, §69 

(yohefn, two straight lines lying in the same plane are cut hy a third straight 
line, if the altMiU, A he equal, the lines are parallel), 

,\ the figure ABC E is a CJ, § 125 

(having ita opposite sides parallel), 

Q. E. D. 
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Proposition XLII. Theorem. 
138. The diagonals of a parallelogram bisect each other, 
B 




Let the tignre ABC E be a p&iaUelogiSLm, and let 
the diagonals A C and BE cut each other at 0, 

We are to prove AO=^OC, and BO==^OE. 

In the A AOE siud BOO 



AE=-BC, 


§ 134 


{being opposite tide* ofaO), 




AOAE='/LOCB, 


§68 


(being aU.-ini. A\ 




Z.OEA=A OBC; 


§ 68 


.'.i\AOE=i^BOO, 


§ 107 



(JuMjing a side and hoo adj, A of the one eqical respectively to a side and iico 
adj, A of the other), 

.\AO=-OC, 

and BO^OE. 

{being homologous sides of equal ii ). 

Q. E. D. 
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Proposition XLIII. Theorem. 

139. Tke diagonals of a rhombun bisect each other at 

right angles. 

E 




Let the Uguxe A B C E he a rhomlyTis, having the 
diagonals A C and BE bisecting each other at O. 

We are to prove Z AG E atid Z AOB rt. A, 

Inthe A AGE and A OB, 

AE = AB, § 128 

{being sides of a rhm/Ums) ; 

OE=OB, §138 

(the diagoTUbls of a O bisect each other) ; 

AO^AO, Iden. 

.'.AAOE=AAOB, §108 

(having three sides of the one equal respectively to three sides of the other) ; 

.'.Z AOE = ZAOB, 

(being homologous A of equal ^ ) ; 

.'.Z AOEmdZ A OB are rt. A § 25 

( When one straight line meets another straight line so as to inaJce the adj. A 
equalf each A is art. A). 

Q.E. D. 
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Proposition XLIV. Theorem. 

140. Two paralletogramSf /uiving two aides and the in- 
eluded angle of the one equal respectively to two sides and the 
included angle of the other ^ are equal in all respects. 



A' Df 

In the pazaUelogiams A BC D and A' B' O D', let 
AB== A'B', AD-^ A'D*, antf ^A^^A'. 

We are to prove that the HJ are equal. 

Apply CJ ABCDto CJ A' B' C JD', so that ABwUl ML 
on and coincide with A' D'. 

Then A B will fall on A' B', 
(JorZA = ZAf, by hyp,\ 

and the point B will fall on B\ 
{far AB = Af B\ by hyp.). 

Now, BO and B' C are both II to A' D' and are drawn 
through point J?'; 

.-. the lines B O and B' C coincide, § 66 

and C falls on B' C* or B' C produced. 
In like manner D C and B' C are II to A^ B' and are drawn 
through the point i>'. 

.'.DC and B'C coincide ; § 66 

.-. the point C falls on B' C\ or B' C produced ; 
.-. C falls on hoth B' C and B' C \ 
.'. (7 must fall on a point common to hoth, namely, C 
.'. the two JJ] coincide, and are equal in all respects. 

Q. E. D. 

141. Corollary. Two rectangles Imving tlie same hose and 
altitvde are equal; for they may be applied to each other and 
\Fill coincide. 
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Proposition XLV. Theorem. 

142. The straight line which connects the middle points 
of the non-parallel sides of a trapezoid is parallel to the par- 
allel sides y and is equal to half their sum. 

A F E 




H 

Let SO he the straight line Joining the middle points 
of the non-paiullel sides of the trapezoid ABC E. 

We are to prove SO II toAEajidBC; 
also SO = \{AE+ BC). 

Through the point draw FH II to A B, 

and produce BC to meet F Off at ff. 

Jnthe A FOB and CO ff 

OE=OC, /Ar/>««iwr 

ZOEF==ZOCffy §68 

(beiTig alL'int. A ), 

ZFOE = ZCOff, §49 

{being vertical A ). 

.\AFOE=-ACOff, §107 

{having a side and two adj. A of the one eqtial respectively to a side and ttpo 
adj, A of the other). 
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and OF=OH, 

{being homologous sides of equal ^ ). 

Now FH=AB, §135 

( II lines compreJuTided between II liiws are equal) ; 

.\FO = AS. Ax. 7. 

.-. the figure AFOSuidCJ, § 136 

(having two opposite sides equal atid parallel)* 

.\SO\s II to AF, §125 

(bei7ig opposite sides of a CJ), 

^0 is also II ioBC, 
(a straight liru W to one ofivx> II lines is 11 to the other also). 



Now 


SO = AF, 

(being opposite sides of a CJ), 


§125 


and 


SO = BH. 


§125 


But 


AF=AE-FE, 




and 


BH=-BG-^CU. 





Substitute for A F and B H their equals, A E— FE and 
BC-¥ CV, 

and add, observing that CH= FE; 

then 2S0 = AE'h BC. 

.\SO^\(AE+ BC). 

Q. E. D. 



. • ' r: L > :^ irhir: Jifc hi 

: . t whlCiJ tW<t OTBMHt 
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152. Def. Two polygons are Equals when they can be 
divided by diagonals into the same number of triangles, equal 
each to each, and similarly placed ; for the polygons can be 
applied to each other, and the corresponding triangles will evi- 
dently coincide. Therefore the polygons will coincide, and be 
equal in all respects. 

153. JQep. Two polygons are Mutually Equiangular, if the 
angles of the one be equal to the angles of the other, each to 
each, when taken in the same order; as the polygons ABC DE Fy 
and A' Bf C ly E' F, in which Z.A^Z.A', Z. B=-Z.B', 
AC^^AC, etc. 

154. Dep. The equal angles in mutually equiangular poly- 
gons are called Homologous angles; and the sides which lie 
between equal angles are called Homologous sides. 

155. Def. Two polygons are Mutually Equilateraly if the 
sides of the one be equal to the sides of the other, each to each, 
when taken in the same order. 




Fig. 1. Fig. 2. Fig. 8. Fig. 4. 

Two polygons may be mutually equiangular without being 
mutually equilateral ; as Figs. 1 and 2. 

And, except in the case of triartgles, two polygons may be 
mutually equilateral without being mutually equiangular; as 
Figs. 3 and 4. 

If two polygons be mutually equilateral and equiangular, 
they are equal, for they may be applied the one to the other so 
as to coincide. 

156. Dep. A polygon of three sides is a Trigon or Tri- 
angle ; one of four sides is a Tetragon or Quadrilateral ; one of 
&Ye sides is a Pentagon ; one of six sides is a Hexagon ; one of 
soTen sides is a Heptagon ; one of eight sides is an Octagon ; one 
of ten sides is a Decagon ; one of twelve sides is a Dodecagon, 
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Proposition XLVI. Theorem. 

157. The mm of the interior angles of a polygon is 
equal to two right angles, taJcen as many times less two as 
the figure has sides. 




/-" 




A B 

Let the figuTe ABC DBF he a polygon having n sides. 

We are to prove 

ZA-^ZB+ZCy etc., = 2H. A{n- 2). 
From the vertex A draw the diagonals AC, A D, and A E, 



The sum of the A of the A ' 
polygon. 



the sum of the angles of the 



Now there are {n — 2) A, 
and the sum of the A of each A = 2 rt. A. 



§ 98 



.'. the sum of the A of the A, that is, the sum of the A of 
the polygon = 2 rt. ^ (/i — 2). 

Q. E. D. 

158. Corollary. The sum of the angles of a quadrilateral 
equals two right angles taken (4 — 2) tunes, i. e. equals 4 right 
angles; and if the angles be all equal, each angle is a right 
angle. In general,^ each angle of an equiangular polygon of n 

sides is equal to —-^ 1 right angles. 
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Proposition XLVII. Theorem. 

159. The exterior angles of a polygon^ made by produ- 
cing each of iU sides in succession, are together equal to four 
right angl^. 




Let the fignxe A BODE he a polygon, having its sides 
produced in succession. 

We are to prove the sum of the ext, A = ^ rt, A. 

Denote the int. A of the polygon by -4, -^, C, Z>, i^; 

and the ext. A by a, 6, c, rf, e, 

ZA-h Za=2Tt.Ay § 34 

(being sup.-adj, A ). 

ZB+Zb-=2Tt,A, § 34 

In like manner each pair of adj. A = 2 rt. A; 

.'. the sum of the interior and exterior A = 2 it. A taken 
as many times as the figure has sides, 

or, 2 nrt. A, 

But the interior A = 2 rt, A taken as many times 83 the 
figure has sides less two, = 2 rt. ^ (r* — 2), 

or, 2 n Tt. A — 4: it A. 

.*. the exterior ^ = 4 rt. ^. 

Q. E. D. 
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Exercises. 

1. Show that the interior angles of a hexagon are equal to 
eight right angles. 

2. Show that each angle of an equiangular pentagon is f of 
a right angle. 

3. How many sides has an equiangular polygon, four of 
whose angles are together equal to seven right angles? 

4. How many sides has the polygon the sum of whose in- 
terior angles is equal to the sum of its exterior angles ? 

5. How many sides has the polygon the sum of whose in- 
terior angles is douhle that of its exterior angles ? 

6. How many sides has the polygon the sum of whose 
exterior angles is double that of its interior angles 1 

7. Every point in the bisector of an angle is equally distant 
from the sides of the angle ; and every point not in the bisector, 
but within the angle, is unequally distant from the sides of the 
angle. 

8. j5-i C is a triangle having the angle B double the angle 
A. li BD bisect the angle B, and meet AC in J), show that 
BD is equal to A D. 

9. If a straight line drawn parallel to the base of a triangle 
bisect one of the sides, show that it bisects the other also ; and 
that the portion of it intercepted between the two sides is equal 
to one half the base. 

10. ABC J) in a. parallelogram, -^and F the middle points 
of AD and BC respectively; show that BE and J) F will 
trisect the diagonal A C. 

11. If from any point in the base of an isosceles triangle 
parallels to the equal sides be drawn, show that a parallelogram 
is fonned whose perimeter is equal to the sum of the equal 
sides of the triangle. 

12. If from the diagonal B I) of & square ABCD^BFhe 
cut off equal to BC, and FF he drawn perpendicular to B Dy 
show that BE is equal to EF, and also to FC. 

13. Show that the three lines drawn from the vertices of a 
triangle to the middle points of the opposite sides meet in a 
point. 



BOOK II. 

CIRCLES. 



Definitions. 

160. Dep. a Circle is a plane figure bounded by a curved 
line, all the points of which are equally distant from a point 
within called the Centre. 

161. Def. The Circumference of a circle is the line which 
bounds the circle. 

162. Def. A Radius of a circle is any straight line drawn 
from the centre to the circumference, oa A, Fig. 1. 

163. Def. A Diameter of a circle is any straight line pass- 
ing through the centre and having its extremities in the circum- 
ference, as A B, Fig. 2. 

By the definition of a circle, all its radii are equal. Hence, 
all its diameters are equal, since the diameter is equal to twice 
the radius. 




164. Def. An Arc of a circle is any portion of the circum- 
ference, as A MBy Fig. 3. 

165. Def. A Semi-circumference is an arc equal to one 
half the circumference, as A MB, Fig. 2. 

166. Def. A Chord of a circle is any straight line having 
its extremities in the circumference, as AB, Fig. 3. 

Every chord subtends two arcs whose sum is the cir- 
cumference. Thus the chord A B, (Fig. 3), subtends the arc 
A MB and the arc A D B. Whenever a chord and its arc are 
spoken of, jbhe less arc is meant unless it be otherwise stated. 
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167. Dep. a Segment of a circle is a portion of a circle 
enclosed by an arc and its chord, as A M By Fig. 1. 

168. Def. a Semicircle is a segment equal to one half the 
circle, bsABC, Fig. 1. 

169. Def. A Sector of a circle is a portion of the circle 
enclosed by two radii and the arc which they intercept, as ACB, 
Fig. 2. 

170. Def. A Tangent is a straight line which touches the 
circumference but does not intersect it, however far produced. 
The point in which the tangent touches the circumference is 
called the Faint of Contact, or Point of Tangency. 

171. Def. Two Circumferences are tangent to each other 
when they are tangent to a straight line at the same point. 

172. Def. A Secant is a straight line which intersects the 
circumference in two points, aa A D, Fig. 3. 




173. Def. A straight line is Inscribed in a circle when its 
extremities lie in the circumference of the circle, as A By Fig. 1. 

An angle is inscribed in a circle wheri its vertex is in the 
circumference and its sides are chords of that circumference, as 
ZABCyYig, 1. 

A polygon is inscribed in a circle when its sides are chords 
of the circle, as A ABC, Fig. 1. 

A circle is inscribed in a polygon when the circumference 
touches the sides of the polygon but does not intersect them, 
as in Fig. 4. 

174. Def. A polygon is Circumscribed about a circle when 
all the sides of the polygon are tangents to the circle, as in Fig. 4. 

A circle is circumscribed about a polygon when the circumfer- 
ence passes through all the vertices of the polygon, as in Fig. 1. 
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175. Def. Equal circles are circles which have equal radii 
For if one circle he applied to the other so that their centres 
coincide their circumferences will coincide, since all the points 
of both are at the same distance from the centre. 

176. Every diameter bisects the circle 
avd its circktmfereTice, For if we fold over 
the segment A M B on AB d&Q.iL axis until 
it comes into the plane of A P B, the arc 
A MB will coincide with the arc APB; 
because every point in each is equally dis- 
tant from the centre 0. 




Propobition I. Theorem. 

177. TAe diameter of a circle is greater than any oilier 
clwrd. 

Let AB be the diameter of the circle 
A MB^ and A E any other chord. 

We are to prove A B > A E, 

From C, the centre of the O, draw CE, 
CE=CB, 
(beiTig radii of the same circle). 

But 




AC+ CE>AE, 
(the sum of two sides ofat^>the third side). 
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Substitute for C E, in the above inequality, its equal CB. 
Then AC'^CB>AE,ot 

AB>AE. 



Q. E. D. 
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Proposition IL Theorem. 

178.-4 straight line cannot intersect the circumference 
of a circle in more than two points, 

M 




P 
Let HK he &ny line cutting; the circumference A MP. 

We are to prove that UK can intersect the circumference 
in only ttoo points. 

If it be possible, let H K intersect the circumference in three 
points, H, P, and K. • 

From Oy the centre of the O, draw the radii Off, OP, 
and OE. 

Then Off, OP, and ^ are equal, § 1 63 

{being radii of the same circle), 

.'.if ffK could intersect the circumference in three points, 
we should have three equal straight lines Off, P^ and K 
drawn from the same point to a given straight line, which is 
impossible, § 58 

ifmly two equal straight lines can he drawn from a point to a straight line). 

.'.a straight line can interaect the circumference in only 

two points. 

Q. E. D. 
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Proposition III. Theorem. 

179. In the same circle, or equal circles, equal angles 
at the centre intercut equal arcs on the circumference. 





P P 

In the equal circles ABP and A'B'F' let ZO^ZO', 

We are to prove arc RS = arc R' S*, 

Apply O ABP to O A'B'F, 

80 that Z shall coincide with Z O'. 

The point 7? will fall upon R', § 176 

(for QR= OfR', being radii of equal (D), 

and the point aS' will fall upon S', § 176 

(for 08=0* S^, being radii of egvul ©). 

Then the a,TC RS inust coincide with the arc R'S'. 
For, otherwise, there would be some points in the circumference 
unequally distant from the centre, which is contrary to the 
definition of a circle. § 160 

Q. E. D. 
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Proposition IV. Theorem. 

180. Conversely : In the same circle, or equal circles, 
equal arcs subtend equal angles at the centre. 





In the equsd circles ABP and A'B'P* let aic RS 
^arc R'S'. 

Wearetoprove Z EG S = Z B' O* S^. 

Apply O ABP to O A'BfP', 

so that the radius R shall fall upon (y R'. 

Then S^ the extremity of atc BS, 

will fall upon aS'', the extremity of arc B' S', 
{for R S = Bf Sf, by hyp.). 

.', OSwm coincide with 0' S', § 18 

(tJuir extremities beivig the same points). 

.'. Z BOS will coincide with, and be equal to, Z B' (y S*. 

Q. E. D. 
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Proposition V. Theorem. 

181. In the same circle, or equal circles, equal arcs are 
subtended by equal chords. 





In the equal circles ABP and A' B* F let arc RS 

We are to prove chord RS=^ chord R' S*. 

Draw the radii R, S, & R, and 0' S'. 
InihQ A RO S md. R' 0' ^ 



OR=0'R\ 

(being radii ofeqtuU ®), 

OS=0'S', 
(equal ares in eqtial (§) suMend equal A at the centre). 



§176 

§176 
§ 180 

.\AROS = AR*0'S', § 106 

(ttoo aides and the included A of the one being equal respectively to tioo sides 
and the included Z of the other). 

.'. chord ^ aS' = chord R' S\ 
(being homologous sides qf equal ^ ). 

CtE. D. 
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Proposition VI. Theorem. 

182. Conversely : In the same circle, or eqtial circles, 
equal chords subtend equal arcs. 





In the equal circles ABP and I'B'F, let chord ES 
= chord R'S\ 

We are to prove arc RS = arc R' S\ 

Draw the radii R, S, 0' R', and 0* ^. 

IniYiQAROS and R' 0' S* 

RS=-R'S', 



OR = 0'R, 

{being radii of equal CD), 

.\AROS=^AR'0[S', 
(three sides of the one being equal to three sides of the other). 

.\ZO==Z 0', 

{being homologous A of equal A). 



Hyp. 
§ 176 

§176 
§108 



§179 



.-. arc/?/S' = arci2'/S'', 
(in the same O^ or equal (D, equal A at the centre intercept equal arcs on the 

circumference). 

•^ Q. E. D. 




"?!r 
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Proposition VJI. Theorem. 

183. The radius perpendicular to a chord bisects the 
chord and the arc subtended' by it. 




Let AB be the chord, and let the radius C S be per- 
pendicular to A B at the point M. 

We are to prove AM =^ BMy and arc A S =' arc B S, 
Draw CA and C B. 

CA=^CB, 

{being radii of the same 0) ; 

r. A ACB 18 isosceles, § 84 

(t?ie opposite sides being equal) ; 

.\1.CS bisects the base A B and the Z C, § 113 
{the ± drawn from the vertex to the base of an isosceles A bisects the base and 
the Z. at the vertex), 

.'.AM^BM. 

Also, since /.ACS^ZBCS, 

SLVGAS = axGSB, §179 

{equal A at the centre intercept equal arcs on the circumference). 

Q. E. D. 

184. Corollary. The perpendicular erected at the middle 
of a chord passes through the centre of the circle, and bisects 
the arc of the chord. 
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Proposition VIII. Theorem. 

185. Ill the same circle y or equal circles ^ equal chords 
are equally distant from the centre ; and of two unequal 
chords the less is at the greater distance from the centre. 




In the circle A BBC let the chord A B equsd the chord 
C F, and the chord CE he less than the chord OF. 
Let OP, OH, and OK be Js drawn to these chords 
from the centre 0. 

We are to prove P=^ H, and H < OK. 

Join OA and 00. 
In the Yt.AA0P2in^C0H 

OA = OCy 

(being radii of the same O) ; 

AP=-CH, §183 

(being halves of equal chords) ; 

.\AAOP==ACOH, §109 

(tico rt. ^ are equal if they ha/oe a side and hypotenuse of the one equal to 
a side and hypotenuse of Uie other). 

.\OP=OH, 

(being homologous sides of equal A). 

Again, since B < C F, 

the 1. OK will intersect C F in some point, as m. 

Now OK>Om. Ax. 8 

But Om>OH, §52 

(a ± is the shortest distance from a point to a straight line). 

.'. much more is K> Off. 

Q. E. D. 
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Proposition IX. Theorem. 

186. A straight line perpendicular to a radius at its 
extremity is a tangent to the circle. 




Let BA be the radius, and MO the straight line 
pezpendicular to BA at A. 

We are to prove M tangent to the circle. 

From B draw any other line to M 0, as BC H. 

BH>BA, §52 

(ci ± measures the shortest distance from a point to a straigJU line). 

.'. point If is without the circumference. 

But BIlis any other line than B A, 

.*. everg point of the line MO \3 without the circumference, 
except A. 

.'. MO is 9. tangent to the circle at A. § 171 

Q. E. D. 

187. Corollary. When a straight line is tangent to a 
circle, it is perpendicular to the radius drawn to the point of 
contact, and therefore a perpendicular to a tangent at the point 
of contact passes through the centre of the circle. 
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Proposition X. Theorem. 

188. When two circumferences intersect each other, the 
line which joins their centres is perpendicular to their common 
chord at its middle point. 




Let C and C be the centres of two circumferences 
which intersect each other at A and B, and let 
the line C C intersect their common chord A B. 

We are to prc/oe C C l.to A B at its middle point, 

A JL drawn t.h rough the middle of the chord A B passes 
through tlie centres C and C', § 184 

(a ± erected at the middle of a chord passes through the centre of the O). 

.'. the line C C'^ having two points in common with this JL, 
must coincide with it. 

.*. (7 C is JL to -4 ^ at its middle point. • 

Q. E. D. 



Ex. 1. Show that, of all straight lines drawn from a point 
without a circle to the circumference, the least is that which, 
when produced, passes through the centre. 

Ex. 2. Show that, of all straight lines drawn from a point 
within or without a circle to the circumference, the greatest is 
that which meets the circumference after passing through the 
centre. 
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Proposition XI. Theorem. 

189. When two circumferences are tangent to each other 
their point of contact is in the straight line joining their 
centres. 




Let the two circumferences, whose centres are C and 
C^f touch each other at 0, in the straight line A B, 
and let OC he the straight line Joining their cen- 
tres. 

We are to prove is in the straight line C C, 

A JL to -4 -B, drawn through the point 0, passes through the 
centres C and C, § 187 

{a ±to a tangent at the point of contact passes through the centre of the O). 

.•. the line C C, having two points in common with this _L, 
must coincide with it. 



/. is in the straight line C C. 



Q. E. D. 



Ex. AB, SL chord of a circle, is the hase of an isosceles 
triangle whose vertex C is without the circle, and whose equal 
sides meet the circle in D and K Show that C D is equal 
to CB, 
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On Measurement. 

190. Dbp. To measure a quantity of any kind is to find 
how mafiy times it contains another known quantity of the sam>e 
kind. Thus, to measure a line is to find how many times it con- 
tains another known line, called the linear unit, 

191. Def. The number which expresses how many times 
a quantity contains the unit, prefixed to the name of the unit, 
is called the numerical measure of that quantity ; as 5 yards, etc. 

192. Def. Two quantities are commensurable if there be 
some third quantity of the same kind which is contained an 
exact number of times in each. This third quantity is called 
the common measure of these quantities, and each of the given 
quantities is called a multiple of this common measure. 

193. Def. Two quantities are incommensurable if they 
have no common measure. 

194. Def. The magnitude of a quantity is always relative 
to the magnitude of another quantity of the same kind. No 
quantity is great or small except by comparison. This relative 
magnitude is called their Ratio, and this ratio is always an ab- 
stract number. 

When two quantities of the same kind are measured by the 
same unit, their ratio is the ratio of their numerical measures. 

195. The ratio of a to 6 is written -, or a :6, and by this 
18 meant : 

How many times b is contained in aj a 

or, what part a is of 6. b 

I. If b be contained an exact number of times in a their 
ratio is a wJwle number. 

If b be not contained an exact number of times in a, but 

if there be a common measure which is contained m times in a 

m ' 
and n times in b, their ratio is the fraction — . 

n 

II. If a and b be incommensurable, their ratio cannot be 
exactly expressed in figures. But if 6 be divided into n equal 
parts, and one of these parts be contained m times in a with 

a remainder less than - part of b, then — is an approximate 
n n 

value of the ratio - , correct within - . 
» n 
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Again, if each of these equal parts of 6 be divided into n 
equal parts ; that is, if 6 be divided into n* equal parts, and if 
one of these parts be contained m/ times in a with a remainder 

1 mf . 

less than — ^ part of b, then — ^ is a nearer approximate value 

of the ratio - , correct within -5- . 
n 

By continuing this process, a series of variable values, 

— t — ^ . —Si etc., will be obtained, which will differ less and 
n' jv"' 71^^' ' ^ 

less from the exact value of - . We may thus find a fraction 



which shall differ from this exact value by as little as we please, 
that is, by less than any assigned quantity. 

Hence, an incommensurable ratio is the limit toward which 
its successive approximate values are constantly tending. 

' On the Theory op Limits. 

196. Dep. When a quantity is regarded as having only 
one or few definite values, it is called a Constant ; but, when 
it is regarded, under the conditions imposed upon it, as having 
an indefinite number of different values, it is called a Variable, 

197. Dep. When it can be shown that the value of a vari- 
able, measured at a series of definite intervals, can by indefinite 
continuation of the series be brought to differ from a given con- 
stant by less than any assigned quantity, without ever exceed- 
ing the constant, that constant is called the Limit of the vari- 
able, and the variable is said to approach indefinitely to its limit. 

K the variable be increasing, its limit is called a superior 
limit ; if decreasing, an inferior limit. 

198. Suppose a point d ^ it ir b 

to move from A toward -5, under the conditions that the first sec- 
ond it shall move one-half the distance from A to B, that is, 
to M ; the next second, one-half the remaining distance, that is, 
to if ; the next second, one-half the remaining distance, that 
is, to M"y and so on indefinitely. 

Then it is evident that the moving point may approach as 
near to B as we pkase, but wiU never arrive at B, For, however 
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near it may be to J? at any instant, the next second it will pass 
over one-half the interval still remaining ; it must, therefore, 
approach nearer to £, since half the interval still remaining is 
same distance, but will not reach B, since half the interval still 
remaining is not the whole distance. 

Hence, the distance from A to the moving point is an in- 
creasing variable, which indefinitely approaches the constant A B 
as its limit; and the distance from the moving point to j? is a 
decreasing variable, which indefinitely approaches the constant 
zero as its limit. 

If the length of ^ ^ be two inches, and the variable be 
denoted by ar, and the difference between the variable and its 
limit, by V : 

after one second, a? = 1 , t' ^= 1 ; 

after two seconds, ar=14-J, v = J; 

after three seconds, ^=l + i + J, v~i; 

after four seconds, ^=l + J+J + i, v=J; 
and so on indefinitely. 
Now the sum of the series 1 + i + i + ^ etc., is evidently 
less than 2 ; but by taking a great number of terms, the sum 
can be made to differ from 2 by as little as we please. Hence 
2 is the limit of the sum of the series, when the number of the 
terms is increased indefinitely ; and is the limit of the variable 
difference between this variable sum and 2. 

lim, will be used as an abbreviation for limit, 

199. [1] The difference hetween. a variable and its limit is a 
variable whose limit is zero, 

[2] If tioo or more variables, vj t^, v", etc,, have zero far a ' 
limit, their sum, v + i/ + t/', tic, will have zero for a limit. 

[3] If the limit of a variable, v, be zero, the limit of a-^^v 
wUl be the constant a, and the limit of aX v wiU be zero. 

[4] The product of a constant and a variable is also a va- 
riable, and t/ie limit of the product of a constant and a variable 
is the product of the constant and the limit of the variable. 

[5] The sum or product of two variables^ both of which are 
either increasing or decreasing, is also a variable. 
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Proposition I. 
[6] If two variables be always equcU, their limits are equal. 

Let the two variables AM and 
A N be always equal, and let A C 
and AB be their respective limits. 

We are to prove A C = A B. 

Suppose AO AB. Then we may 
diminish AC to some value A C* such 
i\isXAC* = AB. 

Since A M approaches indefinitely to 
A (7, we may suppose that it has reached 
a value A P greater than A C. 

Let ^ Q be the corresponding value of A N. 

Then AF^AQ. 

Now AG'=-AB. 

But both of these equations cannot be true, ior AF'> A (7', 
and A Q<AB. .'.AG cannot be greater than A B. 

Again, suppose AC<AB. Then we may diminish AB to 
some value A P such that AC = AB\ 

Since A ^ approaches indefinitely to ^1 j? we may suppose 
that it has reached a value A Q greater than A B'. 

Let -4 P be the corresponding value of A M. 

Then AP=AQ. 

Now AC=AB', 

But both of these equations cannot be true, for A F < A Cy 
and AQ> AB'. .'.AC cannot be less than A B. 

Since A C cannot be greater or less than A B, it must be 
equal toAB, «• =• ». 

[7] Corollary 1. If two variables be in a constant ratio, 
their limits are in the same ratio. For, let x and y be two variables 

X 

having the constant ratio r, then - = r, or, x=^ r y, therefore 

lim. (x) = Hto. (r y) = rX lim. (y), therefore ,. , = r. 

' . Urn. (y) 

[8] Cor. 2. Since an incommensurable ratio is the limit of 

a 
its successive approximate values, two incommensurable ratios -r- 

a' ^ 

and — are eqiial if'tliey always Jiave the same approximate valves 

when expressed unthin the same measure of precision. 
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Proposition II. 

[9] The limit of the algebraic sum of two or more variables 
is the algebraic sum of their limits. 



Let Xy y, z, be variables, a, 6, and c, « +~ 

their respective limits, and v, i/, and t/', 

the variable differences between x, y, z, b »— ^ 

and a, b, c, respectively. 

We are to prove lim. (a? 4- y -I-2) = a+ 6-|- c. c k-^ 

'Now, x = a — Vy y==/> — i/, 2 = c — v'\ 

Then, ic4-y + 2 = a — v^- b — t/ + c — t/'. 

.'. lim.(x+y+z)==lim.(a — v+6— iZ-J-c— i/'). [6] 

But, lim.{a-'V-{-b — v' + c — v'') = a + b + c. [3] 

.*. lim, (x + g + z) = a^ b + c. 

Q. E. D. 

Proposition III. 

[10] The limit of theprodtict of ttoo or mx>re variables is the 
product of their limits. 

Let X, y, Zy be variables, a, b, c, their respective 
limits, and v, v', t/', the variable, differences between 
Xy y, Zy and a, b, c, respectively. 

We are to prove lim^ (xyz)=^abc, 

Now, x = a — Vy y = 6-"t/, = c — v". 

Multiply these equations together. 

Then, xyz = abclf- terms which contain one or more of 
the factors v, i/, i/', and hence have zero for a limit. [3] 

.*. lim, {xyz) = lim, (abc'^f terms whose limits are zero). [6] 
But lim, (a 6 c =F terms whose limits are zero) =^abc. 

.', lim. (xyz)=abc. 

Q. E. D. 

For decreasing variables the proofs are similar. 



Note. — In the application of the principles of limits, refer- 
ence to this section (§ 199) will always include the fundamental 
truth of limits contained in Proposition I. ; and it will be left as 
an exercise for the student to determine in each case what other 
truths of this section, if any, are included in the reference. 
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Proposition XIL Theorem. 

200. In the same circle, or equal circles, two comment 
surable arcs have the same ratio as the angles which they 
subtend at the centre. 



JP 




v 





p 

In the circle A PC let the two arcs be AB and A C, 
and AOB and AOC the A which they subtend, 

^ ^ arcAB ZAOB 

We are to prove = -, 

^ QIC AC ZAOC 

Let IfKheeL common measure of AB and A C. 
Suppose HK to he contained in A B three times, 



Then 



and in AC five times, 
arc -4 ^ 3 



arc -4 C 5 

At the several points of division on A B and A C draw radii. 

These radii will divide Z AOC into five equal parts, of 

wliich ZAOB will contain three, § 180 

(m the same O, or eqttal (D, eqiuil arcs subtend eqtial A at the centre). 

ZAOB 3 



But 



' ZAOC 6' 




arc ^ j5 3 




arc ^ (7 6 ' 




arc il 5 ZAOB 
SLTcAC ZAOC 


Ax. 1. 

• 

Q. E. D. 
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Proposition XIII. Theorem, 

201. In the same circle, or in equal circles, incom- 
mensurable arcs have the same ratio as the angles which 
they subtend at the centre, 

pi p 





In the two equal ® ABP and A'B'P' let AB and A' B 
be two incommensurable arcs, and C, O the A which 
■ they subtend at the centre. 

We are to prove — — - = — — . 

^ arcAB ZG 

Let AB he divided into any number of equal parts, and 
let one of these parts be applied to ^1'^' as often as it will be 
contained in A^B^. 

Since AB and A' B* are incommensurable, a certain num- 
ber of these parts will extend from A' to some point, as Z>, 
leaving a remainder I) B' less than one of these parts. 
DiawC'D, 
Since A B and A'D are commensurable, 

^reA'D_ ZA'C^D . ^^ 

arc ^ jB ZACB' * 

{tvjo commensurable arcs have the same ratio as the d which they subtend at 

the centre). 

Now suppose the number of parts into which -4 -B is divided 
to be continually increased ; then the length of each part will 
become less and less, and the point D will approach nearer and 
nearer to B', that is, the arc A' D will approach the arc A' B' as 
its limit, and the Z A' C D \kie Z A' C B' as its limit. 
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Then the limit of ^^^'-^ will be ^^ ^' ^ , 
arc AJS a.ic A H 

and the limit of ^ ^^-^ will be ^ ^i^^' 
ZACB AACB 

Moreover, the corresponding values of the two variables, 
namely, 

arc^'i) , ZA'C'D 

. — and — f 

aicAB ZACB 

are equal, however near these variables approach their limits. 

.-. their Hmits ?£iil^ and '^ ^ ^' are equal § 199 
arc -4 -fi Z A(J B 

Q. E. D. 



202. Scholium. An angle at the centre is said to he meas- 
ured by its intercepted arc. This expression means that an angle 
at the centre is such part of the angular magnitude about that 
point (four right angles) as its intercepted arc is of the whole 
circumference. 

A circumference is divided into 360 equal arcs, and each 
arc is called a degree, denoted by the symbol (°). 

The angle at the centre which one of these equal arcs sub- 
tends is also called a degree. 

A quadrant (one-fourth a circumference) contains there- 
fore 90® ; and a right angle, subtended by a quadrant, con- 
tains 90°. 

Hence an angle of 30° is J of a right angle, an angle of 45° 
is J of a right angle, an angle of 135° is J of a right angle. 

Thus we get a definite idea of an angle if we know the 
number of degrees it contains. 

A degree is subdivided into sixty equal parts called min- 
utes, denoted by the symbol ('). 

A minute is subdivided into sixty equal parts called sec- 
onds, denoted by the symbol ("). 



d4 
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Proposition XIV. Theorem. 

208. An inscribed angle is measured by one^half of tite 
arc intercepted between its sides, 

B B B 




Case I. 

In the circle FAB (Fig. 1), let the centre C be in one 
of the sides of the inscribed angle B. 

We are to jn*ove Z. B is measured by | arc P A. 

Draw CA. 

CA=-GB, 

(being radii of the same 0). 

.\ZB = ZA, § 112 

(being opposite equal sides). 

ZPCA=ZB+ ZA. § 105 

(the exteruyr /.of a b. is eqical to the sum of the two opposite irUerior ^k), 

Substitute in the above equality Z B for its equal Z A, 
Then we have ZPGA = 2ZB, 

But Z PC A\b measured by ^ P, § 202 

(pie /.(it the centre is measured by the intercepted are\ 
.'.2 Z B is measured by A P. 
.*. Z ^ is measured hj ^ A P. 
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Case IL 

In the circle BAE (Fig. 2), let the centre C fall 
within the angle EBA. 

We are to prove Z. EBA is measured by \ arc E A. 

Draw the diameter BCP. 

Z PBA is measured by ^ arc PA, (Case I.) 

Z PBE is measured by | arc PE, (Case I.) 

.-. Z PBA + Z PBEia measured by ^ (arc PA + arc PE). 

.'. Z EBA is measured by ^ arc EA. 

Case III. 

In the circle BFP {Fig. 3), let the centre C fall with- 
out the angle A BF, 

We are to prove Z A BF is measured by ^ arc A F. 

Draw the diameter BCP. 

Z PBFia measured by | arc P F, (Case I.) 

Z PBA is measured by J arc PA, (Case I.) 

.-. Z PBF— Z PBA is measured by J (arc PF— arc P A). 

.', Z AB Fia measured by i arc ii F, 

Q. E. D. 

204. Corollary 1. An angle inscribed in a semicircle is 
a right angle, for it is measured by one-half a semi-circumfer- 
ence, or by 90**. 

205. Cor. 2. An angle inscribed in a segment greater than 
a semicircle is an acute angle ; for it is measured by an arc less 
than one-half a semi-circumference ; i. e. by an arc less than 90®. 

206. Cor. 3. An angle inscribed in a segment less than a 
semicircle is an obtuse angle, for it is measured by an arc greater 
than one-half a semi-circumference ; L e. by an arc greater 
than 90^*. 

207. Cor. 4. All angles inscribed in the same segment are 
equal, for they are measured by one-half the same arc. 



-3i-H»x: =. 






Z CO A -^AL- A±, t : 15 

mA Z A'wk BiftWTiKd lyr I are i? A § 203 

CLE.O. 



Fy«, H>i//ir tfiai Uw5? fea»t chord that can he diawn through 
A ^irim (K/irit in a circle; m perpendicular to the diameter drawn 
ihr//tigh ih4»» {K/iiit 
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Proposition XVI. Theorem. 

209. An angle formed hy a tangent and a chord is 
measured by one-^half the intercepted arc. 




Let HAM be the angle formed hy the tangent OM 
and chord AH. 

We are to prove 

/. HA M is measured hy | arc A EH, 

Draw the diameter AC F, 

ZFAMi3SLTt,Z, §186 

{the radius drawn to a tangent at the point of contact is ± to it). 

Z. FA My being a rt. Z, is measured by J the semi-circum- 
ference AFF, 

Z FAHia measured by ^ arc FH, § 203 

(an inscribed Z is measured by i the intercepted arc) ; 

.'.ZFAM— Z FAHis measured by | (arc A EF— arc HF), 

,\ Z HA M is measured hj \9sq AEH 

Q. E. D. 
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Proposition XVII. Theorem. 

210. An angle formed by two secants, two tangents, or 
a tangent and a secant, and which has its vertex without the 
circumference, is measured by one-half the concave arc, minus 
one^half the convex arc, 





M D 

Fig. 1. Fig. 2. Fig. 8. 

Case I. 
Let the angle {Fig. 1) he formed by the two secants 
OA and OB. 

We are to prove 

Z Ol8 



Draw CB, 

ZACB = ZO-i-ZB, § 105 

(the exterior /.of a t^ is equal to the sum of the two opposite interior A ). 

By transposing, 

ZO = ZACB-ZB, 

But Z A OB is measured hy ^ arc A B, § 203 

(an inscribed Z. is measured by i the intercepted arc), 

and Z B is measured by ^ arc C -^, § 203 

.'. Z is measured by J arc il J? — J arc CB. 
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Case II. 

Let the angle {Fig. 2) he formed by the two tan- 
gents OA and OB, 

We are to prove 

A is measured by ^ aic A MB — J arc -4 SB. 
Draw A B. 

/.ABC = Z.O + /.OAB, §105 

(th& exteiHor /.ofai^is equal to the sum of the two opposite interior A ). 

By transposing, 

Z O^ZABC-Z OAB. 

But Z ABC is measured by | arc A iV B, § 209 

{an Z formed by a tangent and a chord is measured by \ the intercepted arc), 

and Z OAB ia measured by ^sltcASB, § 209 

.". Z is measured by J arc ii MB — ^ arc A SB, 

Case III. 

Let the angle {Fig. 3) be formed by the tangent 
OB and the secant OA. 

We are to prove 

Z is measured by ^ arc A D S ^ j^ sltc CE S, 

Draw CS. 

ZACS=Z + Z CSO, § 105 

(t?ie exterior Z of a A is equal to the sum of the two opposite interior A). 

By transposing, 

Z O^ZAOS-ZCSO. 

But Z ACS 18 measured hj ^ s,tc A D Sy § 203 

{being an inscribed Z). 

and Z CSO is measured by J arc C ^aS', § 209 

{beiTi^ an Z formed by a tangent and a chard), 

.'. Z is measured by J arc il /> aS' — | arc CBS. 

Q. E. D. 
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Supplementary Propositions. 

Proposition XVIII. Theorem. 

211. Two parallel lines intercept upon the circum- 
ference equal arcs. 




Let the two parallel lines CA and BF {Tig. 1), inter- 
cept the arcs C B and A F. 



We are to prove arc C B = arc A F. 

Draw A B. 

ZA=ZB, 

(being alt. -int. A). 

But the arc CJ? is double the measure of Z A, 

and the arc il i^ is double the measure of Z B, 

.-.arc C B^Q,rcAF. 



68 



Ax. 6. 

Q. E. D. 



212. Scholium. Since two parallel lines intercept on the 
circumference equal arcs, the two parallel tangents M^ and 
O P (Fig. 2) divide the circumference in two semi-circuraferences 
ACB^xAAQB, and the line A B joining the points of contact 
of the two tangents is a diameter of the circle. 
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Proposition XIX. Theorem. 

213. If the sum of two arcs be less than a circitm" 
ferenee the greater arc is subtended by the greater chord ; 
and conversely y the greater chord subi<ends the greater arc, 

B 




P 

In the circle AC P let the two arcs A B and BC to- 
gether be less than the circumference, and let 
AB he the greater. 

We are to prove chord AB> chord B C. 

Draw A C. 

In the A ABC 

Z C, measured by ^ the greater arc -^-ff, § 203 

is greater than Z A, measured by J the less arc B C 

.-. the side ^ J5 > the side BC, § 117 

(m a A the greater Z has the greater side opposite to it). 

Conversely : If the chord ^ J5 be greater than the 

chordae. 

We are to prove are AB> arc B C. 

In the A ^ 5 C, 

AB>BC, Hyp. 

r.ZOA, §118 

{in a A the greater side has the greater Z opposite to i£), 

.-. arc il J?, double the measure of the greater Z C, is greater 
than the arc B C, double the measure of the less Z il. ^ ^ ^ 
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Proposition XX. Theorem. 

214. If the 9um of two arc9 be greater than a circum- 
ference, the greater arc w subtended by the less chord; and, 
conversely, the less chord subtends the greater arc. 

B 




E 
In the circle BCE let the arcs AECB and BAEG 
together he greater than the circumference, and 
let arc AECB be greater than arc BAEC. 

We are to prove chord AB < chord B C, 

From the given arcs take the common arc AEC ; 

we have left two arcs, CB a,nd A B, less than a circumference, 

of which CB ia the greater. 

.-. chord CB> chord A B, § 213 

(when the sum of two arcs is less than a circumferenoet the greater arc is 
stibtended by the greater chord). 

.•. the chord A B, which suhtends the greater bltcAECB, 
is less than the chord B C, which subtends the less arc BA EC. 

Conversely : If the chord -4 ^ be less than chord B C. 
We are to prove are AECB > arc BAECs 

Arc AB-{-a,TcAECB = the circumference. 

Arc BC + Q,TC BA EC= the circumference. 
.\ SLTO A B + Arc A E C B = Q,Tc B C -^ arc BA EC. 

But arc ^ i5 < arc J? C, § 213 

{being svMended by the less chord), 

.'. s^Tc A E C B > eLTC B A E C. 

Q. E. a 
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On Constructions. 

Proposition XXI. Problem. 

215. To find a point in a plane y having given iU di%^ 
tances from two known points. 

C 



A 



Let A and B he the two known points; n the dis- 
tance of the required point from A, o its distance 
from B, 

It is required to find a point at the given distances from A 
and B, 

From ^ as a centre, with a radius equal to ti, describe an arc. 

From j^ as a centre, with a radius equal to o, describe an arc 
intersecting the former arc at C, 

C is the required point. 

Q. E. F. 



216. Corollary 1. By continuing these arcs, another point 
below the points A and B will be found, which will fulfil the 
conditions. 

217. Cor. 2. When the sum of the given distances is equal 
to the distance between the two given points, then the two arcs 
described will be tangent to each other, and the point of tan- 
gency will be the point required. 
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Let the distance from A to B equal n + o. 

From A as 8, centre, with a \/ 

radius equal to », describe an arc ; A' c\- 'B 

and from ^ as a centre, with /^ 

a radius equal to o, describe an ^ 

arc. ' — : — 

These arcs will touch each :: 

other at (7, and will not intersect. 

,', C ia the only point which can be found. 

218. Scholium 1. The problem is impossible when the 
distance between the two known points is greater than the sum 
of the distances of the required point from the two given points. 

Let the distance from ^1 to ^ be greater than n '\- o. 

Then from ^ as a centre, 
with a radius equal to w, de- A* 
scribe an arc; 

and from ^as a centre, with a 
radius equal to o, describe an arc. 

These arcs will neither touch 
nor intersect each other ; 

hence they can have no point in common. 

219. ScHO. 2. The problem is impossible when the distance 
between the two given points is less than the difference of the 
distances of the required point from the two given points. 

Let the distance from ^ to J5 be less than n — o. 

From -4 as a centre, with a radius ^'^' ""^-^ 
equal to w, describe a circle ; / ^ ^\ 

and from ^ as a centre, with a y x \^ \ 

radius equal to o, describe a circle. / I a. \ ^ 

The circle described from j^ as a \ V / / 

centre will fall wholly within the circle \ \^ y / 

described from il as a centre; o ^v ""^ " / 

hence they can have no point in ^ ""- ^'^ 

common. 



1 
1 

/ 


/ 
1 

\ 

\ 


n 
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Proposition XXIL Problem. 



220. To bisect a given straight line. 
C 



X 

'I » 

I. 



E 
Let AB be the given straight line. 
It is required to bisect the line A B, 

From A and B as centres, with equal radii, describe arcs 
intersecting at C and E, 

Join CE, 
Then the line CE bisects A B, 
For, (7 and E, being two points at equal distances from the 
extremities A and B, detennine the position of a ± to the mid- 
dle point oiAB.^ § 60 

a E. F. 
Proposition XXIIL Problem. 

221. At a given point in a straight line, to erect a 
perpendicular to that line. R 




^ HO" 

Let be the given point in the straight line A B. 

It is required to erect a JL to the line A B at the point 0. 

TakeOH=OB, 
From B and ff as centres, with equal radii, describe two 
arcs intersecting at /?. 

Then the line joining BO ia the J- required. 
For, O and B are two pouits at equal distances from B and ^, and 
.'. determine the position of a _L to the line HB at its 
middle point 0. § 60 

Q. E. F, 
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Proposition XXIV. Problem. 

222. From a point without a straight line, to let fall a 
perpendicular upon that line. 

C 



y^ 



Let AB he & given straight line, and C a given point 
without the line. 

It is required to let fall a 1. to the line A Bfrom the point C. 

From C as a centre, with a radius sufficiently great, 

describe an arc cutting ABoi the points H and K. 

From H and K as centres, with equal radii, 

describe two arcs intersecting at 0. 

Draw CO, 

and produce it to meet ^ ^ at m. 

C m is the J_ required. 

For, C and 0, being two points at equal distances from II 
and K, determine the position of a ± to the line HK at its 
middle point. § 60 

Q. E. F. 
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Peoposition XXV. Problem. 

223. To • construct an arc equal to a given arc whose 
centre is a given point. 





J^et G he the ^centre of the given arc A B. 

It is required to construct an arc equal to arc A B. 

J)iQ.w C B, C A, d^ndi A B, 

From C" as a centre, with a radius equal to CB, 

describe an indefinite arc B' F. 

From ^' as a centre, with a radius equal to chord A B, 

describe an arc intersecting the indefinite arc at A'. 

Then oxc A' B' ^ sltc A B. 

draw chord -4' B\ 



For, 



and 



The (D are equal, 
{being described ivith eqtuil radii), 

chord A' B' = chord A B ; 

-•. arc A^ B' = a.Tc A B, 
{in equal (D eqiial chords subtend equal arcs). 



Cons. 
§ 182 



Q. E. F. 
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Proposition XXVI. Problem. 

224. At a given point in a given straight line to con- 
struct an angle equal io a given angle. 




o <r 






B Bf 

Let C be the given point in the given line C B', and 
C the given angle. 

It is required to constr^ict an A at C equal to the Z (7. 

From C as a centre, with any radius qa C B, 

describe the «cg AB, terminating in the sides of the Z. 

Draw chord A B. 

From C" as a centre, with a radius equal to C B, 

describe the indefinite arc B^ F, 

From B' assL centre, with a radius equal to A B, 

describe an arc intersecting the indefinite arc at A'. 

Draw -4' C". 
Then ZC' = ZC. 
For, joinil'^'. 

The © to which belong arcs A B and A' B' are equal, 
{beiiig descried wUh equod radii). 

and chord A' Bf =^ chord A B \ Cons. 

.-. arc A' B'^&TcAB, § 182 

{in equal ® e^^aal chorda subtend equal arcs), 

.-. ZC' = ZC, § 180 

(in equal ® equal arcs subtend equal Aaithe centre). 
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Pboposition XXYIL Problem. 
225. To bisect a given arc. 



^X 




X^-' 



Let A OB be the given arc. 

It is required to bisect tlie arc A OB, 

Draw the chord A B. 

From A and B as centres, with equal radii, 

describe arcs intersecting at E and C. 

Dtq.w EC. 

EC hiaecta the ATc A OB. 

For, E and C, being two points at equal distances from 
A and B, determine the position of the J- erected at the middle 
of chord ili?; §60 

and a J. erected at the middle of a chord passes through 
the centre of the O, and bisects the arc of the chord. § 184 

Q. E. F. 
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Proposition XXYIII. Problem. 
226. To bisect a given angle, 
A 




Let A EB he the given angle. 

It is required to bisect Z A£B. 

From J^ as a centre, with any radius, as EA, 

describe the bltc AOB, terminating in the sides of the Z. 

Draw the chord A B, 

From A and B as centres, with equal radii, 

describe two arcs intersecting at C. 

Join ^(7. 

E C bisects the Z. E. 

For, E and C, being two points at equal distances fix)m A and 
B, determine the position of the J. erected at the middle of 
AB. § 60 

And the ± erected at the middle of a chord passes through 
the centre of the O, and bisects the arc of the chord. § 184 

.•.arc -4 = arc OB, 

.\ZAEC = ZBEC, §180 

(in the saine circle equal arcs subtend eqiial A at the centre), 

Q. E. F. 
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Proposition XXIX. Problem. 

227. Through a given point to draw a straight line 
parallel to a given straight line. 



E 



Let AB he the given line, and H the given point. 

It is required to draw through tlie point H a line II to the 
line A B, 

Draw HAy making the Z. HAB. 

At the point H construct Z A HE -=Z. HAB. 

Then the line HE is II io A B. 

For, AEHA=-AHAB\ Cons. 

.-. HE is II to ^ ^, § 69 

(trA^n two straighl lines, lying in the same plane, are cuthy a third straight 
line, if the alL-int, A be equal, the lines arc parallel). 

Q. E. F. 



Ex. 1. Find the locus of the centre of a circumference which 
passes through two given points. 

2. Find the locus of the centre of the circumference of a 
given radius, tangent externally or internally to a given cir- 
cumference. 

3. A straight line is drawn through a given point A, inter- 
secting a given circumference at B and C, Find the locus of 
the middle point P of the intercepted chord B C. 
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Proposition XXX. Problem. 

228. Two angles of a triangle being given to find the 

third. 

R 



E 



'Ik 



Let A and B be two given angles ot a triangle. 

It is required to find the third Z. of the A. 

Take any straight line, as E F, and at any point, as H. 

construct A RHF equal to Z B^ 

and A SHE equal to Z ^. 

Then Z i^iT/S' is the Z required. 

For, the sum of the three ^ of a. A = .2 rt. ^, § 98 

and the sum of the three A ahout the point H, on the same 
sideof J^^=2rt. A §34 

Two A of the A being equal to two A about the 
point ZT, Cons. 

the third Z of the A must be equal to the third Z about 
the point H, 

Q. E. F. 
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Proposition XXXI. Problem. 

229. Two aides and the included angle of a triangle 
being given, to construct the triangle. 



E 



Let the two sides of the tiiajigle be E and F^ and 
the included angle A. 

It is required to construct a A having tufo sides equal to E 
and F respectvoely^ and their included /.= Z. A, 

Take HK equal to the side F. 

At the point H diaw the indefinite line HM^ 

making the Z KHM ^ Z. A. 

On HM take EC equal to E. 

Draw C K. 

Then A CHK is the A requirei 

aE. F. 
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Proposition XXXIL Problem. 

230. A side and two adjacent angles of a triangle being 
given, to construct the triangle. 

O 




Let C E he the given side, A and B the given angles. 

It is required to constrtict a A having a side equal to G E^ 
and tvjo A adjacent to that side equal to A A and B respectively. 

At point C construct an Z equal to Z ^. 

At point E construct an Z equal to Z B. 

Produce the sides until they meet at 0. 

Then A C ^ is the A required. 

Q. E. F. 

231. Scholium. The problem is impossible when the two 
given angles are together equal to, or greater than, two right 
angles. 
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Proposition XXXIIL Problem. 

232. The three sides of a triangle being given, to con^ 
struct the triangle. 




"* Bo 

Let the tliree sides be m, n, and o. 

It is required to construct a A having three sides respectively, 
equal to m, n, and o. 

Draw A B equal to ». 

From ^ as a centre, with a radius equal to o, 

describe an arc ; 

and from ^ as a centre, with a radius equal to m^ 

describe an arc intersecting the former arc at (7. 
Drawee andC-B. 
Then A CABia the A required. 

Q. E. F. 

233. Scholium. The problem is impossible when one side- 
is equal to or greater than the sum of the other ttvo. 
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Pboposition XXXrV. Problem. 

234. The hypotenuse and one side of a right triangle 
being given, to construct the triangle. 




Let m be the given side. And o the hypotenuse. 

It is required to construct a rt. A having the hypotenuse 
equal o and one side equal m. 

Take A B equal to m. 

At A erect 2kJL,AX, 

From -5 as a centre, with a radius equal to o, 

describe an arc cutting AX sA C. 

Draw CB. 

Then A (7-4 -ff is the A required, 

a E. F. 
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Proposition XXXV. Problem. 

235. The base, the altitude, and an angle at the base, 
of a triangle being given, to construct the triangle. 




Let equal the base, m the altitude, and C the angle 
at the base* 

It is required to construct a A having the base equal to o, 
the altitude equal to m, and an A at the base equal to C. 

Take A B equal to o. 

At the point A, draw the indefinite line A R, 

making tYie^Z. BAR = Z C. 

At the point A, erect a J. ^ JT equal to m. 

From X draw XS II to A B, 

and meeting the line AR bX S. 

Draw SB. 

Then /!^ ASBia the A required. 

Q. E. F. 
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Proposition XXXVI. Problem. 

236. Two sides of a triangle and the angle opposite one 
of them being given, to construct the triangle. 

Case I. 

IVhm the given angle is aciUef arid the side opposite to it is less than 
the other given side, 

D 



/\\ 



.^ 



A ^ ^^ 



\ 



\ 

\ 
\ 



W- 



a 



E 



Let c be the longer and a the shorter given side, and 
A A the given angle. 

It is required to construct a A having tioo sides equal to a 
and c respectively, and the Z opposite a equal to given A A, 
* Construct A D AE equal to the given Z A, 
On ^ Z> take AB = c, 
From jS as a centre, with a radius equal to a, 
describe an arc intersecting the side AE dX C and C". 

Bmw B C siud B C". 
Then both the A ABC and A B C" fulfil the conditions, 
and hence we have two constructions. 

When the given side a is exactly equal to the A- BC, there 
wiU be but one construction, namely, the right triangle ABC. 

When the given side a is less than B C, the arc described 
from B will not intersect A E, and hence the problem is im- 
possible. 
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Case II. 

When the given atigU is aciUe, rights or obtuae, and the side ojfposite 
toUis greater than the other given side. 

la 





/\\ 



V.^ 



A yc-^ cf 



Fig. 1, 




When the given angle is obtuse. 
Construct the Z JD A E (Fig. 1) equal to the given Z S, 

Take A B equal to a. 
From ^ as a centre, with a radius equal to c, 
describe an arc cutting HA ai C, and BA produced at C. 
Join B C &nd B C. 

Then the A ABOis the A required, and there is only one 
construction ; for the A ABC will not contain the given Z S. 

When the given angle is acute, as angle B A CL 
There is only one constniction, namely, the ABAC (Fig. 1). 

When the given /Lisa right amgle. 

There are two constructions, the equal A. BAC and BAC 
(Fig. 2). Q. E. p. 

The problem is impossible when the given angle is right or 
obtuse, if the given side opposite the angle be less than the 
other given side. § 117 
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Proposition XXXVII. Problem. 

237. Two sides and an included angle of a paralleh^ 
gram being given, to constrMct the parallelogram. 
R 




^>^ 



Let m and o be the two sides, and C the included 
angle. 
• It is required to construct a O having ttoo adjacent sides 
equal to m and o respectively y and their included Z equal to Z. C- 
Draw A B equal to o. 
From A draw the indefinite line A E, 
making the Z A equal to Z C. 
On AE take A H equal to m. 
From J? as a centre, with a radius equal to o, describe 
an arc. 

From ^ as a centre, with a radius equal to m, 

describe an arc, intersecting the former arc at E, 

Draw JS H And E B. 

The quadrilateral A BBH is the CJ required. 

For, AB = HE, Cons. 

AU = BE, Cons. 

/. the figure ABEH'isd^O, § 136 

(a quadrilateral, whidt, has its opposite sides equal, isaCJ), 

Q. E. F. 
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Proposition XXXVIII. Problem. 

238. To describe a circumference through three points 
not in th§ same straight line. 



/ 

/ 

/ 

/ 

/ 

I 

\ 

\ 



^^-.. 



\ 
\ 

\ 
\ 
I 
/ 






Let the three points be A, B, and C. 

It is required to describe a circumference through the three 
poinds Ay B, mid G. 

Draw ^^ and J? (7. 

Bisect ^5 and 5 C. 

At the points of bisection, E and F^ erect Js intersect- 
ing at 0. 

From as a centre, with a radius equal to Oil, describe a 
circle. 

O ABO 18 the O required. 

For, the point 0, being in the 1. EO erected at the middle 
of the line A B, is at equal distances from A and B ; 

and also, being in the 1- FO erected at the middle of the 
line C B, \a at equal distances from B and C, § 58 

(every point in the J. erected <U the middle of a straight line is at equal 
distances from the extremities of that line), 

.*. the point is at equal distances from A, By and C, 
and a O described from as a centre, with a radius equal 
to A, will pass through the points A, B, and G. 

Q. E. F. 

239. Scholium. The same construction serves to describe 
a circumference which shall pass through the three vertices of a 
triangle, that is, to circumscribe a circle about a given triangle. 
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Proposition XXXIX. Problem. 
240. Through a given point to draw a tangent to a 
given circle. 





Case 1. — Wh^n the given point is oh the circumference. 

Let ABC {Fig. 1) be a given circle, and C the given 
point on the circumference. 

It is required to draw a tangent to the circle at C. 

ri*om the centre 0, draw the radius O C. 

At the extremity of the radius, C, draw C M ± to C. 

Then C M is the tangent required, § 186 

(a straight line ±to a radius at its extremity is ta.ngent to the O).- 

Case 2. — When the given point is unihout the circumference. 

Let ABC (Fig. 2) he the given circle, its centre, 
E the given point without the circumference. 
It is required to draw a tangent to the circle ABC from 

the point E. 

Join E. 

On ^ as a diameter, describe a circumference intersecting 
the given circumference at the points M and U. 

Draw if and H, EM smd EH. 

Now Z ME is a rt. Z, § 204 

{being inscribed in a semicircle). 

.'. EMis±to OMat the point M; 

.-. EM is tangent to the O, § 186 

(a straight line ± to a radius at its extremity is tangent to the O). 

In like manner we may prove IT ^tangent to the given O. 

Q. E. F. 

241. CoROLLART. Two tangents drawn from the same point 
to a circle are equal. 
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Proposition XL. Problem. 

242. To inscribe a circle in a given triangle. 

h 




Let ABC be the given triangle. 

It is required to inscribe a O in the A A B C. 
Draw the line A E^ bisecting Z A, 
and draw the line C E, bisecting Z C. 
Draw E HI. to the line A C. 
From E, with radius EH, describe the Q K M H. 
The O KHM is the O required. 
Por, draw EK ± to AB, 
a.ud EM ±toBC. 
In the Tt.AA KE and A HE 
AE^AE, 
ZEAK = ZEAH, 



Iden. 
Cons. 
§110 



.\AAKE-=AAHE, 

{Two rt. ^ are eqiuil if the hypotenuse and an acute /.of the (me he eqtial 

respectively to the hypotoiuse and an acute Z of the other), 

.-. EK= EH, 

(being homologous sides of equal A). 

In like manner it may be shown E M= EH. 
.'. EK, EH, and ^Jf are all equal. 
.'. a O described from ^ as a centre, with a radius equal to EH, 

will touch the sides of the A at points H, K, and M, and 
be inscribed in the A. § 174 

Q. E. F. 
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Proposition XLL Problem. 

243. Upon a given straight line, to describe a segment 
which shall contain a given angle, 

H 




/ 

Let AB be the given line, and M the given angle. 

It is required to describe a segment upon the line A £, which 
sIuUl coTiiain AM, 

At the point B constnict Z. A BE equal to Z if. 

Bisect the line AB^XF^ 

and erect the 1, FH. 

From the point B, draw -5 J- to E B. 

From 0, the point of intersection oi FH and ^ 0, as a 

centre, with a radius equal to B, describe a circumference. 

Now the point 0, being in a -L erected at the middle of 
il j9, is at equal distances from A and B^ § 58 

{every point in a ± erected at the middle of a straight line is at equal dis- 
tances from the extremities of (hat line) ; 

.'. the circumference will pass through A, 
Now BE\sA-ioOB, Cons. 

.\BE\b tangent to the O, § 186 

(a straight line ±to a radius at its extremity is tangent, to the O). 

.-. Z ^ ^ ^ is measured hj ^ arc A B, § 209 

(being an Z formed by a tangent and a chord). 

Also any Z inscribed in the segment AHB, as for instance 
Z A KBy is measured by ^ arc ^ ^, § 203 

ifteivjg cm inscribed Z ). 
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,\/.AKB = Z.ABE, 

(being both meamred by i the garru arc) ; 
.\ZAKB-=ZM. 
segment AffB is the segment required. 



Q. E. F. 



Proposition XLII. Problem. 

244. To find the ratio of two commensurable straight 

lines. 

E H 

A » Ll-B 

K 

CI , , y^D 

F 
Let A B and C D be two straight lines. 

It is required to find the greatest common measure of AB 
and C Dy so 08 to express their ratio in numbers. 

Apply CD to AB as many times as possible. 

Suppose twice with a remainder EB. 

Then apply EB U> C D dA many times as possible. 

Suppose three times with a remainder F D, 
Then apply FD to FB sls many times as possible. 

Suppose once with a remainder HB. 
Then apply HB to FD sls many times as possible. 

Suppose once with a remainder K D. 
Then apply K D to H B slq many times as possible. 
Suppose KD ia contained just twice in HB. . 
The measure of each line, referred to KD as a unit, will 
then be as follows : — 

HB =2KD; 

FD == HB+ KD =- ZKD\ 
EB = FD+HB= 5KD\ 
CD =^3EB^- FD = ISKDi 
AB =^2CD+ EB = UKD. 

. ^ ^ ilKD , 
' ' CD ISKD' 
^AB 41 



". the ratio of — — -— . 

C x/ lo 



Q. E. F. 
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Exercises. 

1. K the sides of a pentagon, no two sides of which are 
parallel, be produced till they meet ; show that the sum of all 
the angles at their points of intersection will be equal to two 
right angles. 

2. Show that two chords which are equally distant from the 
centre of a circle are equal to each other ; and of two chords, that 
which is nearer the centre is greater than the one more remote. 

3. If through the angles of an isosceles triangle which has 
each of the angles at the base double of the third angle, and is 
inscribed in a circle, straight lines be drawn touching the circle ; 
show that an isosceles triangle will be formed which has each 
of the angles at the base one-third of the angle at the Vertex. 

4. AD B is & semicircle of which the centre is C; and AEG 
is another semicircle on the diameter AC ', AT i& a common 
tangent to the two semicircles at the point A, Show that if 
from any point F, in the circumference of the first, a straight 
line FG he drawn to (7, the part FKy cut off by the second 
semicircle, is equal to the perpendicular F If to the tangent A T, 

6. Show that the bisectors of the angles contained by the 
opposite sides (produced) of an inscribed quadrilateral intersect 
at right angles. 

6. If a triangle ABO he formed by the intersection of three 
tangents to a circumference whose centre is 0, two of which, 
A M and A N^ are fixed, while the third, B C, touches the cir- 
cumference at a variable point P \ show that the perimeter of 
the triangle ABG '\^ constant, and equal to AM+ A^, or 
2 AM. Also show that the angle BO C is constant. 

1, A B \a any chord and AG \& tangent to a circle at Aj 
D E 2k line cutting the circumference in D and E and parallel 
\,o AB\ show tliat the triangle AGDia equiangular to the 
triangle E A B. 
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Constructions. 

1. Draw two concentric circles, such that the chords of the 
outer circle which touch the inner may he equal to the diameter 
of the inner circle. 

2. Given the base of a triangle, the vertical angle, and the 
length of the line drawn from the vertex to the middle point 
of the base : construct the triangle. 

3. Given a side of a triangle, its vertical angle, and the radius 
of the circumscribing circle*: construct the triangle. 

4. Given the base, vertical angle, and the perpendicular from 
the extremity of the base to the opposite side : construct the 
'triangle. 

5. Describe a circle cutting the sides of a given square, . so 
that its circumference may be divided at the points of inter- 

. section into eight equal arcs. 

6. Construct an angle of 60°, one of 30**, one of 120**, one 
of 150**, one of 45**, and one of 135°. 

7. In a given triangle ABC, draw Q D E parallel to the base 
B C and meeting the sides of the triangle at D and E, so that 
2>^shallbeequaltoZ>5 + EG. 

8. Given two perpendiculars, A B and CD, intersecting in 0, 
and a straight line intersecting these perpendiculars in E and F\ 
to construct a square, one of whose angles shall coincide with 
one of the right angles at 0, and the vertex of the opposite angle 
of the square shall lie in E F. (Two solutions.) 

9. In a given rhombus to inscribe a square. 

10. If the base and vertical angle of a triangle be given ; 
find the locus of the vertex. 

11. If a ladder, whose foot rests on a horizontal plane and 
top against a vertical wall, slip down; find the locus of its 
middle point. 
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PROPORTIONAL LINES AND SIMILAR POLYGONS. 



On the Theory of Proportion. 

245. Def. The Terms of a ratio are the quantities com- 
pared. 

246. Def. The Antecedent of a ratio is its first term. 

247. Def. The Consequent of a ratio is its second term. 

248. Def. A Proportion is an expression of equality be- 
tween two equal ratios. 

A proportion may be expressed in any one of the following 
forms : — 

1. a : h : : c ', d 

2. a : h = c : d 

3. ? = i. 

b d 

Form 1 is read, a is to 6 as c is to d. 

Form 2 is read, the ratio of a to 6 equals the ratio of e to d. 
Form 3 is read, a divided by h equals c divided by d. 
The Terms of a proportion are the four quantities com- 
pared. 

The first and third terms in a proportion are the ante- 
cedents, the second, and fourth terms are the consequents.* 

249. The Extremes in a proportion are the first and fourth 
terms. 

250. The Means in a proportion are the second and third 
terms. 
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251. Def. In the proportion a :b : : c :d; d ia a Fourth 
Proportional to a, 6, and c 

252. Def. In the proportion a : b : : b :c; c i& a Third 
Proportional to a and 6. 

253. Def. In the proportion a :b : :b :c; b ia a Mean 
Proportimud between a and c. 

254. Def. Four quantities are Reciprocally Proportional 
when the first is to the second as the reciprocal of the third is to 
the reciprocal of the fourth. 

Thus a :6 : :1 :i. 

e a 

If we have two quantities a and b, and the reciprocals of 

these quantities - and - ; these four quantities form a recipro- 
a b 

col proportion^ the first being to the second as the reciprocal of 
the second is to the reciprocal of the first. 

As a : : : - : -. 

6 a 

255. Def. A proportion is taken by Alternation, when the 
means, or the extremes, are made to exchange places. 

Thus in the proportion 

a : b I \ e I d^ 
we have either 

a I e I \ b I dj or, d i b i \ c : a, 

256. Def. A proportion is taken by Inversion, when the 
means and extremes are made to exchange places. 

Thus in the proportion 

a I b : : c I d, 
by inversion we have 

b : a \ I d I c, 

257. Def. A proportion is taken by Composition, when 
the sum of the first and second is to the second as the sum of 
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Uie third and fourth is to the fourth ; or when the sum of the 
first and second is to the first as the sum of the third and fourth 
is to the third. 



Thus if a : b : 


:c:d, 




we have by composition, 






a+b lb : 


: e + d 


d. 


or, a+ b : a : 


: c+d 


: c. 



258. Dep. a proportion is taken by Division, when the 
difference of the first and second is to the second as the dif- 
ference of the third and fourth is to the fourth ; or when the 
difference of the first and second is to the fipst as the difference 
of the third and fourth is to the third. 



Thus if a : 6 : 


: c : d. 


we have by division 




a — 6 : h : 


: c-d :d. 


or, a — 6 : a : 


: c — d : c. 



Proposition I. 

259. In every numerical proportion the product of the 
extreme i% equal to the product of the means. 

Let a : b : : e : d. 

We are to prove ad = be. 
XT a c 

Now 7 = 3» 

a 
whence, by multiplying by b d, 
ad = be. 

Q. E. D. 
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It is to be observed that the product of two quantities im- 
plies that at least one of the quantities is an abstract number. 
We cannot multiply dollars by dollars, or lines by lines. Still 
we may speak of the product of two lines, if we understand by 
the expression the product of the numbers which represent the 
lines when they are measured by a common unit. 



C 



M 



Thus in the rectangle of the lines A B and A Cy suppose 
AL to be a common measure of AB and A C, and to be con- 
tained in ^ ^ seven times, and vaAC four times. 

At the several points of division on AC draw lines perpen- 
dicular to AG, 

and at the several points of division on il^ draw lines 
pierpendicular to A B, 

Then the rectangle wDl be divided into squares, all equal 
to each other. There will be seven in a row, and four rows ; 
that is four times seven sqwires. 



, Proposition II. 

260. A mean proportional between two quantities is 
equal to the square root of their product. 

In the proportion a : 6 : : 6 : c, 

6« = ac, §259 

{the prodtict of (he extremes is equal to the product of the rrieans). 

Whence, extracting the square root, 

b = ^ ac. 

Q. E. D. 
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Proposition III. 

261. If the product of two quantities he equal to the 
product of two others, either two may he made the extremes 
of a proportion in which the other two are made the means, • 

Let ad = bc. 

We are to prove a : b : : c : d. 

Divide both members of the given equation bj b d, 

or, a : b : : c : d, 

Q. E. p. 

Proposition IV. 

262. If four quantities of the same kind be in propoir^ 
tion, they will be in proportion by alternation. 

Let a : b : : c : d. 
We are to prove a : c : : b : d. 

ad = bCf § 259 

(the product of the extremes is equal to the product of ike means). 

Divide hj cd. 

Then ? = ? , 

c d 

or, a : c : : b : d. 

Q. E. D. 
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Proposition V. 

263. If four qtiantities be in proportion, ihey will be in 
proportion by inversion. 

Let a : b : : c : d. 

We are to prove b : a : : d : c. 

be = ad, 
{t?ie product of the extremes is equal to theprodtut of the means). 

Divide by a c. 

Then ^ =.^, 

a c 

OT, b : a : : d : a 

Q. E. D. 

Proposition VI. 

264. If four quantities be in proportion, they will be in 
proportion by composition. 

Let a '. b : I c \ d 

We are to prove a-\- b \ b \ : € + d i d. 



Now 


a c 
b """S' 


Add 1 to each member of the equation. 


Then 


a c 
6+1 = 5+1' 


that is, 


a + b c+ d 
b ^ d ' 


or. 


a + b : b .: e + d : d. 



Q. E. D. 
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Proposition VII. 

265. If four qtmntities he in proportiony they will be in 
proportion by division. 

Let a : b : : c : d. 

We are to prove a — b : b : : c — d : d. 

Now .^=i. 

b d 

Subtract 1 from each member of the equation. 

Then -_i=-'^_i 

b ^ d ^' 

that is, ?—^ = ^:i_^, 

b d 

or, a — b : b : : c — d : d, 

Q. E. D. 



Proposition VIII. 

266. In a series of equal ratios, of which all the terms 

are of the same kind, the sum of the antecedents is to. the sum. . 

of the consequents as any antecedent is to its consequent. 

Let a : b=' c : d = e : f = g : h. 

We are to prove a-^-c+e + gib + d+f+hiiaib. 

Denote each ratio by r. 

a c e g 
Then r=^ = 5=^=^- 

Whence, a = 6r, c^dr, e=^fr, g^^kr. 

Add these equations. 

Then a + c+e + g = {b-^d^-f+h)r. 

Divide by (b + d + J + h). 

Then a + c + g + .^ g 

b-^d+f-^h ^ b 

or, a + c + e+ g : b + d + f+ h : : a : b. 

Q. E. D. • 



THEORY OP PBOPOBTION. 135 

Proposition IX. 

267. The products of the corresponding terms of two or 
more numerical proportions are in proportion. 

Let a I h : ', c I d, 
e if :i g : A, 
k \ I : im I n^ 

We are to prove aek : hfl : : cgv(^ : dhn. 
Now a c eg k^m 

h d /A In 
Whence by multiplication, 

aek cgm 

bfi "^ dh^* 

or, aek : bfl : : cgm : dhn, 

Q. E. D. 

Proposition X. 

268. Like powers, or like roots, of the terms of a pro^ 
portion are in proportion. 



Let a : b : : c 


: rf. 




We are to prove a* : 6* : : c* 


^, 




^ - IT - 

and a» : 6» : : c» : 


1 

dn. 




Now e = £. 
b d 






By raising to the n^ power. 








: c» 


: £^. 


By extracting the n*** root, 






I i 
— . = — ; or, a» : 6» 


1 


1 


6» c?» 







Q. E. D. 

269. Dep. EquimvMiples of two quantities are the products 
obtained by multiplying each of them by the same number. 
Thus m a and m 6 are equimultiples of a and 6. 
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Proposition XL 

270. Equimultiples of two quantities are in the same 
ratio as the quantities themselves. 

Let a &nd b be any two quantities. 
We are to prove ma : mb : : a : b. 

Now ±^^. 

b b 

Multiply both terms of first fraction by m. 

Then ?L? = « , 

mb b 

or, ma \ mb II a \ b. 

Q. E. D. 

Pboposition XIL 

271. If two quantities be increased or diminished by 
like parts of each, the results will be in the same ratio as the 
quantities themselves. 

Let a and b be any two quantities. 

We are to prove a±^a:6±-6::a:6. 

In the proportion, 

ma : mb : : a : b, 

substitute for wi, 1 ± ■? . 

Then (l ±i)a: (l ±l\b ::a :b, 



or a ±?.a : b ± ^b : : a : b. 

2 2 



Q. E. D. 



272. Dep. Euclid's test of a proportion is as follows : — 
*' The first of four magnitudes is said to have the same ratio 
to the second which the third has to the fourth, when any equi- 
multiples whatsoever of the first and third being taken, and any 
equimultiples whatsoever of the second and fourth ; 
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'' If the multiple of the first be less than that of the second, 
the multiple of the third is also less than that of the fourth ; or, 

'^ If the multiple of the first be equal to that of the second, 
the multiple of the third is also equal to that of the fourth ; or, 

^'If the multiple of the first be greater than that of the 
second, the multiple of the third is also greater than that of 
the fourth." 



Proposition XIIL 

273. If four quantities be proportional according to the 
algebraical definition y they will also be proportional according 
to the geometrical definition. 

Let a, bf Cy d be proportional according to the alge- 

a e 
braicAl definition / that is t= -,- 

b a 

We are to prove a, 6, c, d, proportional according to the 
geometrical definition. 

Multiply each member of the equality by — . 

n 

Then ^ = ^. 

nb nd 

Now from the nature of fractions, 

if m a be less than nb, mc will also be less than n d ; 

if m a be equal to nb, mc will also be equal to nd; 

if m a. be greater than nb, mc will also be greater than n d. 

.•. a, b, c, d axQ proportionals according to the geometrical 
definition. 

Q. E. D. 
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EXEBCISBS. 

1. Show that the straight line which bisects the external 
vertical angle of an isosceles triangle is parallel to the base. 

2. A straight line is drawn terminated by two parallel 
straight lines; through its middle point any straight line is 
drawn and terminated by the parallel straight lines. Show that 
the second straight line is bisected at the middle point of the 
first. 

3. Show that the angle between the bisector of the angle A 
of the triangle ABC and the perpendicular let fall from A on 
BC ia equal to one-half the difference between the angles B 
and (7. 

4. In any right triangle show that the straight line drawn 
from the vertex of the right angle to the middle of the hypote- 
nuse is equal to one-half the hypotenuse. 

5. Two tangents are drawn to a circle at opposite extremities 
of a diameter, and cut off from a third tangent a portion A B. 
If (7 be the centre of the circle, show that ACB ia & right angle. 

6. Show that the sum of the three perpendiculars from any 
point within an equilateral triangle to the sides is equal to the 
altitude of the triangle. 

7. Show that the least chord which can be drawn through a 
given point within a circle is perpendicular to the diameter 
drawn through the point. 

8. Show that the angle contained by two tangents at the 
extremities of a chord is twice the angle contained by the chord 
and the diameter drawn from either extremity of the chord. 

9. If a circle can be inscribed in a quadrilateral ; show that 
the sum of two opposite sides of the quadrilateral is equal to the 
sum of the other two sides. 

10. If the sum of two opposite sides of a quadrilateral be 
equal to the sum of the other two sides ; show that a circle 
can be inscribed in the quadrilateral. 
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On Proportional Lines. 

Proposition I. Theorem. 

274. If a series of parallels intersecting any two 
straight lines intercept equal part^s on one of these lines, 
they will intercept equal parts on the other also, 

H W 



K K» 

Let the series of par&Uels A A', BB, CC, BJy, EE', 
intercept on W K' equal parts A'W, B'C, CD', etc. 

We are to prove 

they intercept on H K equal parts AByBCy CD, etc. 

At points A and B draw A m and ^ » I! to H' K', 

Am^A'B', §135 

(parallels comprehended between parcUleh are eqtial). 

Bn=^B'C', §135 

.*. Am=^ Bn, 
In the A BAm and C Bn, 

ZA=ZB, § 77 

{having their sides respectively II and lying in the same direction from 
th€ vertices). 

jLm^jLn, § 77 

and Am^^ Bn, 

.\ ABAm = ACBn, § 107 

(havrng a side and two adj. A of the one eqtial re-^pectively to a side and 
two adj. A of the other). 

.'. AB = BC, 
{being homologous sides of eqital ^). 

In like manner we may prove BC= C D, etc. 

Q. E. D. 
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Pboposition IL Thbobem. 

275. If a line he drawn through two sides of a triangle 
parallel to the third side, it divides those sides propor- 
tionally. 




Then 



Fig. 1. ' Fig. 2. 

In the triangle ABC let £F be drawn paraUel to B C, 

ur . EB FC 

We are to prove j-^ = J^' 

Case I. -^— When A E and EB (Fig. 1) are commensurable. 

Find a common measure of A E and E B, namely Bm, 

Suppose BmiohQ contained in B E three times, 

and in AE five times. 

EB ^ 3 

AE 5' 

At the several points of division on B E and A E draw 
straight lines W to B C. 

These lines will divide A C into eight equal parts, 

of which FC will contain three, and A F will contain five, § 274 

{if parallels intersecting any two straight lines intercept equal parts on one 

of these lines, they will intercept equal parts on the other also), 

* ' AF 5 ' 

EB ^'^ 

AE 5 ' 
. EB ^ FC 
' ' AE AF' 



But 



Ax. 1 
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Case. II. — fflien A E and E B {Fig. 2) are iiuxnnmcnsurahU. 

Divide A E into any number of equal parts, 

and apply one of these parts to ^^ as often as it will be 
contained in E B, 

Since A E and EB are incommensurable, a certain number 
of these parts will extend from ^ to a point K, leaving a re- 
mainder KBy less than one of the parts. 

DrsLwKffW to BC. 

Since A E and E K Qre commensurable, 

-.- T, = -T-^ (Case I.) 

AE AF ^ ' 

Suppose the number of parts into which -4 ^ is divided to 
be continually increased, the length of each part will become less 
and less, and the point K will approach nearer and nearer to B, 

The limit of JF JT will be E B, and the limit of FH will be FC. 

.-. the limit of l£ wiU be —^, 
A E A E 

and the limit of -— - will be — - . 

AF AF 

W K F H 

l^ow the variables — - and -— - are always equal, how- 
A E AF 

ever near they approach their limits ; 

.-. their limits ^^ and L^ are equal, § 199 

A E A If ^ -, -> 

Q. E. D. 

276. Corollary. One side of a triangle is to either part 
cut off by a straight line parallel to the base, as the other side is 
to the corresponding part. 

J^ow EB I AE :\ FC : AF. §275 

By composition, 

EB + AE : AE :: FC-\- AF : AF, § 263 

or. AB : AE :: AC : A F. 
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Proposition III. Theorem. 

277. If a straight line divide two sides of a triangle 
proportionally, it is parallel to the third side. 




In the triangle ABC letEF be drawn so that—= — . 

AE AF 

We art to prove EFWtoBC, 

From E draw EH II to ^ C. 

(one side of a A is to either part cut off by a line W to the base, as the other 
side is to the corresponding part). 

Ti„f AB AC „ 

^""^ AE = AJ- ^yP- 

. AC AC . . 

"AF=AH' ^^-^ 

.'. AF= Aff. 

,\ EF and E H coincide, 
{fkeir extremities being the same points). 

But EH ia W to BC; Cons. 

.'. EF, which coincides with EH, is II to BC. 

Q. E. D. 

278. Dep. Similar Polygons are polygons which have their 
homologous angles equal and their homologous sides proportional 

Homologous points, lines, and angles, in similar polygons, 
are points, lines, and angles similarly situated. 
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On Similar Polygons. 
Proposition IV. Theorem. 

279. 2^wo triangles which are mutually equiangular are 

similar, 

A 
A^ 





In the A ABC and A' B C? let A A, B, C be equal to 

A A', B', C respectively. 

We are to prove A B \ A* B* = AC \ A* C = BC \ R C 
Apply the A A' B'C to the A J J5 C, 
so that Z A' shall coincide with Z A, 

Then the A A' B' C will take the position oi^AEH. 

Now Z A EH (same b&Z. B') = /. B. 

.\ EH is W to BC, §69 

{lohen two straight lines, lying in the same plane, are ctUby a third straight 
lins, if the ext. int.' A be equal the lines are parallel). 

.\AB : AE = AC : AH, §276 

(one side of a A is to either part cut off by a line II to tJie base, as the other 
side i^ to the corresponding part). 

Substitute for A E 2i,n^ A H their equals A' B* and A* C. 

Then AB : A' B' -= AC \ A'C. 

In like manner we may prove 

AB : A' B' = BC : B'O. 

.'. the two A are similar. § 278 

Q. E. D. 

280. Cor. 1. Two triangles are similar when two angles 
of the one are equal respectively to two angles of the other. 

281. Cor. 2. Two right triangles are similar when an acute 
angle of the one is equal to an acute angle of the other. 
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Proposition V. Theorem. 

282. Two triangles are similar when their homologous 
sides are proportional. 





In the tii&ngles ABC and A' B' C let 

AB _ AC ^ BC 

A'B' A'C B'C' 
We are to prove 
A A, By and C equal respectively to A A'^ B'y and C. 

Take on A B, A E equal to A' B\ 

and on AC, AH equal to A' C". Draw EH. 

AB AC 



Hyp. 



A'B' A'C' 
Substitute in this equality, for A' B' and A' C their equals 
il ^ and ^ ^. 

Then ^ = A^. 

AE AH 

.'. E H ia W to BC, §277 

{if a line divide ttoo sides of a A proportionally, it is W to the third side). 

Now in the A A BC and A EH 

ZABC=-ZAEH, §70 

{being ext. int angles). 

ZACB = ZAHE, §70 

ZA=Z A. Iden. 

.-. A ^ ^ (7 and -4 J^ jH^ are similar, § 279 

{tujo rmUtiaUy equiangular A are similar). 

.-. fLi?=AI, §278 

BC EH' ' 

(komologoui aidea of timilar ^ are proportional^. 
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But 



AB 
BC 
AE 
EH 
AE 



A'B' 



§ 278 



Ax.1 



Cons. 



B'C' 
A'B 
B'C'' 
Since AE-=A'B', 

EH=^BC'. 

Now in the A il EU^rA A'B' C, 

EH^B'C, AE^A'B', and AU^A'C, 

.\AAEH^AA'B'C', §108 

(havifig three aides of the (me equal respectively to three sides of the oUwr), 

But A A EH is similar to A ABC. 

.'. A A'B' C is similar to A ABC. 

Q. E. D. 

283. Scholium. The primary idea of similarity is likeness 
of form ; and the two conditions necessary to similarity are : 

I. For every angle in one of the figures there must be an 
equal angle in the other, and 

II. the homologous sides must be in proportion. 

In the case of triangles either condition involves the othei^ 
but in the case of other polygons, it does not follow that if one 
condition exist the other does also. 




Q' 



Rf 



Thus in the quadrilaterals Q and Q', the homologous sides 
are proportional, but the homologous angles are not equal and 
the figures are not similar. 

In the quadrilaterals B and B', the homologous angles are 
equal, but the sides are not proportional, and the figures are not 
similar. 
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Proposition VI. Theorem. 

284. Two triangles having an angle of the one equal to 

an angle of the other ^ and the including sides proportional^ 

are similar. 

A 

Af 





In the triangles ABC and A' B' C let 

AA^ AA', and 4^ = :^ . 
A'B^ A'C 

We are to prove A. ABC and A' B' C similar. 

Apply the A A' B' C to the A ^ ^(7 so that Z A' shall 
coincide with A A. 

Then the point B' will fall somewhere upon ^ ^, as at E^ 

the point C will fall somewhere upon -4 (7, as at ZT, and 
B'C'm^otlEU. 

^ AB AC „ 

Now -- — = . Hyp. 

A'B' A'C ^^ 

Substitute for A' B' and A' C their equals A E and A H. 

Then 1^ = ^. 

AE AH 

.".the line EH divides the sides AB and AC propor- 
tionally ; 

.'.EH is II to BCy § 277 

(if a line divide two sides of a A proportionally, it is \\tot?ie third side), 

.', the A ABC and A EH Are mutually equiangular and similar. 

.-. A il' B' C is similar io A ABC. 

Q. E. D< 
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Proposition VIL Theorem. 

285. Two triangles which have their sides respectively 

parallel are similar, 

B 





O A 



In the triangles ABC and A' Bf C let AB.AC, and 
BC be parallel respectively to A' B', A'Oy and 
B'C. 

We are to prove A AB C and A' Bf C similar. 

The corresponding A are either equal, § 77 

{pwo A whose aides are II, two and two^ and lie in the same direction^ or 
opposite directions^ fr&tn their vertices are equal), 

or supplements of each other, § 78 

(iftioo A have two sides II and lying in the same direction from their vertices^ 

while the other two sides are II and lie in opposite direetionsy the A are 

supplements of each other). 

Hence we may make three suppositions : 

Ut A + A' = 2Tt.A, B+B' = 2TtA, C+C" = 2rt. A 
2d. A--=A^, B+B' = 2Tt.A, C+C" = 2rt. A 

3d. A=A\ B = B' ,', = C\ 

Since the sum of the A of the two A cannot exceed four 
right angles, the 3d supposition only is admissible. § 98 

.'. the t^o A ABC and A* B' C are similar, § 279 

{two m'lUually equiangular ^ are similar). 

Q. E. D. 
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Proposition VIII. Theorem. 

286. Two triangles which have their sides respectively 
perpendicular to each other are similar. 

B 




In the txiangles EFD andBA C, let EF, FD and ED, 
be perpendicular respectively to AC, BC and A B. 

We are to prove A EFD and BAC similar. 

Produce FD until it meets BC at II. 
Then, in the quadrilateral BEDff, 

A E and ZT are rt. /4. 

.\/.B + /.EDH^2rt.A, 

(the sum of the A of a quadrUateraJ, = 4 r^. A). 

But ZEDF+ZEDff=2Tt.A, 

{being mp.-adj. A). 

.'.ZEDF=ZB. 

Now ZC-\- ZHFC=-&Tt.Z, 

{in art, d^ the sum of the two acute A= art. Z); 

and ZEFD + ZHFC = &Tt.Z. 

.'.ZEFD=-Z C. 



§158 

§34 

Ax. 3. 
§103 

Ax. 9. 
Ax. 3. 

§280 



.-. A EFD and BA C are similar, 
{tiDo A are similar when two A of the one are equal respectively to two A of 

the other). 

Q. E. D. 

287. Scholium. When two triangles have their sides re- 
spectively parallel or perpendicular, the parallel sides, or the 
perpendicular sides, are homologous. 
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Proposition IX. Theorem. 

288. Lines drawn through the vertex of a triangle divide 
proportionally the base and its parallel. 




In the triangle ABC let HL he parallel to A C, and 
let BS and BT be lines drawn through its ver- 
tex to the base. 

We are to prove 

AS ^ ST _ TC 
HO" OR RL 

A B HO and BASsLve similar, § 279 

{two ^ which are mutually equiangular are similar), 

A BOR and B ST are BimUsLT, § 279 

A B R L and B TO axe 8\mil&T, § 279 

HO \0B/ OR \BRf RL' * 

(homologous sides of similar ^ are proportional}. 

Q. E. D. 



Ex. Show that, if three or more non-parallel straight lines 
divide two parallels proportionally, they pass through a common 
point. 
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Proposition X. Theorem. 

289. If in a right triangle a perpendicular he drawn 
from the vertex of the right angle to the hypotenuse : 

I. It divides the triangle into two right triangles which 
are similar to the whole triangle, and also to each other, 

II. The perpendicular is a mean proportional between 
the segments (f the hypotenuse, 

III. Each side of t/te right triangle is a mean pro- 
portional between the hypotenuse and its adjacent segment, 

IV. The squares on the two sides of the right triangle 
have th^ same ratio as the adjacent segments of the hypote- 
nuse, 

V. The square on the hypotenuse has the same ratio to 
the square on either side as the hypoUnuse has to the segrreni 
adjacent to that side, 

B 




F "^ 

In the Tight triangle ABC, let £F be drawn from the 
vertex of the right angle B, perpendicular to the 
hypotenuse A C. 

I. We are to prove 

the AABF^ABC, and FBC dmilar. 
In ih.Q tt. A BAF and BAC, 

the acute Z ^ is common. 

.*. the A are similar, § 281 

{tvx) rt, ^ are similar when an a^mte Z. ofOie one is equal to an acute Z. 
ofGkA other), 

Inthert. A BC F a.Tid BCA, 

the acute Z C is common. 

.'. the A are similar. § 281 

Now as the rt. A ABF and C B F are both similar to 
A B Cyhj reason of the equality of their A, 

they are similar to each other. 
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11. JTc are to prove A F : BF :: £F : FC. 
lu the similar A A B F and C B F, 

A F, the shortest side of the one, 
: B Fy the shortest side of the other, 
: : B F, the medium side of the one, 
: F Cj the medium side of the other. 
IIL We are to prove AC \ AB \: AB : AF. 
In the similar A' A B C and A B F, 

A C, the longest side of the one, 
A B, the longest side of the other, 
A B, the shortest side of the one, 
A F, the shortest side of the other. 
Also in the similar A ABC and FB C, 

A C, the longest side of the one, 
B C, the longest side of the other, 
B C, the medium side of the one, 
F C, the medium side of the other. 

TTT nr A A jD a F 

IV. We are to prove == -— — . 

In the proportion A C : AB : : AB : AF, 

jTB^ = ACXAF, § 259 

(the product of the extremes is equal to the product of the means). 

and in the proportion AC \ BC \\ BC \ FG, 

Elf=^ACXFC. §259 

Dividing the one by the other, 

I^ ^ ACXAF 

^'^ ACX FC' 
Cancel the common factor A C, and we have 
JTff AF 



V. We are to prove 



ATC^ AC 



JTC^ = ACXAC. 

n^ =- ACXAF, (Case III.) 

Divide one equation by the other ; 

then ^ ACXAC ^ AC 

-jT}^^ ACXAF AF' Q.E. D. 
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Proposition XL Theorem. 

290. If two chords intersect each other in a circle, their 
segments are reciprocally proportional. 




Let the two chords AB and EF intersect at the 
point 0, 

We are to prove AO : EO :: OF : OB. 

Dtslw A F And F B. 

lathe A A OF sjid FOB, 

ZF^ZB, 

{each being measured by i arc A E), 

ZA=-ZE, 
{ecuh being rueasured by i arc FB)* 

.*. the A are similar. 
{two ^ are similar when two A of the one are equal to two A of the other). 

Whence A 0, the medium side of the one, § 278 

: E 0, the medium side of the other, 
: : F, the shortest side of the one, 
: B, the shortest side of the other. 

Q. E. D. 



§203 
§203 
§ 280 
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Proposition XII. Theorem. 

291. If from a point without a circle two secants he 
drawn J the whole secants and the parts without the circle 
are reciprocally proporti^maL 




Let OB and 00 be two secants dzawn from point 0, 

We are to prove OB : 00 :: OM : OH. 

Draw jy (7 and if A 

IntheAOffCa.ndOMB 

Z is common, 

ZB-=ZC, § 203 

{ecuh heiTvg measured by i arc H M), 

.*. the two A are similar, § 280 

{two A are similar when two A of the one are equal to two A of the other). 

Whence B^ the longest side of the one, § 278 

C, the longest side of the other, 
My the shortest side of the one, 
Hy the shortest side of the other. 

Q. E. D. 
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Proposition XIII. Theorem. 

292. If front a point wiihov4, a circle a secant and a 
tangent be drawn, the tangent is a mean proportional between 
the whole secant and the part without the circle. 

O 




Let OB be a tangent and OC a secant drawn from 
the point to the circle MB C. 

We are to prove 00 : OB :: OB : M. 

Draw BM&adBC. 

In the A OBMemdOBO 

Z IB common. 

Z BM is measured by J arc MB^ § 209 

{being an Z formed by a tangent and a chord). 

Z C is measured by ^ arc 5 if, § 203 

{being an inscribed /. ). 

.\ZOBM=ZC. 

.\AOBCa,ndOBM&TG similar, § 280 

(having two A of the one eqtial to two A of the other). 

Whence (7, the longest side of the one, § 278 

Bj the longest side of the other, 

B, the shortest side of the one, 

My the shortest side of the other. 

Q. E. D. 
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Proposition XIV. Thborem. 

293. If two polygons he composed of the same number 
of triangles which are similar, each to each, and similarly 
placed, then the polygons are similar. 
E 





B C BO 

In the two polygons ABODE and A' B' C D' E\ let 
the tzi&ngles BAE, BEC, and CED be similar 
respectively to the triangles B' A' E*, B' E'C, and 
C E' L', 

We are to prove 
the pdyg<m ABODE similar to the polygon A* B' O' L' E'. 

AA = AA', § 278 

{heifug homologous A of similar A ). 

Z. ABE = Z A'B'E, §278 

Z EBO = Z E'B'O^ §278 

Add the last two equalities. 

Then ZABE-\- Z EBC=Z A' B' E' + Z E' B' 0' \ 
or, ZABO^ZA'B'G', 

In like manner we may prove Z BO D = Z B' C D\ etc. 

.'. the two polygons are mutually equiangular. 
AE AB^ (EB\^BO _(EG\ OD ED 



Now- 



'Ke'B') 



77 



' E' D'' 



A'E''^A'B\EB'f B'O' \E'0') CD' 
{the homologous sides of similar A arej^roportiona:). 
.'.the homologous sides of the two polygons are proportional. 

.'. the two polygons are similar, § 278 

(having their hom^ologous A equcd^ and their homologous sides proportional). 

Q. E. D. 
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Proposition XV. Theorem. 

294. If two polygons he similar y they are composed of 
the same number of triangles, which are similar and similarly 
placed. 





B C BO 

Let the polygons ABODE and A'B'C'iyE' be similar. 

From two homologous vertices, as E and E\ 

draw diagonals EB, EC, and E B', E C, 

We are to prove AAEB, EBC,EGD 

similar respectively to A A' E B', EB'C, E O D*. 

In the AAEB and A* E B', 

ZA = ZA\ § 278 

{being Jwmologous A of similar pdygona), 

AE_^ ^ 5 278 

A'E' A'B' 
{being Jiomologous sides ^f similar polygons). 

.'. A AEB md A' EB' are Q\m\lB,T, §284 

{having an Z of the one eqiuU to an Z of the other, and the induding 
sides proportional). 

Also, ZABC=ZA'B'C, 

{being homologous A of similar polygons). 

ZABE = ZA'B'E\ 
{being houfwlogo^is A of similar ^ ). 

.'. Z ABC - Z AB E = Z A' B' C - Z A' Bf E. 
That is ZEBC-^ZEBC. 
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Now 



EB ^ A_B^ 

E'B' A'B'' 
{being hoTnologous sides of similar ^ ) ; 

BG ^ AB^ 

B'C A*B'' 

{being homologoiis sides of similar polygons), 

. E^ __ BC 
E'B' "■ Wc'' 



§278 



Ax. 1 



.-. AEBG Qn^ EB C are similar, § 284 

(having an Z of the om equaZ to an /.of ike other, and the including sides 
proportiona/). 

In like manner we may prove AECD similar to A E'C'iy. 

Q. E. o. 

Proposition XVI. Theorem. 

295. The perimeters of two similar polygons have the 
same ratio a^ any two homologous sides, 
E 





EC BO 

Let the two similar polygons he ABODE and A'B'OD'E, 
and let P and F represent their perimeters. 

We are to pr&oe P \ P' \\ AB \ A' B, 



AB : A'B :: BC : B C :i CD : C D' etc, 
{the homwlogous sides of similar polygons are proportional). 



§ 278 



§266 



.'.AB-^- BC, etc. : A'B' + B'C, etc. : : AB : A'B', 
{in a series of equal ratios (he sum of the antecedents is to the sum of the 
consequents as any atUecedent is to its consequent). 



That is 



P : P' :: AB : A'B'. 



Q. E. D. 
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Proposition XVI I. Theorem. 

296. The homologom altitudes of two similar triangles 
have the same ratio as any two homologous sides. 





In the two similar tri&ngles ABC and A' B' C\ let 
the altitudes be BO and B'O*. 



We are to prove 



BO 



AB 



B' 0' A' B' 
In the rt. A 5 i and B' 0' A', 

A A=A A' § 278 

{bemg homologous A of the similar ^ A B C and A^ B' C). 

.'.ABO A and A B' 0' A' are similar, § 281 

Ipwo rt. ^ having an acute Z. of the one equal to an acute Z. of the other are 

similar), 

.'. their homologous sides give the proportion 



BO 
B'O' 



AB 

A'B' 



a E. D 



297. Cor. 1.* The homologous altitudes of similar triangles 
have the same ratio as their homologous bases. 
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In the similar ^ A B G BXidi A' B* C\ 

AC ^ AB^ 

A'C A'h'' 

(the homologous tides of similar ^ are proportional). 

And in the similar A BOA and B' 0' A', 
BO AB 



B'O' A'B' 
BO ^ AC^ 
B'Of "■ A'C' 



§278 

§296 
Ax. 1 



298. Cor. 2. The homologous altitudes of similar triangles 
have the same ratio as their perimeters. 

Denote the perimeter of the first by P, and that of the 
second by P'. 

Then P AB , «,, 



Jl IJCiX — . = , 

F A'B'' 










y ^«7U 


(the perimeters of two similar polygons have 


the 


same 


ratio 


as 


any two 


homologous sides). 












But BO^AB 
B'O' A'B'' 










§296 


. BO P 
^'B'O' P'' 










Ax. 1 



Ex. 1. If any two straight lines be cut by parallel lines, 
show that the corresponding segments are proportional. 

2. If the four sides of any quadrilateral be bisected, show that 
the lines joining the points of bisection will form a parallelo- 
gram. 

3. Two circles intersect; the line AH KB joining their 
centres Ay B, meets them in H, K. On A B is described an 
equilateral triangle ABC, whose sides BC^ AC, intersect the 
circles in Ff JS, FE produced meets B A produced in P. Show 
that as Pil is to PA' so is CF to CE, and so also is PH to PB. 
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Proposition XVIIL Theorem. 

299. In any triangle the product of two sides is equal 
to the product of the segments of the third side formed hy the 
bisect'Or of the opposite angle together with the square of tie 
bisector. 




Let ABAC of the A ABC he bisected by the stmight 

line AD. 

We are to prove BAXAC^BDXI)C-^AD\ 
Describe the O ABC &hont the A A BC; 
produce A D to meet the circumference in £, and draw H C. 
Then in the A A BD and A EC, 

ABAD^ACAE, Hyp. 

AB = Z E, § 203 

{each being measured by J the are AC). 

.'. A ABD and A EC are similar, § 280 

(ttoo A. are similar when tvoo A of the one are eqtud respectively to two A 
of the other). 

Whence BA, the longest side of the one, 
: EA, the longest side of the other, 
: : A D, the shortest side of the one, 
: A C, the shortest side of the other ; 

^^=^, §278 

EA AC ^ 

{Jujmologous sides of similar ^ are proportional). 

.'.BAXAC^EAXAD. 

But EAX AD^ {ED + AD) ADy^ 

.\BAXAC = EDXAD-\-AD\ 

But EDXAD = BDXDC, §290 

{the segments of two chords in a O which intersect each other are 
reciprocally proportional). 

Substitute in the above equality BD X DC for ED X A D, 
then BAXAC=^BDXDC-\-TD'. 

Q. E. D. 
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Proposition XIX. Theorem. 

300. In any. triangle the product of two sides is equal to 
the product of the diameter of the circumscribed circle by the 
perpendicular let fall upon the third side from the vertex of 
ike. opposite angle. 




Let ABC be & triangle, and AD the peipendicnlar 
from A to BC. 

Describe the circumference ABC about the A ABC, 

Draw the diameter A JS, and draw E C 

We are to prove BAXAC = JSAXAD. 

lutheAABD and A£C 

Z BDAisart. Z, 

Z UCAia&Tt. Z, 
{being inscribed in a semicircle). 

.\ZBDA = ZECA. 



Cons. 
§204 

§203 

§ 281 

(pwo rt, ^ having an aciUe Z of the one equal to an acute Z of the other are 

gi^nHar). 



ZB^ZE, 

{each being measured by \ the arc A C). 
,\ A ABD and AEC Are similar, 



Whence 



or. 



BAj the longest side of the one, 
EAy the longest side of the other, 
A D, the shortest side of the one, 
A C, the shortest side of the other ; 

BA _ AD 
EA AC' 
\BAX AC = EAXAD. 



§ 278 



Q. E. D. 
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Pbopobition XX. Theorem. 

801. The product of the two diagonals of a quadrilateTal 

inscrided in a circle is equal to the sum of the products of its 

opposite sides, 

J7 




Let ABC D be any quadrilateral inscribed in a circle, 
A C and B D its diagonals. 

We are to prove BDXAC==ABXCD-\-AD X BC. 
Construct ZAB£ = Z DBC, 

and add to each AEBD. 

Then in the A ABB And BOB, 

ZABD==^ZCBE, Ax. 2 

and ABDA-= ZBCE, §203 

(eocA hemjg measured by i the are A B). . 

.\AABD and BOB, are similar, § 280 

(two ^ are similar when two A of the one are equal respectively to two A 
of the other). 

Whence A 2>, the medium side of the one, 
C Ey the medium side of the other, 
B J9, the longest side of the one, 
B Cf the longest side of the other, 
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or. 



AD ___ BD 
CE "~ 'eg' 
Qhe homologous sides of similar ^ are proportional), 

r.BDXCU^ADXBC, 
Again, in the A ABE ajid BCD, 

ZABE = Z DBC, 

and ZBAE = ZBDC, 

(each being measured by i of the arc BC), 



§ 278 



Cons. 
§203 



or. 



.*. A ABE w[idi B CD are similar, § 280 

(two L are Hmilar when two A of the one are equal respectively to two A 
of the other): 

Whence A B, the longest side of the one, 
B Dy the longest side of the other, 
A E, the shortest side of the one, 
CD, the shortest side of tlie other. 

AB ^ AE 
BD CD' 

(the homologous sides qf similar ^ are proportional). 

.\BD XAE = ABX CD. 
But BDXCE=ADXBC. 

Adding these two equalities, 

BD{AE+ CE)^ABX CD + ADXBC, 
or BDXAC=^ABXCD + ADXBC. 

Q. E. O. 



§ 278 



Ex. If two circles are tangent internally, show that chords 
of the greater, drawn from the point of tangency, are divided 
proportionally by the circumference of the less. 
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On Constructions. 
Proposition XXI. Problem. 
802. To divide a given straight line into equal parU. 



A^rrr^ 7 7 7^ 



"""^^-< 
C^^ 



Let AB be the given straight li^e. 

It is required to divide A B into equal parts. 

From A draw the indefinite line A 0. 

Take any convenient length, and apply it to ^ as many 
times as the line ii ^ is to be divided into parts. 

From the last point thus found on ii 0, as C, draw C B. 

Through the several points of division on ^ draw lines 
II to CB. 

These lines divide A B into equal parts, § 274 

(// a series of lis intersecting any two straight lineSf intercept equal parts 
on one of these lines, they intercept equaZ parts on the other also), 

Q. E. F. 



Ex. To draw a common tangent to two given circles. 

I. When the common tangent is eaiei^ior, 

II. When the common tangent is interior. 
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Proposition XXII. Problem. 

303. To ^ivide a given straight line into parte pro* 
portional to any number of given lines. 



-T — 
\ 






Let AB, niy n, &nd o be given stnight lines. 

It is required to divide A B into parts proportional to the 
given lines m, w, and o. 

Draw the indefinite line A X, 

On AX take AC = m, 

CB = n, 

and EF=o, 

Draw FB. From E and G draw" J^ A' and C H \\\^ F B. 
K and H are the division points required. 

Por (1^) = ^=^==^, §275 

\AEf AG GE EF' ^ 

{a line dravm through two sides o/ a A II to the third side divides those 
sides proportionally), 

.\AH : HK '. KB :: AG : GE I EF. 

Substitute m^ n, and o for their equals AG, C E, and E F. 
Then AH : HK : KB :: m : n : o. 

Q. E. F. 
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Proposition XXIII. Problem. 

304. To find a fourth proportional to three given 
straight lines. 

B F m 









Let the three given lines be m, n, and o. 

It is required to find a fourth proportional to m, n, and o. 

Take A B equal to n. 

Draw the indefinite line AR, making any convenient Z 
with A B. 

OuAR take ii (7= m, and CaS = o. 

Draw CB. 

From S draw aS^ II to C ^, to meet A B produced at F. 

BFm the fourth proportional required. 

For, AC : AB :: OS : BF, § 275 

(a line drawn thr<mgh two aides of a AW to tJie third aide divides thoae sides 
proportioJially), 

Substitute m, n, and o for their equals AC, AB, and C S. 

Then m : n : : o : BF. 

CI.E. F. 
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lines, 



Pboposition XXIV. Problem. 
305. To find a third proportional to two given straight 

A 



/ 


\ ^— 


B 


i 

\L. ,. . 


-Ac 

\ 

\ 






Let A B and AC be the two given straight lines. 

It is required to find a third proportional to AB and A G. 

Place A B and il C bo as to contain any convenient Z. 

Produce ABtoD, making BD = AC. 

Join BC. 

Through D draw i) j^ II to -5 C to meet A C produced at E. 

CJSias^ third proportional to ^ ^ and AC. § 251 

For, 4?=^, §275 

' BD CE' ^ 

{a line drawn through two sides of a AW to the third side divides those sides 
proportionally). 

Substitute, in the above equality, A C for its equal BD; 

Then M^^, 

AC CE' 

or, AB .AG :: AG .CE. 

Q. E. F. 
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lines. 



Proposition XXV. Problem. 
306. To find a mean proportional between two given 
H 




C B ^ 

Let the two given lines be m and n. 

It is required to find a mean proportional between m and n. 

On the straight line A E 

take AC = m, and CB = n. 

On ii ^ as a diameter describe a semi-circumference. 

At C erect the ± C ff. 

CHvi2k mean proportional between m and n. 

Draw HB and HA. 

The Z A HB is a rt. Z, § 204 

(being iriscribed in a semicircle), 

and ffC la a ± let fall from the vertex of a rt. Z to the 
hypotenuse. ' 



AC : Cff :: CH : C B, 



289 



(the ± let fall from the vertex ofihert, Z to the hypotenuse is a mean pro- 
portional between the segments of (he hypotenuse). 

Substitute for A C and C B their equals m and n. 



Then 



m 



OH : : CH : n. 



Q. E. F. 



307. Corollary. If from a point in the circumference a 
perpendicular he drawn to the diameter, and chords from the point 
to the extremities of the diameter, the perpendicular is a mean pro- 
portional between the. segments of the diameter, and each chord is a 
%n proportional between its adjacent segment and the diameter. 
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Proposition XXVI. Problem. 

308. To divide one side of a triangle into two parts 
proportional to the other two sides. 




B E 

Let ABC be the tii&ngle. 

It is required to divide the side B C into ttoo such parts thai 
the ratio of these two parts shall equal the ratio of the other two 
sides, A G and A B, 

Produce CA to F, making AF^AB. 
Draw FB. 

From A draw il ^ II to FB. 

E is the division point required. 

For ?4=§-f- §275 

AP EB ^ 

(a line drawn thrmigh two sides ofatS,\\toth6 third side divides those sides 
proportunuUly). 



Substitute for A Fits equal A B. 

CA ^ CE 
AB EB' 



Then ^^ ^^ 



Q. E. F- 

309. Corollary. The line A E bisects the angle CAB. 

For Z.F^/LABF, §112 

{})eing opposite equal sides). 

Z.F^/.CAE, §70 

{beinjg ext.-int. A ). 

ZABF^ZBAE, §68 

{beinq alL -int. A ). 

:.ACAE-=-ABAE. Ax. 1 

310. Def. a straight line is said to be divided in extreme 
and mean ratio, when the whole line is to the greater segment 
as the greater segment is to the less. 
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Pboposition XXVIL Problem. 
311. To divide a given line in extreme and mean ratio. 




H B 

Let A B be the given line. 

It is required to divide A B in extreme and mean ratio. 

At B erect a J. J? (7, equal to one-half of A B, 

From (7 as a centre, with a ladios equal to CB, describe a O. 

Since AB ia 1. to the radius CB a,t its extremity, it is 
tangent to the circle. 

Through C draw A 2>, meeting the circumference in E and D. 

OnABtakeAH==AE. 

H is the division point of AB required. 

For AD : AB :: AB : AE, §292 

{if from a point vnthoiU the circumference a secant and a tangent be dravm, 
the tangent is a mean proportional between the whole secant and the part 
vdthoiU the circumference). 

Then AD-AB:AB::AB-AEiAE. §265 
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Since A 3=^2 C B, Cons. 

and ED = 2CB, 

{the diameter o/aQ being tvnce the radius), 

AB = ED. Ax. 1 

.'.AD-AB^^AD-ED^AE. 

But AE-^AUy Cons. 

.'.AD — AB^-AH. Ax. 1 

Also AB-AE^AB-AU=-HB. 

Substitute these equivalents in the last proportion. 

Then AH i AB :i HB i AH. 

Whence, by inversion, AB \ AU :: AH : HB. § 263 

.\AB\& divided at iT* in extreme and mean ratio. 

Q. E. F. 

Eemark. il^ is said to be divided at JEf, internally, in 
extreme and mean ratio, li BA be produced to H\ making 
A W equal to AD, A B is said to be divided at ZP, externally, 
in extreme and mean ratio. 

Prove AB : AH' :: AH : HB. 

When a line is divided internally and externally in the 
same ratio, it is said to be divided harmoniccUly. 

Thus-^J5 f f f ? is divided harmoni- 
cally at (7 and 2>, i^ C ^ :CB::DA :DB; that is, if the ratio 
of the distances of C from A and B is equal to the ratio of the 
distances of D from A and B, 

This proportion taken by alternation gives : 

AC :AD::BC:BD; that is, CZ> is divided harmoni- 
cally at the poiuts B and A. The four points A, B, C, D, are 
called harmonic points ; and the two pairs A, B, and C, D, are 
caUed conjugate points. 



Ex. 1. To divide a given line harmonically in a given ratio. 
2. To find the locus of all the points whose distances from 
two given points are in a given ratio. 



172 



OEOMBTRT. BOOK DI. 



Proposition XXVIIL Problem. 

312. Upon a given line homologotis to a given side of a 
given polygon^ to construct a polygon similar to the given 

polygon. 

E 





B C 

Let A' E' be the given line, homologous to A B of the 
given polygon ABC DK 

It is required to construct an. A' I? a polygon similar to the 
given polygon, 

FroiBT E draw the diagonals EB and EC. 

From E' draw E' Bf, making Z. A' E B' = Z. AEB, 

Also from A' draw A' Bf, making Z, Bf A' W =^ Z. B AE, 

and meeting E' Bf at &, 

The two A ^ J5 ^ and A' Bf W are similar, § 280 

{pwo ^ tvrt similar if they have two A of the one equal respectively to two A 

of the other). 

Also from E' draw E' C, making Z B' E C =^ Z B E C. 

From F draw F (7, making Z E' B' C ^ Z EBC, 

and meeting E C" at C". 

Then the i^o ^EBC and E Bf C are similar, § 280 
{p%oo ^ are similar if they have two A of the one equal respectively to two A 
of the other). 

In like manner construct t^ E C D^ similar to A EC D. 

Then the two polygons are similar, § 293 

(two polygons composed of the sarne number of A similar to each other and 
similarly placed, are similar), 

>'. A'B'C ly E ia the required polygon. 

Q. E, F. 
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Exercises. 

1. A BCiasi triangle inscribed in a circle, and ^2> is drawn 
to meet the tangent to the circle at A in D, at an angle A B D 
equal to the angle ABC; show that il C7 is a fourth propor- 
tional to the lines B D, A D, A B. 

2. Show that either of the sides of an isosceles triangle is a 
mean proportional between the base and the half of the segment 
of the base, produced if necessary, which is cut ofif by a straight 
line drawn from the vertex at right angles to the equal side. 

3. A B is the diameter of a circle, Z> any point in the circum- 
ference, and C the middle point of the arc AD. If AC, A Z>, 
BC he joined and AD cut BC in Ey show that the circle cir- 
cumscribed about the triangle AE B will touch A C and its 
diameter will be a third proportional to B C and A B, 

4. From the obtuse angle of a triangle draw a line to the 
base, which shall be a mean proportional between the segments 
into which it divides the base. 

5. Find the point in the base produced of a right triangle, 
from which the line drawn to the angle opposite to the base 
shall have the same ratio to the base produced which the pei^ 
pendicular has to the base itself. 

6. A line touching two circles cuts another line joining their 
centres ; show that the segments of the latter will be to each 
other as the diameters of the circles. 

7. Required the locus of the middle points of all the chords 
of a circle which pass through a fixed point. 

8. is a fixed point from which any straight line is drawn 
meeting a fixed straight line at F ; in F a point Q is taken 
such that OQ ia to F in a fixed ratio. Determine the locus 
of Q. 

9. is a fixed point from which any straight line is drawn 
meeting the circumference of a fixed circle at P ; in P a point 
Q is taken such that Q is to OF in a fixed ratio. Determine 
the locus of Q, 
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COMPABISON AND MEASUREMENT OF THE SUB- 
FACES OF POLYGONS. 

Proposition I. Theorem. 

313. Two rectangles having equal altitudes are to each 
other as their bases. 




Let the two rectangles be AC and A F, having the 
the same altitude A Z>. 

„;. ^ rect. AC A B 

We are to prove — — =. — - . 

^ TQci,AF AE 

Case I. — When A B and A E are commensurable. 
Find a common divisor of the bases A B and AEyBS AO. 
Suppose il to be contained in ^i J? seven times and in 



A E four times. 
Then 



AB __l 
AE 4' 

At the several points of division on AB and A E erect Ja . 
The rect. A C will be divided into seven rectangles, 
and rect. A F will be divided into four rectangles. 
These rectangles are all equal, for they may be applied to 
each other and will coincide throughout. 



But 



rect A C 
rect AF 
AB 
AE 
rect A C 
leciAF 



7 

4" 

7 

4* 

AB 

AE' 
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Case II. — WTien A B and A Bare incotnmenaurable. 
C Dr 






Divide A B into any number of equal parts, and apply one 
of these parts to il ^ as often as it will be contained m AE. 

Since A B and il ^ are incommensurable, a certain number 
of these parts will extend from .4 to a point iT, leaving a re- 
mainder K E less than one of these parts. 

Draw KH W to E F. 

Since A B and ii JT are commensurable, 
rect. A H AK 

^Tb' 



Casel 



rect. A C 

Suppose the number of parts into which AB\& divided to 
be continually increased, the length of each part will become less 
and less, and the point K will approach nearer and nearer to E, 

The limit oi AK will be A E, and the limit of rect. A U 
will be rect. A F. 

AK 
AB 

rect. A H 



> the limit of 



will be 



AE 



and the limit of 



rect. AC 



will be 



Tb' 

rect. A F 



Now the variables 



AK 
AB 



and 



rect. A C 
rect. A H 
rect. A G 



are always equal 



however near they approach their limits ; 



their limits are equal, namely. 



rect. AF 



AE 
AB' 



§199 



rect. A 

Q. E. D. 

314. Corollary. Two rectangles having equal bases are 
to each other as their altitudes. By considering the bases of 
these two rectangles A D and A Z>, the altitudes will he AB and 
A E, But we have just shown that these two rectangles are to 
each other as A B \b io A E. Hence two rectangles, with the 
same base, or equal bases, are to each other as their altitudes. 
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Another Demonstration. 
Let A C And A' C be two rectangles of equal altitudes. 

p c a Pf 



F E D A A^ Di E^ Fi G' 

rect. AC AD 



We are to prove 



rect. ^'C A'ly 



Let h and fc', S and ^ stand for the bases. and areas of these 
rectangles respectively. 

Take AD, DE, EF .... wi in number and all equal, 

and A' D', D' E*, E' F, F G' . . . . n'm number and aU equal. 

Complete the rectangles as in the figure. 

Then base AF = mh, 

and base A' G' =- nh' \ 

rect. AP =^ mSy 
and rect.il'i^=WA^'. 

Now we can prove by superposition, that \i AF\yQ> A' G\ 
rect. A P will be > rect. A' F ; and if equal, equal ; and if less, 
less. 

That is, if m6 be > n6', mS \s > nS' ] and if equal, 
equal ; and if less, less. 



Hence, 



h :U :\ S I S', Euclid's Def., § 272 

Q. E. O. 
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Proposition IL Theorem. 

315. Two rectangles are to each other as the product of 
their bases by their altitudes. 




of 



Rf 



a'\ 



h V h 

Let R and R' he two rectangles, having for their bases 
b and h\ and for their altitudes a and a'. 

R^ _ aXb 
Rf 



We are to prove 



§314 



§313 



a'Xy 

Constract the rectangle Sj with its base the same as that 
of R and its altitude the same as that of R'. 

The; 1-1, 

(redcmglet having the same base are to each other as their altilvules) ; 
, S b 

{rectangles having the same altitude are to each other as their bases). 
By multiplying these two equalities together 

R __ aXb 
R'~' a'Xb'' 

Q. E. D. 

316. Dbp. The Area of a surface is the ratio of that surface 
to another surface assumed as the unit of measure. 

317. Dbp. The Unit of measnre (except the acre) is a square 
a side of which is some linear unit ; as a square inch, etc. 

318. Dep. Equivalent figures are figures, which have equal 
areas. 

Rem. In comparing the areas of equivalent figures the 
symbol ( = ) is to be read " equal in area." 
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Pbofosition III. Theorem. 

319. The area of a rectangle U equal to the product 
of its base and altitude. 




■B 



Let R be the rectsMgle, h the base, and « the alti- 
tude : and let U be a square whose side is the 
linear unit. 



We are to prove the area of B== aX b. 

R ^ aXh 
^ "" IX 1' 
(two redanglea are to each other as the product of their bases and aUitudes). 



§ 315 



R 

Bat -- is the area of R, 

.'. the area of i? =• a X 6. 



§ 316 



aE.D. 



320. Scholium. When the base and altitude aie exactly 
divisible by the linear unit, this proposition is rendered evident 
by dividing the figuie into squaies, each equal to the unit of 




































measure. Thus, if the base contain seven linear units, and the 
altitude four, the figure may be divided into twenty-eight 
squares, each equal to the unit of measure; and the area of 
the figure equals 7X4. 
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Proposition IV. Theorem. 

3^1. The area of a parallelogram is equal to the product 
of its base and altitude, 

BE C F B C E F 




Let A ETD be a parallelogTam, A D its base, and CD 
its altitnUe. 

We are to prove f*e area of the O A EFD ^ADXGD, 

From A draw AB II to Z> C1» meet FE produced. 

Then the figure ABC D will be a lectan^e, with the same 
base and altitude as the CJ AEF D. 

In the rt. A ii ^^ and CD F, - 

AB=CD, §126 

Q>ei7ig opposite sides of a rectangle). 

and AE=DF, §134 

(being opposite sides of a CJ)\ 

.\AABE=^l^CDF, §109 

(tioo rt, ^ are equal, when the hypotenuse and a side of the one are equal 
respectively to the hypotenuse and a side of the other). 

Take away the A C D F and we have left the rect. ABC D. 

Take away the A ^ J5 j^ and we have left the CJ A EFD. 

.'. rect. ABC D = EJ A EFD. Ax. 3 

But the area of the rect. ABCD ^ADX CD, § 319 

J(t?ie area of a rectangle equals the product of its base and altitude) . 

.-. the area of the O A EFD = A D X C D. Ax. 1 

Q. E. D. 

322. Corollary 1. Parallelograms having equal bases and 
equal altitudes are equivalent. 

323. Cor. 2. Parallelograms having equal bases are to 
each other as their altitudes ; parallelograms having equal alti- 
tudes are to each other as their bases ; and any two parallelo- 
grams are to each other as the products of their bases by their 
altitudes. 
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Proposition V. Theorem. 

324. The area of a triangle is equal to one-half of the 
product of its base by its altitude. 



Let ABC be a txisMgle, AB its base, and CD its 
altitude. 

We are to prove the area oftheAABC = ^ABX CD. 

From C draw CH W to A B. 

Trom A draw AffWtoBC. 

The figure ABC His a parallelogram, § 136 

{having its opposite sides parallel), 

and ii 67 is its diagonal. 

.'.AABC = AAHC, §133 

(the diagonal of a CD divides it into two equal ^ ). 

The area of the CJ ABCH is equal to the product of its 
base by its altitude. § 321 

.*. the area of one-half the O, or the A ABC, Ib equal to 
one-half the product of its base by its altitude, 
or, \ABXCD. 

Q. E. D. 

325. Corollary 1. Triangles having equal bases and equal 
altitudes are equivalent. 

326. Cor. 2. Triangles having equal bases are to each other 
as their altitudes ; triangles having equal altitudes are to each 
other as their bases ; any two triangles are to each other as the 
product of their bases by their altitudes. 
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Proposition VI. Theorem. 

327. Th^. area of a trapezoid w equal to one-half the 
sum of the parallel sides multiplied by the altitude, 
EEC 




A F B 

Let ABC H be a trapezoid, and EF the altitude. 

We are to prove area of ABC H^ \ (EG ■\- AB) E F, 

Draw the diagonal A C. 

Then the area of the A A HC=^ J HG X E F, § 324 

{the area of a t^ is eqtuil to one-half of the product of Us base by iU aUittide), 

and the sltga of the A ABG '^ ^ A B X EF, § 324 
.'.AAHG+AABG, 
or, a,Te&ofABGH=i (HG+ A B) EF. 

Q. E. D. 

328. Corollary. The area of a trapezoid is equal to the 
product of the line joining the middle points of the non-parallel 
sides multiplied by the altitude ; for the line P, joining the 
middle points of the non-parallel sides, is equal to h {HG 
^AB), §142 

.-. by substituting P ior \{HC + A B\ we have, 
the area of ABGH= OPX E F. 

329. Scholium. The area 
of an irregular polygon may be 
found by dividing the polygon 
into triangles, and by finding 
the area of each of these tri- 
angles separately. But the 
method generally employed in 
practice is to draw the longest 

diagonal, and to let fall perpendiculars upon this diagonal from 
the other angular points of the polygon. 

The polygon is thus divided into figures which are right 
triangles, rectangles, or trapezoids ; and the areas of each of these 
figures may be readily found. 
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Proposition VIL Theorem. 

330. Tie area of a circumscribed poltfgon is equal to one- 
half the product of the perimeter hy the radius of the in- 
scribed circle. 

B 




Let ABSQy etc., be a circnmsciibed polygon, and C 
the centre of the inscribed circle. 

Denote the perimeter of the polygon by P, and the radius 
of the inscribed circle by R. 

We are to prove 

ihe area of the circumscribed polygon = \ P X R. 

/>raw GAy CB, 08, etc. ; 

also draw CO, CD, etc., J. to -45, BS, etc 

The area of the A CAB=^\ABX GO, § 324 
(the area of a L. is equal to one-half the product of its base and altitude), 

Thearea of the A GBS^-^BSXGD, § 324 

.'. the area of the sum of all the A GAB, B S, etc., 
= \{AB-^ BS,ete„)GO, 

{for COf C Dy etc,, are equal, being radii of the same G). 

Substitute for A B -i- BS + SQ, etc., F, and for GO,R; 
then the area of the circumscribed polygon = J P X R. 

Q. E. D. 
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Proposition VIIL Theorem. 

331. The sum of the squares described on the two sides 
of a right triangle is equivalent to the square described on the 
hypotenuse. ^ 




Let ABC be a right tziangle with its light angle at C. 
We are to prove H? + (Tff = AP 
Draw(70±tOilJ5. 

Then Hf ^ A OXAB, § 289 

{the square on a side of art. A is equal to the product of the hypotenuse by 
the adjacent segment made by the ± let fall from the vertex of the rt, Z) ; 



and ffC^ = BOXAB, 

By adding, Alf + B(f=- {A0 + BO)AB, 
=^ABXAB, 

332. Corollary. The side and diagonal ^ 
of a square are incommensurable. 

JLet ABGD be a square, and AC the 
diagonal. 

Then r^ + J?^ = Alf. 

or, 2 AB" = A^. B 

Divide both sides of the equation by AV, 



§ 289 



Q. E. D. 




A^ 



= 2. 



Extract the square root of both sides the equation, 
then 



AG ^ 



Since the square root of 2 is a number which cannot be 
exactly found, it follows that the diagonal and side of a square 
are two incommensurable lines. 



184 



GEOMETRY. BOOK IV. 



Another Demonstration. 

833. The square described on the hypotenuse of a right 
triangle is equivalent to the sum of the squares on the other 
two sides. G 



.^^s 




D L E 

Let ABC he a zight A, having the Tight angle BAC, 

We are to prove Slf =^ E^^ + A^. 

OnBCy CA, AB construct the squares B E, Off, A F. 

Through A draw AL W to CE. 

Bi&w AD&ndFC. 

ZBACia&Tt, Z, 

ZBAGia&Tt.Z, 

.'. CAGiseL straight line. 

Z CAHia&Tt. Z, 
.'. BAITia a. straight line. 

ZDBC = ZFBA, 

{each being art. Z), 



and 



Also 



Now 



Hyp. 
Cons. 

Cons. 

Cons. 
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Add to each the Z A B C ; 
then ZABD = ZFBC, 

.\AABD-=AFBC. §106 

I^^ow O^y^isdouble Ail^2>, 

(being on the same base BD, and between the same Ws, AL and BD), 

and square A F i& double A FBC^ 
(being on the same base FB, and bettoeen the same lU, FB and OC); 

.'. CJ B L = squATQ A F. 

In like manner, by joining A E and B K, it may be proved 



that 



Now the square ouBC = CJBL + CJCL, 

= square A F-h square C ff, 

.-. Blf = BA^ + Ai?. 



Q. E. D. 



On Projection. 
334. Dbp. The Projection of a Point upon a straight line 
of indefinite length is the foot of the perpendicular let fall from 
the point upon the line. Thus, the projection of the point C 
upon the line il .B is the point P. 

, C C 




Fig. 1. Yig,% 

The Projection of a Finite Straight Line, aa C D (Fig. 1), 
upon a straight line of indefinite length, as ii ^, is the part of 
the line AB intercepted between the perpendiculars CP and 
Z) E, let fall from the extremities of the line C D. 

Thus the projection of the line C D upon the line ii ^ is 
the line P E. 

If one extremity of the line C D (Fig. 2) be in the line 
A By the projection of the line C D upon the line A B \a the 
part of the line A B between the point D and the foot of the 
perpendicular C P \ that is, D P. 
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Proposition IX. Thbobem. 

335. In any triangle, the square on the side opposite an 
acute angle is equivalent to the sum of the squares of the other 
two sides diminished by twice the product of one of those 
sides and the projection of the other upon that side. 





Fig. 2. 



I^et C be &n acute angle of the triangle ABC, and 
D C the projection of AC upon B C, 

We are to prove Tff = Bjf + Hf — 2BCX DC. 
If D fall upon the base (Fig. 1), 

DB = BC-DC] 
If D fell upon the base produced (Fig. 2), 

DB==DC-BC. 

In either case /TS* = EJf + UTf -2BCX DC. 
Add AD to both sides of the equality ; 

then, nf + iTff ^mf'\- n? + inf -2bcxdc. 

But X2? -f JOr^ = A^, § 331 

{the 9wm of the squares on ttoo sides of a rt, A is equivalent to the square 
on the hypotenuse) ; 

and Al? + inf = Alf, § 331 

Substitute A Is and A G for their equivalents in the above 
equality ; 

then, jrS" = F7f + r(f -2BCX DC. 

Q. E. D. 
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Proposition X. Theorem. 

836. In any obtuse triangle^ the square on the side 
opposite the obtuse angle is equivalent to the sum of the 
squares of the other two sides increased by twice the product 
of one of those sides and the projection of the other on that 
side. 

A 




Let C he the obtuse e^ngle of the tii&ngle ABC, and 
CD be the projection of AC upon BG produced. 

We are to prove JT^ =» Slf + Uf + 2BCX DC. 

DB-=-BC-{' DC. 

Squaring, IF^ == B^ + ITif -\'2BCX DC. 

Add iO*^ to both sides of the equality ; 

then,in?+ D~^^B(f+ £lf + D^ + 2BCXDC. 

But jTTf + DB^ ^AT^, § 331 

(the sum of the squares on two sides of a rt. Ais equivaU^U to the square 
on the hypckenuse) ; 

and AT^ + Ulf == Fc". § 331 

Substitute JTK and ITC^ for their equivalents in the 
above equality; 

then, r^ = 5^ + Ilf + 2BCXDC. 

Q. E. D. 

337. Definition. A Medial line of a triangle is a straight 
line drawn from any vertex of the triangle to the middle point 
of the opposite side. 
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Proposition XI. Theorem. 

338. In any trmngle, if a medial line be drawn from 
the vertex to the base : 

I. The sum of the squares on the two sides is equivalent 
to twice the square on half the base^ increased by twice the 
square on the medial line ; 

n. The difference of the squares on tfie two sides is 
equivalent to twice the product (f the base by the projection 
of the medial line upon the base. 

A 




In the tii&ngle ABC let AM he the medial line and 
M D the projection ot A M upon the base B C, 
Also let AB be greater than A C. 

We art to prove 

I. ITS' + A& = 2 Sit + 2 ATOf^. 

11. A:^-ATf=^2BCXMD, 
Since A B> ACf the /LA MB will be obtuse and the 
AAMC will be acute. 

Then r^-=-Slt^'rSt-\-^BMy.MD, §336 

(m any obtuse A the square on the side opposite the oibtuse /. is equivalent to 
the sum of the squares on the other two sides increased hy twice the 
product of one of those sides and the projection of the. other on that side) ; 

and Alf = m? + AM^-2MCXMD, §335 

{in any A the square on the side opposite an acute Z. is equivalent to the sum, 
of the squares on the other two aides, diminished by twice the proditct 
of one of those sides and the projection of the other upon that side). 

Add these two equalities, and observe that BM'=- MC, 
Then A^ + JTC^ = 2 JfM^ + 2 Alll\ 
Subtract the second equality from the first. 
Then Jn^'-,AT^ = 2BCX MI). 

Q. E. D. 
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Proposition XIL Theorem. 
339. The sum of the squares on the four sides of any 
quadrilateral is equivalent to the sum of the squares on the 
diagonals together with four times the- square of the line 
joining the middle points of the diagonals, 

^ B 




In the quadTilateral A BCD, let the diagonals be AC 
and B D, and FE the line joining the middle 
points ot the diagonals. 
We are to prove 

ITS' + BJf + C^ + D~^ = AG^ + El? H- 4 EF^' 
Draw ^j^ and D E. 
Now J^ H- .g^ = 2 (^y + 2 KK^, § 338 

{fhe sum of the sqiuires on the two sides of a A is equivalent to twice the square 
on half ike base increased by tvnce the square on the medial line to the base), 

and (TD^ -h 1)T = 2 ("^^ + 2JJ^. § 338 

Adding these two equalities, 
jT^ ^F^^CT?^ dT = 4 {^L^ + 2 {BE^ + DE\ 

But bT 4- Utf^ = 2 i?-E\^ + 2 EF'^, § 338 

(the sum of the squares on Oie two sides of a A is equivalent to turice the square 
on half the base increased by twice the square on the m>edial line to the base). 

Substitute in the above equality for {E~E^ + DE'^) its 
equivalent; 

= AG^ + BD^ + 4 El^ 

^ Q. E. D. 

340. Corollary. The sum of the squares on the four sides 
of a parallelogram is equivalent to the sum of the squares on the 
diagonals. 
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Proposition XIII. Theorem. 

341. Two triangles having an angle of the one equal to 
an angle of the otfier are to ea>ch other as the products of the 
sides including the equal angles. 




Let the triangles ABC and ADE have the common 
angle A. 



A ADE 



ABX AC 
ADX AE' 



We are to prove 
Dmw BE, 

AABE 

(fii having the same aUitvde are to each other as their bases). 



AABC 



AC 
AE' 



326 



Also 



AABE 



AB 
AD' 



AADE 
(^ having the same altitude are to each other as (heir bases). 

Multiply these equalities ; 

AABC _ ABXAO 



§326 



then 



AADE ADXAE 



aE. D. 
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Proposition XIV. Theorem. 
342. Similar triangles are to each other as tie squares 
on their homologous sides. 

a 
c 



^ ^ ^ o 

Let the two triangles he AGB and A'C'B. 

^ , AACB A^ 

We are to prove = . 

t.A'G'Bf jr^ 

Draw the perpendiculars GO and C" (y. 

Then ^^^^ = ABXCO _ A^ X ^, § 326 
AA'C'B' A'BfXC'(y A' Bf CO' * 
(ttoo kiwreto each other as the products of their bases by their altitudes). 

But A^ = ^A , § 297 

A'B' Q'O' ^ 

(the homologous altitudes of similar A. have the same ratio as their honwlo- 
gotis bases), 

CO AH 

Substitute, in the above equality, for its equal 



then 



AACB AB AB _ iO* 



AA'C'B' A'B' ^ A'B' ^^ 

Q. E. D. 
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Pbofosition XV. Theobem. 

848. Two similar polygons are to each other as the 
squares on any two homologous sides. 
B C 





F E 

Let the two similar polygons be ABC, etc., and 

A'BC, etc. 

^ . ABC, etc. n^ 
We are to prove ? = . 

il'-B'C", etc. j[r^ 
From the homologous vertices A and A' draw diagonals. 

Now d^=Z£=c^D 

A'B' B*C' C'ly 
(similar poljfgans have their homologous sides proportioTial); 

. . . H? Blf 015' . 
. . by sqnanns, = — -- = _ , etc. 

jTB^ ETTf JJHP 

The A il i?C, ACB, etc., are respectively similar to A'B'C, 
A'C'B',e\A., §294 

{f,'wo similar polygons are composed of the same number of ^ similar to each 
other and similarly placed). 

' ^^^0 _ A^ § 342 

{similar ^ are to each other as the squares on their homologous sides), 

and ^i.£^ = ^. §342 
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But .^^il^ 

. AABC AACJD 



In like manner we may prove that the latio of any two of 
the similar A is the same as that of any other two. 



' AA'BfC 


AACB 
AA'Ciy 


AADE 

AA'D'E' 


AAEF 
AA'E'P' 


AABC+ACB+ADE+AHF 


AABC 


A A'BC + A' CD' + A'lyS' + A'E'r 


~ AA'BC 



{in a series of eqtud ratios the sum of the antecedents is to the sumo/the 
conseqttents as any antecedent is to its consequent). 

But ' AAI^^H., §342 

l^A'B'C AT^ 

(similar ^ are to each other as the sqtuires on their homologous sides) ; 

, the polygon ABC, etc. __ ITff 
the -polygon A* B' C", etc ~" ATB'^ * 

Q. E. D. 

344. CoROLLABY 1. Similar polygons are to each other as 
the squares on any two homologous lines. 

345. Cor. 2. The homologous sides of two similar poly- 
gons have the same ratio as the square roots of their areas. 

Let S and S' represent the areas of the two similar polygons 
ABCy etc., and A' B' C, etc., respectively. 

Then S : S' :: AB^ : ATB^, 

(similar polygons are to etich other as the squares of their hamologotis sides), 

)/^ : \f^ :: AB : A' B', § 268 

or, AB : A' B' : : ^ : sJW, 
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On Constructions. 

Proposition XVL Problem. 

346. To conatrtict a square equivalent to the 9um of two 
given squares. 



R 



Bf 



"k 



^'- -V- ' 

Let E and R! be two given squares. 
It is required to constrtict a square ^=^ R-\- Rf, 
Construct the rt. Z. A. 

Take A B equal to a side of R^ 

and A C equal to a side of R'. 

Dt&wBC. 

Then B C will be a side of the square required. 

For BC^=AB^ + Tc^, § 331 

(the square on the hypotenuse of a rt. A is equivalent to the »u/m, of the 
squares on the two sides). 

Construct the square S, having each of its sides equal 
io BC. 

Substitute for FT?, JTff and JT^, S, ^, and iZ' re- 
spectively ; 

then S==R + Rf. 

.', S\a the square required. 

Q.E. F. 



CON8TBUCTION8. 



195 



Proposition XVII Problem. 

347. To construct a square equivalent to the difference 
of two given squares. 



R 




\ 



-^fx 



! S ! 



Let R he the smaller square and R' the larger. 
It is required to construct a square = Bf — R. 
Construct the rt, Z. A, 

Take A B equal to a side of R. 

From ^ as a centre, with a radius equal to a side of Bf^ 

describe an arc cutting the line AX dX C. 

Then A C will be a side of the square required. 

For drawee. 

I^'\'Ilf==B7f, §331 

{the sum of the squares on the two sides of art. A is equivalent to the square 
on the hypotenuse). 

By transposing, A^ = B^ — A^. 

Construct the square S^ having each of its sides equal to ii (7. 

Substitute for A^, B^, and A^, S, R', and R re- 
spectively ; 

then S=B' — R. 

/. S is the square required. 

Q. E. F 
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Proposition XVIII. Problem. 
348. To construct a square equivalent to the sum of any 
number of given squares. 



0- 

p- 

r- 
m- 



Let m, Uy 0, p^ r be sides of the given squares. 
It is required to construct a square == to* + »* + o* H- jo* + 7-'. 
Take AB = m. 

Draw AC '=^ n and JlU) AB at A, 
Draw B C. 
Draw CE^o and J. to i? C at (7, and draw BE. 
Draw EF^pm^ l^toBEfiiE, and draw B F. 
Draw FH == r and ± to -B JP' at i^, and draw B H. 
The square constructed on BH va the square required. 

For STf^ = FIS^ + ET^, 

= FTP -f El^ + W^, 

= Fa" + FT^ + J^ + JT^, 

= Fl^-\- EF^-\-¥^^- {Tl^ + JTB*, §331 

(^ «e?» of the sqiMres on two sides of a rt, t^is equivalent to the aqttare 
on the hypotentue). 

Substitute for AB, CA, EC, EF, and Fff, m, n, o, p, 

and r respectively; 

then S~ff^ = ^8 4- ^a ^ ^a 4- ^2 4. ^^ 

Q. E. F- 
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Proposition XIX. Problem. 

349. To construct a polygon similar to two given similal 
polygons and equivalent to their sum. 




Let E and R* be two similar polygons, and A B and 
A' B' two homologous sides. 

It is required to construct a similar polygon equivalent to 

Construct the rt. Z P. 

Take FH=^A'B', vltAFO^AB. 
BmwOff. 
Take A'' B' = ff. 
Upon A" B"y homologous to AB, constract the polygon R" 
similar to R. 

Then R" is the polygon required. 

For R' : R :: A^ : H^, § 343 

(similar polygons are to each other as the squares on their homologous sides). 

Also R" \ R' :: H^W' : ^^B^. § 343 

In the first proportion, hy composition, 

R' + R : R' :i AH^ + Fl^ : A^, § 264 

: : FH^ + rO^ : FT^, 
: : Klf : F^. 
But R!' \ R' .\ a^^ : ^^g^, 

: ; 5T? : PH". 
.\R" : R' M R' + R : Rf; 
.-. R' = R'-^ R. 

Q. E. F. 
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Proposition XX. Problem. 

350. To construct a polygon similar to two given similar 
polygons and equivalent to their difference. 




Af BAB 

Let R and R' he two similar polygons, and A B and 
A' B' two homologous sides. 

It is required to construct a similar polygon which shaU 
be equivalent to R* — - R, 

Construct the rt. Z P, 

andtakePO = iiA 

From as a centre, with a radius equal to A' Bf^ 

describe an arc cutting P X 9X H, 

Draw OH. 

Take A'' B'' = P ff. 

On il" B", homologous to -4 ^, construct the polygon B' 
similar to R, 

Then R" is the polygon required. 

For R' : R :: AT^ : JHS", § 343 

(similar polygons are to each other as the squares on their homologous sides). 

Also R' : R '.: F^^ : ATJ^. § 343 

In the first proportion, by division, 

R'-R : R : : A^ - ITff : ITff, § 265 

/T7' : ITP. 
But Rl' . R w ATW^ : rff, 

,R" ', R \x R'-R ', R', 
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351. 
polygon. 



Proposition XXI. Problem. 

To construct a triangle equivalent to a given 
C D 




1 A E F 

Let ABC BEE he the given polygon. 

It is required to construct a triangle equivalent to the given 
polygon. 

From D draw D E, and from H draw HF II to D K 

Produce AE to meet HF&tF, and draw 2> F. 

The polygon ABODE has one side less than the polygon 
ABC D HE, but the two are equivalent. 

For the part ABC BE is common, 

and the A i> ^i^ = A 2) E ff, for the base DEis common, 
and their vertices i^and ZT are in the line Fff II to the base, §-325 
(A having the same hose and equal altitudes are equivalent). 

Again, draw C F, and draw 2) JT II to C /^ to meet A F 
produced at K, 

Draw CK, 

The polygon ABC K has one side less than the polygon 
A B CD F, but the two are equivalent. 

For the part A BCF is common, 

and the A CFK = A CFD, for the base CF is common, 
and their vertices JTand D are in the line ED II to the base. § 325 

In like manner we may continue to reduce the number of 
sides of the polygon until we obtain the A CIE. 

Q. E. F. 
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Proposition XXIL Problem. 

352. To construct a square which shall have a given 
ratio to a given square. 



8 




/^TKx 



m 



!^- — r — M 

n 4 tr. .^. ^J Q 

n 
Let R be the given square, and - the given ratio. 

m 

It is required to construct a sqvare which shall be to R as 
n is to m. 

On a straight line take AB = m, and BC = n. 
On AC Bs & diameter, describe a semicircle. 
At B erect the ± B S, and draw SA and SC. 

Then the A ^ iS' (7 is a rt. A with the rt. Z Sit S, § 204 
(being inscribed in a semicircle.) 

On SAyOT SA produced, take SH equal to a side of R. 

Draw ^i^ II to AC. 

Then SFia a side of the square required. 

For ^ = i|' 52«^ 

(the squares on the sides ofarLA have the same raUo cu the segments of the 
hypotenvse rruxde by the ± let fall from the veiiex ofthert, Z). 

- Also — = II, § 275 

SC SF' ^ 

(a straight line drawn through two sides of a A, parallel to the third side, 
divides those sides prqpoHionally), 

Square the last equality ; 



then 



Substitute, in the first equality, for its equal ; 

iSCr ST^ 

then ^ = ^ = ^, 

g^2 BC n 

that is, the square having a side equal to SF will have the 
s^une ratio to the square R, sa n has to m. 

Q. E. F. 
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Proposition XXIII. Pboblkm. 

853. To construct a polygon similar to a given polygon 
and having a given ratio to it. 





/ 



/-\ 



\. 



V. / 



Let R be the given polygon and - the given ratio. 

m 

It is required to construct a polygon similar to H, which 
shall be to a as n is to m. 

Find a line, A* B'^ such that the square constructed upon it 
shall be to the square constructed upon ^ ^ as » is to m. § 352 

Upon A' B' as a side homologous to A B, construct the 
polygon S similar to R, 

Then S is the polygon required. 



For 



R 



A^V" 

1¥' 



343 



(similar polygons are to each other as the squares on their homologous sides). 
But ^^_ = - ; Cons. 



A^ 
JTB" 



S 



.'.- = -, or, S : R ::n : 
R m 



a E. F. 
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Proposition XXIV, Problem. 

854. To comtruet a square eqtiivalent to a given paral- 
lelogram, 

P 

B c r 1 .--r -\ 



Let ABCD be a pandlelogx&m, b its base, And a its 
altitude. 

It is required to construct a square = HJ AB CD. 

Upon the line MX take MN=^a, and iV = 6. 

Upon if as a diameter, describe a semicircle. 

AtiVerectirP±to JfO. 

Then the square R, constructed upon a line equal to NP, 
is equivalent to the O ABC D, 

For MN : NP :: NP : NO, § 307 

(a ± let fall from any point of a circumference to the diameter is a mean 
proportional between the segments of the diameter). 

.-. NT^ = MN XNO-=^aXh, § 269 

{the product of the mMins is eqtuU to the product of the extremes). 

Q. E. F. 

355. Corollary 1. A square may be constructed equiva- 
lent to a triangle, by taking for its side a mean proportional 
between the base and one-half the altitude of the triangle. 

356. Cor. 2. A square may be constructed equivalent to 
any polygon, by first reducing the polygon to an equivalent tri- 
angle, and then constructing a square equivalent to the triangle. 
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Proposition XXV. Fboblem. 

357. To construct a parallelogram equivalent to a given 
square, and having the sum of its base and altitude equal to 
a given line. 



pS, 



M 



/ 



-"-NQ 



\ 
\ 
— IN 



Let R be the given square. And let the sum of the 
base and altitude of the required parallelogram 
be equal to the given line MN, 

It is required to construct a EJ = E, and Jutving the sum 
of its hose and altitude = MIf. 

Upon MN as a diameter, describe a semicircle. 
At M erect a -L if /*, equal to a side of the given square E, 
Draw FQ II to MN, cutting the circumference at S, 
J)r2LwSC±ioMN. 

Any O having CM for its altitude and CN for its base, 
is equivalent to E. 

For ^Cis II toPif, §65 

{two straight lints ± to the satne straight line are II ). 

.\SC = PM, §135 

{\\s eomprehefided between \\s are equal). 

.\^ = P1^ = E. 

But MC : SO :: SC : ON, § 307 

{a jLlet fall from any point in a circumference to the diameter is a mean 
proportional bettoeen the segments of the diameter). 

Then ^==MOX ON, § 259 

{the product of the rMans is equal to the product of the extremes). 

Q. E. F. 

358. Scholium. The problem is impossible when the side 
of the square is greater than one-half the line M N, 
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Proposition XXVI. Problem. 

859. To construct a parallelogram equivalent to a given 
square, and having the difference of its base and altitude 
equal to a given line. 
S 







/ 



Rf 



Let R be the given square, and let the difference of 
the base and altitude of the required parallelo- 
gram be equal to the given line MN. 

It is required to construct a CJ = R, toith the difference 
of the hose and altitude =" M N. 

Upon the given line MN bs^l diameter, describe a circle. 

From M draw MS, tangent to the O, and equal to a side 
of the given square R, 

Through the centre of the O, draw SB intersecting the 
circumference at C and B, 

Then any O, as /?', having SB for its base and SO for 
its altitude, is equivalent to R, 

For SB : SM :: SM : SO, § 292 

(if from a point without a O, a secant and a tangeni be drawn, the tangent is 
a mean proportional between the whole secant and the part without the O). 

Sli'^ = SBXSC; §259 



Then 



and the difference between SB and SG\b the diameter 
of the O, that is, MN. 

Q. E. F. 
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Proposition XXVII. Pboblem. 



860. Given x = y^, to construct x, 

S- — . 



C 

in 



Let m represent the unit of length. 

It 18 required to find a line which shall represent the square 
root of 2. 

On the indefinite line A B, take A C = m, and CD = 2 «w. 

On ^ Z) as a diameter describe a semi-circumference. 

At erect a ± to il ^, intersecting the circumference at K 

Then G E is the line required. 

For AC \ GE :: CE : G D, § 307 

(the ± Ut fall from any point in the circumference to the diameter , is a mean 
proportimial between the segments of the diameter) ; 

r.ClE^^AGXGD, §259 



GE=sjAGX CD, 
= sJ\X2 = \^2. 



Q. E. F. 



Ex. 1. Given x = ^, y =" yjl , z = 2 sj% ; to construct x, y, 
and z, 

2. Given 2 : a? : : ar : 3 ; to construct x, 

3. Construct a square equivalent to a given hexagon. 
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Pboposition XXVIII. Pboblbm. 

361, To construct a polygon similar to a given polygon 
Py and equivalent to a given polygon Q. 




\ 1 



\ 



-.'-»''' »'■ 
1 1 



m- 



m A 



Let P and Q be two given polygons, and AB a side 
of polygon P. 

It is required to construct a polygon similar to P and equiva- 
lent to Q. 

Find a square equivalent to P, § 356 

and let m be equal to one of its sides. 

Find a square equivalent to Q, § 356 

and let n be equal to one of its sides. 

Find a fourth proportional to w, n, and AB. § 304 

Let this fourth proportional be A^ B'. 

Upon A' B'^ homologous to AB^ construct the polygon P 
similar to the given polygon P, 

Then P' is the polygon required. 





CON8TB0CnON8. 


'im 


For 


m AB 
n ~ A'B>' 


Cons. 


Squaring, 






But 


P^m\ 


Cons. 


and 




Cons. 


But 


P iO* 


§343 




to each other as the squares on 


their homologous sides) ; 



.'.?. = ?-', Ax. 1 

.'. F is equivaleiit to Q, and is similar to P by construction. 

Q. E. F. 



Ex. 1. Construct a square equivalent to the sum of three 
given squares whose sides are respectively 2, 3, and 5. 

2. Construct a square equivalent to the difference of two 
given squares whose sides are respectively 7 and 3. 

3. Construct a square equivalent to the sum of a given tri- 
angle and a given parallelogram. 

4. Construct a rectangle having the difference of its base and 
altitude equal to a given line, and its area equivalent to the sum 
of a given triangle and a given pentagon. 

5. Given a hexagon; to construct a similar hexagon whose 
area shall be to that of the given hexagon as 3 to 2. 

6. Construct a pentagon similar to a given pentagon and 
equivalent to a given trapezoid. 
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Proposition XXTX. Problem. 

362. To construct a polygon similar to a given polygon, 
and having two and a half times its area. 

Y 

I 





B "^ C O N 

Let P he the given polygon. 

It is required to construct a polygon similar to P, and 
equivalent to 2J P. 

Let il ^ be a side of the given polygon P. 
Then i^T : y^ : : AB : x, 

or )/2 : )/o :: AB : X, § 345 

(t?ie homologous sides of similar polygons are to each other as the square root^ 
of their areas). 

Take any convenient unit of length, 2a MC, and apply it 
six times to the indefinite line MN. 

On MO {= 3 M C) describe a semi-circumference ; 
and on MN {= Q A£C) describe a semi-circumferenca 
At C erect a ± to JfiT, intersecting the semi-circumfer- 
ences at 2> and If. 

Then (7 Z) is the ^2, and C^ is the ^. § 360 

Draw C 7, making any convenient Z with C H. 
On CY take CB-=-AB. 
From D draw D E, 
and from JET draw ^ F 11 to Z>^. 



CONSTRUCTIONS. 209 



Then C Y will equal a:, and be a side of the polygon re- 
quired, homologous to AB. 

For CD : Cff :: CE : OY, §276 

(a line drawn through tux> aides of a A, \\,to the UUrd side, divides the two 
sides proportimiaMy). 

Substitute their equivalents for CD, C H, and C E ; 
then ^ : ^ :: AB : CY, 

On C Y, homologous to -4 -6, construct a polygon similar 
to the given polygon P; 

and this is the polygon required. 

Q. E. F. 



£x. 1. The perpendicular distance between two parallels is 
30, and a line is drawn across them at an angle of 45^ ; what is 
its length between the parallels ? 

2. Given an equilateral triangle each of whose sides is 20 ; 
find the altitude of the triangle, and its area. 

3. Given the angle ^ of a triangle equal to f of a right 
angle; the angle B equal to ^ of a right angle, and the side a, 
opposite the angle A, equal to 10 ; construct the triangle. 

4. The two segments of a chord intersected by another chord 
are 6 and 5, and one segment of the other chord is 3; what 
is the other segment of the latter chord ) 

5. K a circle be inscribed in a right triangle: show that 
the difference between the sum of the two sides containing the 
right angle and the hypotenuse is equal to the diameter of the 
circle. 

6. Construct a parallelogram the area and perimeter of which 
shall be respectively equal to the area and perimeter of a given 
triangle. 

7. Given the difference between the diagonal and side of a 
square; construct the square. 



BOOK V. 

REGULAB POLYGONS AND CniOLES. 

363. Dkf. a Regular Polygon is a polygon which is 
equilateral and equiangular. 

Proposition I. Theorem. 

864. Uvery equilateral polygon inscribed in a circle is a 
regular polygon. 




Let ABC, etc, he an equilateral polygon insciibed 
in a circle. 

We are to prove the polygon ABC, etc., regular. 

The sjNiaAByBCyCD, etc., are equal, § 182 

{in the aame O, equal chords suhteiid iqual arcs), 

.*. arcs ABC, BCD, etc., are equal, ' Ax. 6 

.'. the A A, B, C, etc., are equal, 
(being inscribed in equal segmeTits). 

.•. the polygon ABC, etc, is a regular polygon, being 
equilateral and equiangular. 

Q. E. D. 
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Proposition II. Theorem. 

365. I. A circle may he circumscribed about a regular 
polygon. 

II. A circle may be inscribed in a regular polygon. 







Let ABC By etc., be a regular polygon. 
We are to prove that a O mag be circumscribed- aboiU this 
regular polygon, and also a O m^g be inscribed in this regular 
polygon. 

Case L — Describe a circumference passing through A, B, and C. 

From the centre 0, draw OA, OB, 

and draw Os JL to chord B 0. 

On « as an axis revolve the quadrilateral OABs, 

until it comes into the plane of OsC D. 

The line s B will fall upon s C, 
{f(yr Z. 08B = /.OsC, both being H. A). 

The point B will fall upon C, § 183 

(siTice aB = sC), 
The line B A wUl fall upon CD, § 363 

(since Z. B = Z C, being A of a regular polygon). 

The point A will fall upon Z>, § 363 

{since BA = CD, beiTig sides of a regular polygon). 

.'. the line OA will coincide with line D, 
(their eaclremUies being the same points), 

.'. the circumference will pass through D. 
In like manner we may prove that the circumference, pass- 
ing through vertices B, C, and D will also pass through the 
vertex ^, and thus through all the vertices of the polygon in 
succession. 

Case II. — The sides of the regular polygon, being equal chords of 

• the circumscribed O, are equally distant from the centre, § 185 

.•. a circle described with the centre and a radius Os 

will touch all the sides, and be inscribed in the polygon. § 1 74 

Q E. D. 
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366. Dep. The Centre of a regular polygon is the common 
centre of the circumscribed and inscribed circles. 

367. Def. The Radius of a regular polygon is the radius 
A oi the circumscribed circle. 

368. Def. The Apothegin of a regular polygon is the radius 
« of the inscribed circle. 

369. Dep. The AngU at the centre is the angle included 
by the radii drawn to the extremities of any side. 



Proposition III. Theorem. 

370. Had angle at the centre of a regular polygon is 
equal to four right angles divided by the number of sides 
of the polygon. 




Let ABC, etc., be a regular polygon of n sides. 

We are to prove Z. A B • 

Circumscribe a O about the polygon. 

The JAG B, BO C, etc., are equal, § 180 

(in the same equal arcs subtend equal A at the centre). 

.-. the Z -4 ^ = 4 rt. ^ divided by the number of A about 0. 

But the number of A about = w, the number of sides 
of the polygon. 



4rt. A 
r.ZAOB^ ^• 



Q. E. D. 



371. Corollary. The radius drawn to any vertex of a 
regular polygon bisects the angle at that vertex. 
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Proposition IV. Theorem. 

372. Two regular polygom of the 9ame mimber of sides 
are similar. 





Let Q and Q be two regiil&T polygons, each having 
n sides. 

We are to prove Q and Qf similar polygons. 

The sum of the interior A of each polygon is equal to 
2rt, A{n-' 2), § 157 

(tJiA swm of the interior A of a polygon is equal to2H. A taken as many 
times less 2 as the polygon has sides). 

^ , V « , , 2 rt. ^(w — 2) . ,Ko 

Each Z of the polygon Q = ^ ^ > § li>8 

(for the A of a regular polygon are all equal, and hence each Z is equal 
to the sum of the A divided hy their number). 



Ako, each ^ oi Q' = ^rt.^(>t-2) j 

n 
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.".the two polygons Q and Q^ are mutually equiangular. 

Moreover, ^ = 1' §3^^ 

(the sides of a regular polygon are all equal) ; 

and ^' = ^' 5 ^^^ 

\..^=^:^', . Ax.l 

£C B'C 

/. the two polygons have their homologous sides proportional ; 

.*. the two polygons are similar. § 278 

Q. E. D. 
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Proposition V. Theorem. 

373. The homologoua aides of similar regular polygons 
have the same ratio as the radii of their circwnscribed cir- 
cles, and, also as the radii of their inscribed circles. 





Let and C he the centres of the two similar regu- 
lar polygons ABCy etc., and A' B'C, etc. 

From and (y draw E, D, O* E', CD, also the 
J§ Om and Cm'. 

E and C E' are radii of the circumscribed (D, § 367 

and m and C m' are radii of the inscribed (D. § 368 

ED _ OE _ Om 

E'ly ~ 



We are to prove 



O'E' Cm! 

In the AOED and 0' E' ly 

i\L^A0ED,0DE,OE'D> and CUE' are equal, § 371 
(fteiMgr halves of the eqital A FED, ED C, Ff B D^ andWDC) ; 

/. the A ^2> and (?' jgr Z)' are similar, § 280 

(if tvDo ^ iMve two A of the one equal respectively to ttoo A of the other, they 



are similar), 
ED OE 



Also, 



ED' CE 
{the homologous sides of similar ^ are proportional). 

ED _ Om 
'ED' "" Cl^' 



§278 



§ 297 



{the homologiyus altitudes of similar ^ have the same ratio as their Jiomolo- 
gous bases), 

Q. E. D. 



REGULAB POLYOON8 AND CIBCLBS. 



215 



Proposition VL Theorem. 

374. The perimeters of similar regular polygons have 
the sams ratio as the radii of their circum^ribed circles, and, 
also as the radii of their inscribed circles. 





Let P &nd P represent the perimeters of the two 
similar regular polygons ABC, etc., and A'ttO, etc. 
Froin centres 0, C draw OE, (y E', and J§ m and O' »i'. 

Om 



TT 4 P OE 
We are to prove — = 



(ym! 



P Ely' 



295 



fjhe perimeters of similar polygons have the same ratio as any two hovnolo- 

gous sides). 



Moreover, 



OE ED 



0' E' E'D'' 



373 



{fhe homalogous sides of similar regular polygons have the sams ratio as the 
radii of their circumscribed ®). 



Also 



Oi 



_ ED 

cymi ~ Ely' 



§373 



{fhe homologous sides of similar regular polygons have the same ratio as 
the radii of their inscribed (D). 



P_ 



OE 
O'E 



Om 

Wm' 



Q. E. D. 
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Proposition VIL Theorem. 

375. The circumferences of circles have the same ratio 
as their radii. 





Let C and C be the circumferences, R and S' the 
radii of the two circles Q and Q'. 

We are to prove C i^C ii R \ R'. 

Inscribe in the ® two regular polygons of the same number 
of sides. 

Conceive the number of the sides of these similar regular 
polygons to be indefinitely increased, the polygons continuing to 
be inscribed, and to have the same number of sides. 

Then the perimeters will continue to have the same ratio as 
the radii of their circumscribed circles, § 374 

{the perimeters of similar regtUar polygons Tuive the same ratio as the radii 
qf their drcwmscribed ©), 

and will approach indefinitely to the circumferences as their 
limits. 

.*. the circumferences will have the same ratio as the radii 
of their circles, § 199 

.\C : C :: R : R'. 

aE. D. 
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376. CoBOLLABT. By multiplying by 2, both terms of thd 
ratio B : B', we have 

C : C :: 2E :2R'; 

that is, the circumferences of circles are to each other as 
their diameters. 

Since C : C : : 2 E : 2 R', 

C : 2E :: C' : 2E\ § 262 

O C 
or, ^ . 

2Ji 2R' 

That is, the ratio of the circumference of a circle to its 
diameter is a constant quantity. 

This constant quantity is denoted by the Greek letter tt. 

377. Scholium. The ratio ir is incommensurable, and there- 
fore can be expressed only approximately in figures. The let- 
ter IT, however, is used to represent its exfict value. 



Ex. 1. Show that two triangles which have an angle of the 
one equal to the supplement of the angle of the other are to each 
other as the products of the sides including the supplementary 
angles. 

2. Show, geometrically, that the square described upon the 
sum of two straight lines is equivalent to the sum of the squares 
described upon the two lines plus twice their rectangle. 

3. Show, geometrically, that the square described upon the 
difference of two straight lines is equivalent to the sum of the 
squares described upon the two lines wimw« twice their rectangle. 

4. Show, geometrically, that the rectangle of the sum and 
difference of two straight lines is equivalent to the difference 
of the squares on those lines. 
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Proposition VIII. Theorem. 

378. If the number of sides of a regular inscribed poly- 
gon be increased indefinitely ^ the apothegm will be an increas- 
ing variable whose limit is the radius of the circle. 




In the light triangle OCA, let OA be denoted by R, 
OC byr.AndAC byb. 

We are to prove lim, (r) = Ri 

r<R, §52 

(a ±18 the shortest distance from a point to a straight lifie). 

And R-r<b, §97 

(mie side of a A is greater than the difference of the other two sides). 

By increasing the number of sides of the polygon indefi- 
nitely, A Bf that is, 2 6, can be made less than any assigned 
quantity. 

.*. &, the half of 2 6, can be made less than any assigned 
quantity. 

,'. R — r, which is less than 6, can be made less than any 
assigned quantity. ^^ 

.'. Urn. (R - r) = 0. <^ -- ^"^J^ 

.*. Urn, (r)^R, 

Q. E. D. 
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Pboposition IX. Theorem. 

379. The area of a regular polygon is equal to oue-kalf 
the product of its apothegm, by its perimeter. 

B 




Let P represent the perimeter and R the apothegm 
ot the regular polygon ABC, etc. 

We are to prove the area of ABC, etc, =^\RX P, 

Bmw OA,OB,OC,eUi. 

The polygon is divided into as many A as it has sides. 

The apothegm is the common altitude of these A, 

and the area of each A is equal to ^ R multiplied by 
the base. § 324 

.'. the area of all the A is equal to ^R multiplied by the 
sum of all the bases. 

But the sum of the areas of all the A is equal to the area 
of the polygon, 

and the sum of all the bases of the A is equal to the 
perimeter of the polygon. 

.'. the area of the polygon = | -R X P. 

Q. E. D. 
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Proposition X. Theorem. 

380. Tie area of a circle is equal to one-kalf the 
product of iti radius by its circum/erence. 




Let R represent the iBdius, and C the circumference 
of a circle. 

We are to prove the area of the circle = ^ E X C, 

Inscribe any legulai polygon, and denote its perimeter 
by P, and its apothegm by r. 

Then the area of this polygon =^rX F, § 379 

{the area of a regular polygon is equal to one-half the product of Us apothegm 
by the perimeter). 

Conceive the number of sides of this polygon to be indefi- 
nitely increased, the polygon still continuing to be regular and 
inscribed. 

Then the perimeter of the polygon approaches the circum- 
ference of the circle as its limit, 

the apothegm, the radius as its limit, § 378 

and the area of the polygon approaches the O as its limit. 

But the area of the polygon continues to be equal to one- 
half the product of the apothegm by the perimeter, however 
great the number of sides of the polygon. 

.-. the area of the O =ii?X C. § 199 

Q. e. D. 
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381. Corollary 1. Since — - = tt, j 375 

In the equality, the area of the O = J -ft X C, 

substitute 2 ?r ^ for C ; 

then the area of the O = i ^ X. ^fcR, 

That is, the area q^ a O = tt times the square an its radius. 

382. Cor. 2. The area of a sector equals ^ the product of 
its radius by its arc ; for the sector is such part of the circle as 
its arc is of the circumference. 

383. Dep. In different circles similar arcs, similar sectors, 
and similar segments, are such as correspond to equal angles at 
the centre. 



Proposition XI. Theorem. 

384. Two circles are to each other as the squares on 
their radii 





Let R and R' be the radii of the two circles Q and Q\ 



ur * Q R^ 

We are to prove ^ =s _— . 

Now Q = TrR^, 

{the area o/aQ= v times the square on its radius), 

and Q' = irR^. 

Q ___ iij^ ^ R^ 
q "" TtR'^ " R^' 



§381 
§ 381 



Then 



Q. E. D. 



385. -Corollary. Similar arcs, being like parts of their re- 
spective circumferences, are to each other as their radii ; simHar 
sectors, being like parts of their respective circles, are to each 
other as the squares on their radii 
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Proposition XII. Theorem. 

886. Similar aegments are to each other as the squares 

on their radii, c 

O 





pi p 

Let A C and A' C be the radii of the two similar seg^ 
ments ABP and A' B' F. 

We art to pnyve AH. = ^ . 
A'B'P' ^-7^/2 

The sectors ACBq,u& A' C Bf are similar, § 383 

(having the A at th^ ctmJtre, C and O, equal). 

In the A ^ C^ and A' C Bf 

/.C = /.C', § 383 

(heiTig corresponding A of similar sectors), 

AC = CB, §163 

A'C'-=^C'B') §163 

.-. the A ^ C J5 and ^' C B' are similar, § 284 

(having an Z. of the ojie equal to an Z of the other, and the including sides 
proportional). 

^^^ sector AGB _ A^ ^33^ 

sector ii'C'^ jq^i^ 
(similar sectors are to each other as the squares on their radii); 

and ^ACB _A^ 53,2 

t.A'C'B' jjTQi^ 
(similar ^ are to each other as the sqruires on their homologous sides), 

sectoTACB-AACB Jl? 



Hence 



sector A' C B' — A A' C B' jr^ 



segment ABP __ AO * 271 

segment A' B' P' aTU'^ 
(if two quantities he increased or diminished by like parts of each, the results 
will he in the same raiio as the quantities themselves). 

Q. E. D. 
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Exercises. 

1. Show that an equilateral polygon circumscribed about a 
circle is regular if the number of its sides be odd, 

2. Show that an equiangular polygon inscribed in a circle is 
regular if the number of its sides be odd. 

3. Show that any equiangular polygon circumscribed about a 
circle is regular. 

4. Show that the side of a circumscribed equilateral triangle 
is double the side of an inscribed equilateral triangle. 

5. Show that the area of a regular inscribed hexagon is 
three-fourths of that of the regular circumscribed hexagon. 

6. Show that the area of a regular inscribed hexagon is a 
mean proportional between the areas of the inscribed and cir- 
cumscribed equilateral triangles. 

7. Show that the area of a regular inscribed octagon is equal 
to that of a rectangle whose adjacent sides are equal to the 
sides of the inscribed and circumscribed squares. 

8. Show that the area of a regular inscribed dodecagon is 
equal to three times the square on the radius. 

9. Given the diameter of a circle 50 ; find the area of the 
circle. Also, find the area of a sector of 80^ of this circle. 

10. Three equal circles touch each other externally and thus 
inclose one acre of ground ; find the radius in rods of each of 
these circles. 

11. Show that in two circles of different radii, angles at the 
centres subtended by arcs of equal length are to each other in- 
versely as the radii. 

12. Show that the square on the side of a regular inscribed 
pentagon, minus the square on the side of a regular inscribed 
decagon, is equal to the square on the radius. 



224 GEOMETRY. — BOOK Y. 



On Constructions. 

Proposition XIII. Problem. 

387. To inscribe a regular polygon of any number of 
sides in a given circle. 




Let Q be the given circle, and n the number of sides 
of the polygon. 

It is required to inscribe in Q, a regular polygon having n 
sides. 

Divide the circamference of the O into n equal arcs. 

Join the extremities of these arcs. 

Then we have the polygon required. 

For the polygon is equilateral, § 181 

(in the same O equal arcs are svJUended by 'equal chords) ; 

and the polygon is also regular, § 364 

{an equilateral polygon inscribed in a O is regular), 

Q. E. F. 
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Proposition XIV. Problem. 

388. To inscribe in a given circle a regular polygon 
which has double the number of sides of a given inscribed 
regular polygon. 




Let ABC D be the given inscribed polygon. 

It is required to inscribe a regular polygon having double the 
number of sides of A BCD. 

Bisect the arcs AB, BC, etc. 

Draw AE, EB, BF, etc., 

The polygon AE BFCy etc., is the polygon required. 

For the chords AB, BCy etc., are equal, § 363 

(being rides of a regiUar polygon), 

.•. the arcs AB, BC, etc., are equal, § 182 

(in the same O equal chords svMend equal arcs). 

Hence the halves of these arcs are equal, 

or, AE, EB, BF, FG, etc., are equal; 

.'.the polygon A EB F, etc., is equilateral. 

The polygon is also regular, § 364 

(an equilateral polygon 'inscribed inaO is regvZar) ; 

and has douhle the number of sides of the given regular 
polygon. 

Q. E. F. 



226 6E0METBT. — BOOK Y. 

Pboposition XV. Pboblem. 
389. To inscriie a square in a gwen circle. 
B 




Let be the centre of the given circle. 

It is required to inscribe a square in the circle. 

Draw the two diameters A C and ^ i> ± to each other. 

Join AB, BO, CD, and DA. 

Then A B C D ia the square required. 

For, the A ABC, BCD, etc., are rt. A, § 204 

{being inscribed in a semicircle) , 

and the sides AB, BC, etc., are equal, § 181 

{in the same O eqtial arcs are subtended by equal chords) ; 

.'. the figure A B CD is a square, § 127 

(having its sides eqttal and its A rt. A ). 

Q. E. F. 

390. Corollary. By bisecting the arcs AB, BC, etc., a 
regular polygon of 8 sides may be inscribed ; and, by continuing 
the process, regular polygons of 16, 32, 64, etc., sides may be 
inscribed. 
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Proposition XVI. Problem. 
391. To inscribe in a given circle a regular hexagon. 



D^ 



vF 



Let he the centre ot the given circle. 

It is required to inscribe in the given O a regular hexagon. 

rrom draw any radius, aa OC. 

From C as a centre, with a radius equal to C, 

describe an arc intersecting the circumference at F. 

Bt&w F and C F. 

Then C7^ is a side of the regular hexagon required. 

For the A OFCia equilateral, Cons. 

and equiangular, § 112 

.-. the Z ^0 C is J of 2 rt. A, or, J of 4 rt. ^i . § 98 

.'. the arc FO is J of the circumference ABC F, 

.'. the chord FC, which subtends the arc jPC, is a side 
of a regular hexagon ; 

and the figure CFD, etc., formed by applying the radius 
six. times as a chord, is the hexagon required. 

Q. E. F. 

392. Corollary 1. By joining the alternate vertices A, (7, 
By an equilateral A is inscribed in a circle. 

393. CoR. 2. By bisecting the arcs A B, B C, etc., a regu- 
lar polygon of 12 sides may be inscribed in a circle; and, by 
continuing the process, regular polygons of 24, 48, etc., sides 
may be inscribed. 
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Proposition XVII. Problem. 
394. To imcribe in a given circle a regular decagon. 




B 

Let be the centre of the given circle. 
It is required to inscribe in the given O a regular decagon. 

Draw the radius C7, 
and divide it in extreme and mean latio, so that C shall 
betoO^S'asOAS'istoAS'C. §311 

From (7 as a centre, with a radius equal to OS, 
describe an arc intersecting the circumference at B. 

Draw ^C, B S, hud BO. 
Then BC is& side of the regular decagon required. 
For OC : OS :: OS : SO, Cons, 

and BC=OS. Cons. 

Substitute for *S' its equal B C, 
then OC : BC :: BO : SO. 

Moreover the Z 00 B = Z SO B, Iden. 

.\ the A C B and B C S SLTB similar, § 284 

(having an ZoftJu one eqyuil to an /.of the other, and the indnding sides 
proportioTuU). 

But the A C^ is isosceles, § 160 

{its sides C and B being radii of the same circle), 

.*. the A BC S, which is similar to the A CB, is isosceles, 
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• and BS = BC. § 114 

But OS = BCy Cons. 

.\OS = BS, Ax. 1 

•*. the A SOB ia isosceles, 

and iheZO = ZSBO, §112 

{being opposite equal sides). 

Bniihe Z CSB = Z + Z SB 0, §105 

{t?ie exterior Z of a A 19 eqtuU to the sum of the two opposite interior A ). 

.-.theZ CSB=2Z 0. 
ZSCB(=ZCSB)=^2Z0, §112 

and Z OBC{=Z SCB) = 2Z0. §112 

.-. the sum of the z^ of the A C^ = 5 Z 0. 

.\5ZO = 2Tt.A, §98 

and Z = t of 2 rt. A, or ^ij of 4 rt. A 

.*. the arc -fi C is -j^y of the circumference, and 
.'. the chord BC ia & side of a regular inscribed decagon. 

Hence, to inscribe a regular decagon, divide the radius in 
extreme and mean ratio, and apply the greater segment ten 
times as a chord. 

Q. E. F. 

395. Corollary 1. By joining the alternate vertices of a 
regular inscribed decagon, a regular pentagon may be inscribed. 

396. Cor. 2. By bisecting the arcs BC, OF, etc., a regular 
polygon of 20 sides may be inscribed, and, by continuing the 
process, regular polygons of 40, 80, etc., sides may be inscribed. 
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Proposition XVIII. Problem. 

397. To imcribe in a given circle a regular quindecagon, 
or polygon of fifteen Mes. 




Let Q be the given circle. 
It is required to inscriSe in Q a regular quindecagon. 
Draw EJI equal to a side of a regular inscribed hexagon, § 391 
and JSF equal to a side of a regular inscribed decagpn. § 394 

Join FH. 
Then FH will be a side of a regular inscribed quindecagon. 
For the arc j^-ff' is J of the circumference, 

and the arc jF ^ is ^^^y of the circumference ; 
.*. the arcFJIia^ — ^^ or ^, of the circumference. 

.'. the chord Fff ia a. side of a regular inscribed quin- 
decagon, 

and by applying FH fifteen times as a chord, we have the 
polygon required. 

Q. E. F. 

398. Corollary. By bisecting the arcs Fff, HA, etc., 
a regular polygon of 30 sides may be inscribed; and by con- 
tinuing the process, regular polygons of 60, 120, etc. sides may 
be inscribed. 
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Proposition XIX. Problem. 

899. To inscribe in a given circle a regular polygon 
similar to a given regular polygon, 

Oj^ v^zy C D 





Let ABCDy etc., he the given regular polygon, and 
C'lyE' the given circle. 

It is required to inscribe in C ly Uf a regular polygon 
similar to ABC D^ etc. 

From 0, the centre of the polygon ABC B^ etc. 

draw 0Z> and OC. 

From 0' the centre of the O C ly E', 

draw CKC'and 0' D', 

making the Z 0' = Z 0. 

Draw(7'i>'. 

Then C ly will be a side of the regular polygon required. 

For each polygon will have as many sides as the Z. 
(==Z O') is contained times in 4 rt. -4. 

.*. the polygon C D' E', etc. is similar to the polygon 
CDEy etc:, §372 

{ttoo regular polygons, of the same number of sides are similar), 

Q. E. F. 
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Pboposition XX. Pboblem. 

400. To circumacribe about a circle a regular polygon 
similar to a given inscribedregular polygon. 

BMC 




N 
Let HMRS^ etc, be a given inscribed legalar polygon. 

It is required to circumscribe a regular polygon similar 
to HMRS, etc. 

At the vertices H, M^ B, etc., diaw tangents to the O, 
intersecting each other at ii, B, C, etc. 

Then the polygon ABC J), etc. will be the regular poly- 
gon required. 

Since the polygon ABC D^ etc. 

has the same number of sides as the polygon H MRS, etc., 

it is only necessary to prove that ABC D, etc. is a regular 
polygon. § 372 

In the A 5 /T if and CMR, 

EM^MR, §363 

{behig sides of a regular polygon), 
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the A BUM, BMH, CMR, and (7 -ff if are equal, § 209 
(f>e.mg measured by halves of equal arcs) ; 

.-. the A BffMand CMR are equal, § 107 

Qutxjmg a side and tioo adjoAxnt A of the one equal respectively to a side and 
two adjoLcent A of the other), 

{being homologous A of equal &l ). 

In like manner we may prove /. C = Z. D, etc 

/. the polygon ABC D, etc., is equiangular. 

Since the A BHM, CMR, etc. are isosceles, § 241 
{ttoo tangents drawn from the same point to a Q are equal), 

the sides Bff, BM, CM, CR, etc. are equal, 
{being homologous sides of equal isosceles ^), 

.*. the sides AB, BC, G D, etc are equal, Ax. 6 

and the polygon ABC D, etc is equilateral 

Therefore the cireumscribed polygon is regular and similar 
to the given inscribed polygon. § 372 

aE F. 



Ex. Let R denote the radius of a regular inscribed polygon, 
r the apothegm, a one side, A one angle, and C the angle at the 
centre ; show that 

1. In a regular inscribed triangle a = R ^, r == \ R, 
^ = 60^ (7=120°. 

2. In an inscribed square a^ R^, r=^\R^, A= 90**, 

c = 9o^ 

3. In a regular inscribed, hexagon a — R, r = \ R ^, 
A = 120*, C = 60^ 

R (V5 — I) 

4. In a regular inscribed decagon a = 5 > 

7=J^VlO+ 2V^, i4 = 144^ C==36^ 
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Proposition XXI. Problem. 

401. To find the value of the chord of one-half an arc, 

in terms of the chord of the whole arc and the radius of the 

circle. 

D 




Let AB he the chord of arc A B and A D the chord 
of one-half the arc A B, 

It is required to find the value of AD in terms of AB and 
R {radius). 

From D draw D H thmugh the centre 0, 

and draw A, 

HB iaJLto the chord AB ai its middle point (7, § 60 
{two points, and D, equally distant from the extremities, A and B, de- 



termiju the position of a ± to the middle point of A B\ 



§ 204 



The A HA Z> is a rt. Z, 
{being inscribed in a semicircle), 

.\jnf = DHX DC, §289 

(the square on one side of art. A is equal to the product of the hj/potenitse bji 
the adjacent segm^jU made by the JL let fall from the vertex of the rt. Z. ). 

Now DH=2R, 

and DC=^DO — CO^R-CO', 

.\A~D^==2Ii{R-C0), 
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Since A CO ia sat. A, 

r^^r&'VGi?, §331 






2 
In the equation AT]^ =.2R{R— CO), 

V4 y?2 - A'li^ 



substitute for C its value 



2 



then ^ = 27?(/?-V^i^ZiZ), 

.\AD = \l2R'-RNiRi'^ 2:5*) . 

a E. F. 

402. Corollary. If we take the radius equal to unity, 



the equation AD = W 2 R^ — R Ni: R^ — AB^\ becomes 

AI) = ^2-^^-AB'. 
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Proposition XXII. Problem. 

403. To compute the ratio of the circumference of a 
circle to its diameter^ approximately. 




Let C be the circumference and R the radius of a 
circle. 

_ C 



Since 



§376 



when E = I, t = ^ ' 

It is required to find the numerical value of ir. 

We make the following computations by the use of the 
formula obtained in the last proposition, 



AD-=J2 — yJ^-AB^y 



when AB\^2l side of a regular hexagon 
In a polygon of 

Form of Computation. 

12 iii) = V2-V'4^^^ 



No. 
Bides. 



Length of Bide. 

.51763809 
.26105238 
.13080626 



Perimeter. 

6.21165708 
6.26525722 
6.27870041 



24 ^ 2) = ^ 2-^4- (.51763809)2 

48 iiZ> = V^ 2-V4- (.26105238)2 

96 ^ Z> == V^ 2 — ^4 ~ (.13080626)2 .06543817 6.28206396 

192 ^ i) = V ^2 - V4 — (.06543817)2 .03272346 6.28290510 

384 ii jP = V2 — ^4 — (.03272346)2 .01636228 6.28311544 

768 i4Z> = V2-V4 — (.01636228)2 .00818121 6.28316941 

Hence we may consider 6.28317 as approximately the cir- 
cumference of a O whose radius is unity. 

, . . 1 C 6.28317 
. . TT, which equals — , = . 

^2' 2 



3.14159 nearly. 



Q. E. F. 
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On Isopebimetbioal Polygons. — Supplementary. 

404. Dep. Isaperimetrical figures are figures which have 
equal perimeters. 

405. Def. Among magnitudes of the same kind, that 
which is greatest is a Maximum^ and that which is smallest 
is a Minimum, 

Thus the diameter of a circle is the maximum among all 
inscribed straight lines; and a perpendicular is the minimum 
among all straight lines drawn from a point to a given straight 
line. 



Proposition XXIII. Theorem. 

406. Of all triangles having two sides. respectively equal, 
that in which these sides include a right angle is the muxi- 
mum. 

4 

E 




Let the tziangles ABC and EEC have the sides A B 
and BC equal respectively to E B and BC; &nd 
let the angle ABC be a right angle. 

We are to prove A A BO A EBC, 

From Ey let fall the ± E D. 

The A ABC and EBC, having the same base ^ C, are to 
each other as their altitudes A B and ED, § 326 

(A having the same base are to each other as their altitudes). 

Now E JD is <EB, §52 

(a ± is the sihortest distatice from a point to a straight line). 
But EB = AB, Hyp. 

.\EDis<AB. 
.'.AABOAEBC. 

Q. E. D. 
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Proposition XXIV. Theorem. 

407. Of all polygons formed of sides all given butane, 
the polygon inscribed in a semicircle, having the undetermined 
side for its diameter, is the maximum. 




Let AB, BC, CD, and D E he the sides of a polygon 
inscribed in a semicircle having A E for its di- 
ameter. 

We are to prove the polygon ABODE the maximum of 
polygons having the sides A B, B Cy C D, and D E, 

Froin any vertex, as C, draw CA and CE. 

Then the Z A E is b, rt. Z , § 204 

(being inscribed in a semicircle). 

Now the polygon is divided into three parts, ABC, C D E^ 
and A C E. 

The parts ABC and C D E will remain the same, if the 
Z AC Ehe increased or diminished ; 

but the part ACE will be diminished, § 406 

{of all ^ having two sides respectively equals that in which these sides in- 
dvde art, Z is the iruiximum), 

,'. ABCDE is the maximum polygon, 

Q. E. D. 
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Proposition XXV. Theorem. 

408. TAe maximum of aU polygons formed of given sides 
can be inscribed in a circle. 





A A' 

Let ABC D E be a polygon inscribed in a circle, and 
A'B'G'iy E' be a polygon, equilateral with re- 
spect to ABODE, but which cannot be inscribed 
in a circle. 

We are to prove 

the polygon ABC DE> the polygon A'BfC'iyE'. 

Draw the diameter A H. 

Join GffsLJidDff. 

Upon C'iy{=C D) construct the A C' H' ly = A C ffJ), 

and draw A^ ff'. 

Now the polygon ^ ^ C7 ^ > the polygon A' B' C IP, § 407 

{of all polygons formed of sides all given btU one, the polygon inscribed in a 
semicircle having the undetermitied side for its diameter, is the maximum). 

And the polygon A EDff> the polygon A' E' ly W, § 407 

Add these two inequalities, then 

the polygon A BGHD E > the polygon A'B'C'WD'E, 

Take away from the two figures the equal ^ C H D and 
C'H'iy, 

Then the polygon ABGDE>i\iQ polygon A' B' C D* W. 

CtE.D. 
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Proposition XXVI. Theorem. 

409. Of all triangles having the same base and equal 
perimeters, tie isosceles triangle is the maximum. 




Let the A ACS and ADB h&ve equal perimeteis, 
afid let the A ACB be isosceles. 

We are to prove AACB> A ADB. 

Draw the -k CE and DF. 

AACB ^CE 2g 

AABD DF ^ 

(^ haviiig the same base are to each other as their altUvdes), 

Produce AG to ff, making C H=AC. 

Draw HB. 

The Z. ABH is a rt. Z, for it will be inscribed in the 
semicircle drawn from (7 as a centre, with the radius C B. 
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From C let fall the ± CK; 

and from jD as a centre, with a radius equal to DB, 

describe an arc cutting ffB produced, at P. 

Draw i>P and ilP, 

and let fall the J. i>Jf. 

Since Aff = ACi- CB=^AD + DB, 

and AP<AD'\- DP; 

.\AF<AJ)'\-DB; 

.\Aff>AP, 

.\BH>BP. §56 

Now BK = IBH, §113 

(a ± drawn from the vertex of an isosceles A bisects the base), 

and BM=iBP: §113 

But CE = BK, §135 

(II* comprehended between \\s are eqtial); 

and DF=BM, §135 

.-. CE>DF, 
.\AACB>AADB. 

Q. E. D. 
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Proposition XXVII. Theorem. 
410. The maximum of isoperimetrical polygonB of the 
same number of sides is equilateral. 





Let ABCD, etc, he the majdmnm of isopezimetzical 
polygons of any given number of sides. 

We are to prove A By BG, C Dy etc,, equal. 
Draw A C. 

The A ABC must be the maximiim of all the A which 
are formed upon A C with a perimeter equal to that of A ABC. 

Otherwise, a greater AAKC could be substituted for A ABC, 
without changing the perimeter of the polygon. 

But this is inconsistent with the hypothesis that the poly- 
gon ABC D, etc., is the maximum polygon. 

.'. the A ii -5 C, is isosceles, § 409 

{of all ^ having the tame base and equal perimeters, the isosceles Aisths 
maximum). 

In like manner it may be proved that BC = C D, etc 

a E. D. 

411. Corollary. The maximum of isoperimetrical poly- 
gons of the same number of sides is a regular polygon. 

For, it is equilateral, § 410 

(the maximum of isoperimetrical polygons of the same number of sides is 
equilateral). 

Also it can be inscribed in a O, § 408 

{the maximum of all polygons formed of given sides ocvn he inscribed in a O). 

Hence it is regular, § 364 

{an equilateral polygon inscribed in a Q is regular). 
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Proposition XXVIII. Theorem. 

412. Of isoperimetrical regular polygons, that is greatest 
which has the greatest number of sides. 





Let Q he a regular polygon of three sides, and Q* he 
a regular polygon of four sides, each having the 
same perimeter. 

We are to prove Q' > Q. 

In any side AB of Q, take any point Z>. 

The polygon Q may be considered an irregular polygon 
of four sides, in which the sides A D and D B make with each 
other an Z equal to two rt. A . 

Then the irregular polygon Q, erf four sides is less than the 

regular isoperimetrical polygon Q' of four sides, § 411 

Qht maximum of isoperimetrical polygons of the same number of sides is a 
regular polygon). 

In like manner it may be shown that Q' is less than a 
regular isoperimetrical polygon of five sides, and so on. 

Q. E. D. 



413. Corollary. Of all isoperimetrical plane figures the 
circle is the maximum. 
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Proposition XXIX. TmsoREM. 

414. If a regular polygon be constructed with a given 
area, its perimeter will be the less the greater the number 
of its sides. 



Q 





Let Q and Qf he regular polygons having the same 
area, and let Qf have the greater number of sides. 

We are to prove the perimeter of Q> the perimeter of Qf, 

Let C be a regular polygon having the same perimeter as 
Q, and the same number of sides as Q, 

Then Q \%> ©", § 412 

{pf isoperimetruxU regular polygons, that is the greatest which has the greatest 
number of sides). 

But C = ©', 

.-. C is > «". 

.*. the perimeter of Q is > the perimeter of Q". 

But the perimeter of ^ = the perimeter of Q", Cons. 

.'. the perimeter of © is > that of Q*. 

Q. E. D. 

415. Corollary. The circumference of a circle is less than 
the perimeter of any other plane figure of equal area. 
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On Symmetry. — Supplementary. 

416. Two points are Symmetrical when they are situated 
on opposite sides of, and at equal distances from, a fixed point, 
line, or plane, taken as an object of reference. 

417. When a point is taken as an object of reference, it is 
called the Centre of Symmetry ; when a line is taken, it is called 
the Asds of Symmetry ; when a plane is taken, it is called the 
Plane of Symrnetry. 

418. Ttoo points are symmetrical with re- 
spect to a centre, if the centre bisect the straight 
line terminated by these points. Thus, P, P 
are symmetrical with respect to C, if C bisect 
the straight line PP, 

419. The distance of either of the two symmetrical points 
from the centre of symmetry is called the Radius of Symmetry, 
Thus either C P oi C P la the radius of symmetry. 




420. Two points are symmetrical with 
respect to an axis, if the axis bisect at right 
angles the straight line terminated by these 
points. Thus, P, P are symmetrical with re- 
spect to the axis XX', if XX' bisect PP at 
right angles. 



~Xf 



421. TuH> points are symmetrical with 
respect to a plane, if the plane bisect at 
right angles the straight line terminated by 
these points. Thus P, P' are symmetrical 
with respect to MN, M M N bisect P P' at 
right angles. 



/ 



7 



AT 
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422. Two plane figtires are symmetrical with respect to a 
centre, an dxiBy or a plane, if every point of either figure have 
its corresponding symmetrical point in the other. 

A 

A B 




Fig. 1. 



Fig. 2. 



Fig. 3. 



Thus, the lines A B and A' B' are symmetrical with respect 
to the centre C (Fig. 1), to the axis XX' (Fig. 2), to the plane 
M N (Fig. 3), if every point of either have its corresponding 
symmetrical point in the other. 




Also, the triangles AB D and A' B' D* are symmetrical with 
respect to the centre G (Fig. 4), to the axis XX' (Fig. 5), to the 
plane M N (Fig. 6), if every point in the perimeter of either 
have its corresponding symmetrical point in the perimeter of the 
other. 

423. Def. In two symmetrical figures the corresponding 
symmetrical points and lines are called homologoiLS, 
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Two symmetrical figures with lespect to a centre can be 
brought into coincidence by revolving one of them in its own 
plane about the centre, every radius of symmetry revolving 
through two right angles at the same time. 

Two symmetrical figures with respect to an axis can be 
brought into coincidence by the revolution of either about the 
axis until it comes into the plane of the other. 

424. Def. a single figure is a symmetrical figure, either 

when it can be divided by an axis, or plane, into two figures 

symmetrical with respect to that axis or plane ; or, when it has 

a centre such that every straight line drawn through it cuts the 

perimeter of the figure in two points which are symmetrical 

with respect to that centre. 
C 




Fig. 1. 



Fig. 2. 



Thus, Fig. 1 is a symmetrical figure with respect to the 
axis XX', if divided by XX' into figures ABC D ktl^ A BCD 
which are symmetrical with respect to X X', 

And, Fig. 2 is a symmetrical figure with respect to the 
centre 0, if the centre bisect every straight line drawn 
through it and terminated by the perimeter. 

Every such straight line is called a diameter. 

The circle is an illustration of a single figure symmetrical 
with respect to its centre as the centre of symmetry, or to any 
diameter as the axis of symmetry. 
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Pboposition XXX. Theorem. 

425. Two eqtuil and parallel" lines are symmetrical with 
respect to a centre. 

A & 




B Af 

Let A B and A' Bf be equal and paiallel lines. 
We are to prove A B and A' & symmetricaL 
Draw A A' and B B*, and through the point of their inter- 
section C, draw any other line HCH'^ terminated in ^ ^ and 
A'B', 

In the A Cil ^ and'Cil' B' 

AB^A'B', Hyp. 

also, A A and B^^ A A' and Bf respectively, § 68 

Qieing alt, -int. A ), 

.\ACAB=-ACA'B'', § 107 

.-. CA and GB^GA' and G B' respectively, 
(&etn{)r homologotis sides of equal ^). 

Now in the A il CJy and A' G H^ 

AG = A'G, 

A A hJi^ AG H ^ A A' 9X1^ A' G W respectively, 

.\AAGH = AA'GH', § 107 

(having a side and two adj, A of the one equal respectively to a side and two 
adj. A of the other). 

.\GH=-GH\ 

(being homologous sides of equal ^ ). 

.*. ^' is the symmetrical point oi H, 

But H is any point m AB] 

.'. every point m AB has its symmetrical point in A* B'. 

.'. AB and A* B' are symmetrical with respect to (7 as a 
centre of symmetry. 

Q. E. D. 

426. Corollary. If .the extremities of one line be re- 
spectively the symmetricals of another line with respect to the 
same centre, the two lines are symmetrical with respect to that 
centre. 
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Proposition XXXI. Theorem. 

427. If a figure he 9ymmeirieal with respect to two axes 
perpendicular to each other y it is symmetrical with respect 
to their intersection as a centre. 

Y 




Let the tiguxe ABCBEFGH be symmetrical to the 

two axes XX', YT which intersect at 0. 

We are to prove the centre of symmetry of the figure. 

Let / be any point in the perimeter of the figure. 

Draw IKL ± to XX', and I M N 1. to YT, 

Join LO,ON, and KM. 

Kow KI=KL, 

{the figure being symmetrical vnth respect to X X^. 

But KI^OM, 

(ll« comprehended between ]\s are eguaJ), 

.\KL^ OM. 

.'.XLOMia&HJ, 

(having two sides eqiial and parallel). 

,\ LO ia equal and parallel to K M, 
{being opposite sides of a O). 
In like manner we may prove N equal and parallel to KM, 
Hence the points L, 0, and N are in the same straight line 
drawn through the point ^ to K M, 

Also LO-=ON, 

{since ea^ is equal, to K M). 
.'. any straight line LO N, drawn through 0, is bisected at 0, 
.'. is the centre of symmetry of the figure. § 424 

Q. E. D. 



§ 420 

§ 135 

Ax. 1 
§136 

§ 134 
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EXEBCISES. 

1. The area of any triangle may be found as follows : From 
half the sum of the three sides subtract each side severally, mul- 
tiply together the half sum and the three remainders, and extract 
the square root of the product. 

Denote the sides of the tri- 
angle ABChj a,b, c, the alti- ^ 

tude by p, and by «. 

z 

Show that 
and show that 




= ,._('>!+ ^_--^' 



/>« = 6« 



4c2 






2c 



;> = 



_V/(6+c + a)(6 + c-o)(a + fe-c)(q.~fe + c) 



2c 



Hence, show that area oi A A B C, which is equal to 



cXp 



= jV(6 + c + «)(6 + c-a)(a + 6-c)(a-6 + c), 
= y/ « («— a) (s — b) (« — c). 

2. Show that the area of an equilateral triangle, each side of 
which is denoted by a, is equal to — ^ . 

3. How many acres are contained in a triangle whose sides 
are respectively 60, 70, and 80 chains? 

4. How many feet are contained in a triangle each side of 
which is 75 feet 1 
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On Lines and Planes. 

428. Def. a Plane has already been defined as a surface 
such that tlie straight line joining any two points in it lies 
wholly in the surface. 

The plane is considered to be indefinite in extent, so that 
however far the straight line be produced, all its points lie in 
the plane. A plane is usually represented by a quadrilateral 
supposed to lie in the plane. 

429. Dep. The Foot of a line is the point in which it 
meets the plane. 

430. Def. A straight line is perpendicular to a plane if 
it be perpendicular to every straight line of the plane drawn 
through its foot. 

In this case the plane is perpendicular to the line. 

431. Dep. The Distance feom a point to a plane is the 
perpendicular distance from the point to the plane. 

432. Def. A line is parallel to a plane if all its points be 
equally distant from the plane. 

In this case the plane is parallel to the line. 

433. Dep. A line is oblique to a plane if it be neither per- 
pendicular nor parallel to the plane. 

434. Dep. Ttoo planes are parallel if all the points of 
either be equally distant from the other. 

435. Def. The Projection of a point on a plane is the foot 
of the perpendicular from the point to the plana 

436. Dep. The projection of a line on a plane is the locus 
of the projections of all its points. 

437. Dep. The plane embracing the perpendiculars which 
project the points of a straight line upon a plane is called the 
projecting plane of the line. 
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438. Dbf. The angle which a line makes with a plane is 
the angle which it makes with its projection on the plane. 

This angle is called the Inclinatimi of the line to the plane. 

439. Dep. a plane is detennined by lines or points, if 
no other plane can embrace these lines or points without being 
coincident with that plane. 

440. Def. The intersection of two planes is the locus of 
all the points common to the two planes. 

441. An infinite number of planes may embrace the same 
straight lin€. 

Thus, if the plane M^ em- y 

brace the line AB it may be made 
to revolve about ^ 5 as an axis, 
and to occupy an infinite number ^^ 
of positions, each of which is the / 
position of a plane embracing the 
]ineAB. 

442. A plane is determined by a straight line and a point 
withovt that line. 

Thus, let any plane em- ^ 

bracing the straight line AB 



1^- 







revolve about the line as an axis ^y^ -^^ 
until it embraces the point (7. 

Kow if the plane revolve either way about the line ^ ^ as 
an axis, it will cease to embrace the point (7. 

Hence any other plane embracing the line AB and the 
point C must be coincident with the first plane. § 439 

443. Three points not in a straight line determine a plane. 
For, by joining any two of the points, we have a straight 

line and a point which determine a plane. § 442 

444. Two intersecting straight lines determine a plane. 

For, a plane embracing one of these straight lines and any 
point of the other line (except the point of intersection) is deter- 
mined. § 442 

445. Two parallel straight lines determine a plane. 

For, a plane embracing either of these parallels and any 
point in the other is detennined. § 442 
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Proposition L Theorem. 

446. If two planer cut one another their intersection is 
a straight line. 




Let MN and PQ he two planes which cut one another. 

We are to prove their intersection a straight line. 

Let A and i5.be two points common to the two planes. 

Draw the straight line A B, 

Since the points A and B are common to the two plane&, 
the straight line A B lies in both planes. § 428 

Now, no point out of this line can be in both planes ; 

for, if it be possible, let C be such a point. 
But there can be but one plane embracing the point C and 
the line AB. § 442 

,\C does not lie in both planes. 

.'. every point in the intersection of the two planes lies in 
the straight line A B. 

Q. E. D 
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Pboposition II. Theobeh. 

447. From a point without a plane only one perpendic- 
ular can be drawn to the plane ; and at a given point in a 
plane only one perpendicular can be erected to the plane. 



M 



Fig. 1. 



1 N 



M 




7 



Fig. 2. 



N 



Let C B {Fig. 1) he a peipehdicular let fall from the 
point C to the plane MN, 

We are to prove tliai no other JL can be drawn from the point 
C to the plane M N, 

If it be possible, let BhQ another JL to the plane M N, 

and let a plane P Q pass through the lines C B and C D. 

The intersection of F Q with the plane if iV is a straight 
linej5Z>. §446 

Now iiCDaindCB be both ± to the plane, the A C ^ Z> 
would have two rt. A, GBD and C D B, which is impos- 
sible. § 102 

Let D C [Fig. 2) be a peipendicular to the plane MN at 
the point D. 

If it be possible, let Z> ^ be another ± to the plane from 
the point />, 

and let a plane PQ pass through the lines D C and DA, 

The intersection of P Q with the plane MNi^o. straight line. 

Now if Z> C and Z> i( could both be ± to the plane MN at 
D, we should have in the plane P Q two straight lines ± to the 
line DQ 2X the point />, which is impossible. § 61 

Q. E. D. 

448. Corollary. A perpendicular is the shortest distance 
from a point to a plane. 
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Proposition III. Theorem. 

449. If a straight line he perpendicular to each of two 
straight lines drawn through its foot in a plane it is pcrpen- 
diciilar to the plane, 

D 




't 



Let DC he perpendicular to each of the two lines 
AC A' and BCB drawn through its foot in the 
plane M N, 

We are to prove DC 1- to tlie pkme MN. 

Take CA = CA' a.udCB= CB'. 

Join ^^ and ^'j5'. 

Then A B and A' Bf are symmetrical with respect to C, § 426 
{fkdr extremities being sy^n/inetrical). 

Through C draw any line HC H' 'm the plane MN, 

Then H and H' are symmetrical, § 422 

(J)ei'ng corre^miding points in the symmetrical lines A B and Af B'), 

About C, the centre of symmetry, revolve A B, keeping A C ■ 
and BC A. to CD,, until it comes into coincidence with A^ B'. 

Then the point H will coincide with its symmetrical 
point H', 

and Z DC H will coincide with, and be equal to, /, DCH', 
.'. A DCH and D C W are rt. A § 25 

.\DC\Bl,toHCH'. 
Now since i> (7 is ± to any line, HCH\ drawn through its 
foot in the plane M N, it is ± to every such line. 

.-. Z> (7 is ± to the plane M N, § 430. 

Q. E. D. . 
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Proposition IV. Theoreil 
450. Oblique lines drawn from a point to a plane at 
equal distances from the foot of the perpendicular are equal ; 
and of two oblique lines uneqitalltf distant from the foot of the 
perpendicular tlie more remote is the greater. 

B 




Iden. 

Hyp. 
§106 



Let the oblique lines BO, BD, and BE, be drawn at 
equal distances, AC, AD, and A E, from the toot 
of the perpendicular BA ; and let BC be drawn 
more remote from the foot of the perpendicular 
than B a 

We are to prove I. BC='BI) = BE, 
II. BOBC. 

I. In the Tt. ABAC and BA D 

BA=BA, 
AC = AI), 
and Tt.ZBAC = Tt.ZBAD. 

.'.ABAC = ABAD, 

.\BC = BD, 

(being homologous sides of eqtial A ). 

II. Since ^ (7' is > ^ C, 

BC'is>BC, §55 

Q. E. D. 

451. Corollary 1. Equal oblique lines from a point to a 
plane meet the plane at equal distances from the perpendicular ; 
and of two unequal oblique lines, the greater meets the plane at 
the greater distance from the perpendicular. 

452. Cor. 2. All equal oblique lines BC, BD, etc., drawn 
from a point to a plane terminate in the circumference CDE 
described from ul as a centre with a radius equal to A C, Hence, 
to draw a perpendicular from a point to a plane, draw any ob- 
lique line from the given point to the plane ; revolve this line 
about the point, tracing the circumference of a circle in the plane, 
and draw a line from the point to the centre of the circle. 
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Pboposition v. Theorem. 

453. If three straight lines meet at one pointy and a 
straight line be perpendicular to each of them at that pointy 
the three straight lifies lie in the same plane. 




Let the stxsdght line AB he perpendicular to each of 
the straight lines BC, B D, and BE, at B. 

We are to prove B C, B D, and BE in the tame plane M N"* 

If not, let 5 /) and ^^ be in the plane M N', and j9 (7 with- 
out it ; and lot P H, passing through A B and B Cy cut the plane 
MNm the straight line B H, 

Now AB.BC, and J5 ZT are all in the plane P H, 
and since ^ J? is J. to BD and ^^y it is J. to the 
plane M N, § 449 

Ufa straight line be ± to ecuh of two straight lines drawn through its foot 
in a plane, it is ± to the plane). 

.'. AB is 1.U) BHjA straight line in the plane MN", § 430 

(a ± to a plane is ± to every strairfht line in that plane draton through 

itsfooty 

That is Z^^ZTisart. Z. 



But Zii^(7isart. Z. 

.\ZABG = ZABH. 

.\ BC and BH coincide. 

.', BCia not without the plane MN". 



Hyp. 



Q. E. D 



454. Corollary. The locus of all perpendiculars to a given 
straight line at a given point is a plane perpendicular to this 
given straight line at the given point. 

455. Scholium. In the geometry of space the term locus 
has the same signification as in plane geometry, only it is not 
limited to lines, but is extended to include surfaces. 
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Proposition VL Theorem. 

456. If from i/ie foot of a perpendicular to a plane a 
straight line be drawn at right angles to any line of the plane, 
the line drawn from its inl^fi'sedion with the line of the plane 
to any point of the perpendicular is perpendicular to the line 
of the plane. 




Let P F be a perpendicular to the plane M N, FC 
a perpendicular tram the toot of PF to any line 
A By in the plane MN, and C P a line drawn from 
its intersection with AB to any point P in the 
perpendicular P F. 

We are to prove CP ± to A B. 

Take CA = CB and draw FA, FB, PA, PB. 

Now FA = FB, § 63 

(ttDO oblique lirus draxon from a jwiiU in a ± cutting off equal distances 
from the foot oft?ie±are equal), 

and PA=- PB, §450 

(oblique lines drawn from a point to a plane at equal distances from the 
foot of the JL are equal). 

.\PCia±toAB, §60 

(two points equally distant from the extremities of a straight line determine 
the A. ai the middle point of the line), 

Q. E. D. 
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Proposition VIL Theorem. 

457. If a line he perpendicular to a plane, every line 
which is parallel to this perpendicular is likewise perpendic- 
nlar to the plane, 

A C 



M 



E/ 



JD 



J 



Let AB be perpendicular to the plane MN^ and CD 
any line parallel to AB. 

We are to prove C D perpendicular to the plane M N. 
Draw BD in the plane M N, and through D draw E F in 
the plane MN 1. to BD^ and join D with any point in A By 
as A, 

BDi8±toAB, §430 

(if a straight line he 1. to a plane it is A. to every line of the plane drawn 
through its foot) \ 

itisalsoXto CZ>, §67 

{if a straight line he A. to one of two \\s, U is A. to the other). 

I^ow EFiaLioAD, §456 

{if from the foot of a A. to a plane a straight line he drawn at right angles to 

any line of the plane, the line dratmi from its intersection ivith the line 

of the plaiie to any point in the A. is A. to the line of the plane), 

and is also 1. io BD. Cons. 

,\EFi^l.io the plane A^ DC, § 449 

{a straight line A. to two straight lines drawn through its foot in a plane is 
X to the plane), 

.\EFi8±to CD, § 430 

{if a straight liiie he ± to a plane it is ± to every line of the plane drawn 
, through its foot). 

.\ CD is 1. to BD and EF, and consequently to the 
plane MK § 449 

Q. E. D. 

458. Corollary 1. Two lines which are perpendicular to 
the same plane are parallel. 

459. CoR. 2. Two lines parallel to a third straight line not 
in their own plane are parallel to each other. 
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Proposition VIII. Theorem. 

460. If a straight line and a plane be perpendicular to 
the safne straight line, they are parallel. 

B 




Let the straight line B C and the plane MN be per- 
pendicular to the straight line A B. 

We are to prove BCWto MN. 

From any point C of the line BC let C Dhe drawn per- 
pendicular to MN. 



Join A D. 

B A and C D kk^ parallel, 
{j,wo straight lines ± to the same plane are II ). 



§458 



ilZ>is±to^^ §430 

{if a straight line he X to a plane it is ± to every line of the plane dratni 
through its foot). 

.'. A D and ^ C are parallel, § 65 

(ttpo straight lilies ± to the saine straight liiu are II ). 

.\ ABC D 13 a, O. §125 

.'.CD=-AB. §134 

Now, since C is anp point in the line B C, all the points in 
BC are equally distant from the plane MN. 

.'.BC is II to3f.V, § 432 

(a line is II to aplaiie if all its points be eqically distant from the plane). 

Q. E. D. 
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Proposition IX. Theorem. 

461. If two planer be perpendicular to the same strai'ght 
line they are parallel. 

P 



M 



TJ 



A 






Let the two planes MN and PQ be pezpendicular to 
the straight line A B. 

We are to prove P Q W to MN'. 

From any point C in the plane P Q draw C D l.\^ MN. 

Join B C. 

BCia±toAB, §430 

(if a straight Ivm he A. to a plane U is 1. to every line of the plane drawn 
through its foot), 

.'. 5 (7 is II to the plane MN, § 460 

(if a straight line and a plane he A. to the same straight line they are II ). 

.-. (7 Z> is equal to A B, § 432 

{if a straight line he W to a plane, all its points are equally distant from the 

pla7ie). 

Since G is a»y point in the plane P Q, all the points in 
the plane P © are at equal distances from MN, 

.\PQ\s II toilfiVr § 434 

(two planes are II if all the points of either he equally distant from the other), 

Q. E. D. 
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Proposition X. Theorem. 

462. If two angles not in the same plane have their 
sides respectively parallel and lying in the same direction, 
they are equal. 



M 




Let A A and A' be respectively in the planes M N ana 
FQand have A D parallel to A' ly and AC parallel 
to A' C and lying in the same direction. 
We are to prove Z. A =^ Z A\ 

Take AD=-A'B' and AC-=A' C. 
Join A A', D D', C C, C D, C D'. 
Since il Z> is equal and II to A* D*, the figure ADD' A' 
is a O, § 136 

.\AA'-=^Diy. §134 

In like manner AA'^^CC*,' " 

.\CC' = DD'. Ax. 1 

Also, since CC and 2>i> are respectively II to A A\ they 

are II to each other, § 459 

{two straight lines II to a third straigU line not in their oum plane are II to 

each other), 

.'. C D D' C is slO. § 136 

.\CD-=C'D', §134 

.\AADC'=AA'D'C\ §108 

(having three sides of the one eqtuil respectively to three sides of the other), 

.'./:a = z A', 

{being Tunnologotis A of equal A). 

Q. E, D. 

'463. Corollary. If two angles lie in different planes and 
have their sides parallel and extending in the same direction, the 
planes are parallel. For the intersecting lines, ^ (7 and ^ Z>, 
which determine the plane MN are parallel respectively to the 
lines ^'C'and^'D' which determine the plane PQ, therefore 
the planes are determined i^arallel. 
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Proposition XL Theorem. 
464. Two parallel lines comprehended between two par- 
allel planes are equal. 




Let the two parallel lines A B and C D he included 
between the parallel planes MN and PQ. 

We are to prove AB = CD. 

liAB and CD be J. to the two li planes they are equal, § 434 
{if two planes be\\,allthe points of either are equally distant from the other). 

li AB and (7 2) be not -L to the two II planes, draw from 
the points A and C the lines A E and C F A-io the plane MN. 

AE\a\\\x)CF, §458 

{two lines ± to the same plane are II X 

Join ^ ^ and 2>^. 

In AAEBm^CFDy 

AE=CF, §434 

/LAEB = /LCFD, §430 

{if a straight line he 1. to a plane it is ± to any line of (he plane drawn 
through its foot) ; 

and ZBAE^ZDCFy §462 

{if two A not in the same plane have their sides II and lying in the same 
direction they are eqvxU). 

.\AAEB = ACFD, § 107 

{having a side and two adj. A of the one equal respectively to a side and two 
adj. A of the other). 



Hence AB=CD, 

{being hornologous sides ofeqtuU ^ ). 



Q. E. D. 
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Proposition XII. Theorem. 

465. The intersections of two parallel planes by a third 
plane are parallel lines. 




Let the plane S intersect the parallel planes P Q 
and MN in the lines A C and B D respectively. 

We are to pri/oe AC ^ to BD. 

Through the points A and C draw the II lines A B and 
CZ> in the plane OS. 

Now AB=-CD, 

( II lines comprehended hettneen II planes are equal). 

.'.ABCDissLO, 

(having two sides equal and II ). 



.-.ilCis II to J?Z>, 
(Jkin^g opposite sides of ad). 



§ 464 
§ 136 
§125 



Q. E. D. 
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Proposition. XIIL Theorem. 

466. If a straight line he perpendicular to one of two 

parallel planer it in perpendicular to t/ie other. 
M 



^.-D--^'— -:Cjp 



B '^---^Jg 



7 



N 



7 



Q 

Let MN and PQ be parallel planes and AB he per- 
pendicular to PQ. 

We are to prove AB l.io MN, 

Let two planes embracing A B intersect the planes MN and 
PQ'mACjBEm^ADyBF respectively. 

Then il C is II to -ff ^ and il Z> to ^^, § 465 

{the ifUeraections of two WpUmesby a third plane are II lines). 

But EB and FB Ave ± to A B, § 430 

(if a straight line be ± to a plane it is ± to every straight line of the plane 
dravm through its foot). 

.\ AC and A D which are respectively II to ^-^ and BF 
are ± to i4 ^, § 67 

{if a straight line he A. to one of two II lines, it is 1. to the other). 

.\ABi^l.ioMN, §449 

{if a line he A. to two straight Ihies in a plane drawn through its foot it is ± 
to the plane). 

Q. E. D. 

467. Corollary. If two planes be parallel to a third plane 
they are parallel to each other. For, every line perpendicular to 
this third plane is perpendicular to the other planes ; and two 
planes perpendicular to a straight line are parallel 
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Proposition XIV. Theorem. 

468. If a straight line he parallel to another straight 
line drawn in a plane, it is parallel to the plane. 
A C 

/ 




Let AC he parallel to the line B D in the plane M N^, 

We are to prove AC W to the plane M N. 

From A and (7, any two points in A C, draw A B and C D 
± to ^ C, and ^ iS^ and C J* ± to the plane M N. 

Join BUrndDF. 

ABlsW to CD, 

{two straight lines Xtotke same line are II ). 

AB = CD, 

( II lines comprehended between II lines are equal), 

^^is II toC^, 
{tvxy straight lines ± to the same plane are 11 ). 

.\ZBAE = ZDCF, §462 

(if tioo A not in the same plane have their sides II and lying in the same 
direction, they are equal). 



Now 



Also 



and 



§ 65 
§135 
§458 



.-. rt. A ii ^^ = rt. A CFD, 



§110 



{two rt, ^ are eqtval when an cumte Z and the hypotenuse of the one are 
equal respectively to an cumte /. and the hypotenuse of the other). 

.\AE==CF, 

{being homologous sides of eqical ^ ). 

Now since the points A and C, any two points in the line 
A C, are equally distant from the plane MN^, 

all the points in A C sltq equally distant from the 
plane M^. 

.-. il C is II to the plane MN. § 432 

Q. E. D. • 
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Proposition XV. Theorem. 
469. If two straight lines be intersected by three par- 
allel planes their corresponding segments are proportional. 




Let A B and C D he intersected by the parallel planes 
UN, FQ, ESy in the points A, E, B, and C, F, D. 

Tjnr . AE C F 

We are to prove — — = — — . 
^ EB FD 

Draw A D cutting the plane P $ in G. 

Join EG SLudFG. 

Then EG is II to BD, § 465 

(the inieraections of two II planes by a third plane are II Imes), 

. AE ^AG 

" EB GD' 

{a line drawn, through two sides of a A W to the third side divides those 
sides proportionally). 



§275 



Also, 



GFi^ II toil C, 



OF 
FD 



AG 
GD' 



§465 
§275 



AE ^ OF 
EB FD' 



Ax. 1. 

Q. E. D. 
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On Dihedral Angles. 

470. Def. The amount of rotation which one of two inter- 
secting planes must make about their intersection in order to 
coincide with the other plane is called the Dihedral angle of 
the planes. 

The Faces of a dihedral angle are the intersecting planes. 

The Edge of a dihedral angle is the intersection of its faces. 

The Plane angle of a dihedral angle is the plane angle 
formed by two straight lines, one in each plane, perpendicular 
to the edge at the same point. 

Thus, in the diagram, 
C'A B-D is a dihedral an- 
gle, CB and i)^ are its 
faces, ^ ^ is its edge, PH 
is its plane angle HOP 
and HP in the faces be 
perpendicular to the edge ^ ^ at the same point P. 

471. The plane angle of a dihedral angle has the same mag- 
nitude from whatever point in the edge we draw the perpendicur- 
lars. For every pair of such angles have their sides respectively 
parallel (§l 65), and hence are equal (§ 462). 

TuH) equal dihedral angles, D-A B-C*, and D-A B-E\ have 
corresponding equal plane angles, D AC and 
DAE. This may be shown by superposi- 
tion. 

Any two dihedral angles, C-A B-E' and 
E'A B-H\ have the same ratio as their corre- 
sponding plane angles, C A E and EA //. This 
may be shown by the method employed in ^ 
§ 200 and § 201. 

Hence a dihedral angle is measured by its 
plane angle. 

It must be observed that the sides of the 
plane angle which measures the dihedral angle must be perpendic- 
ular to the edge. Thus in the rectangular solid A H, Fig. 1, the 
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dihedral angle F-B A-Hj is a right dihedral angle, and is meas- 
ured by the angle C E D, if its sides C E and ED, drawn in 
the planes A F and A G respectively, be perpendicular to AB. 
But angle C E'ly, drawn as represented in the diagram, is 
acute, while angle C" E" 2>", drawn as represented, is obtuse. 




Fig. 2. 
Many properties of dihedral angles can be established which 
are analogous to propositions relating to plane angles. Let the 
student prove the following : 

1. If two planes intersect each other, their vertical dihedral 
angles are equal. 

2. If a plane intersect two parallel planes, the exterior- 
interior dihedral angles are equal ; the alternate-interior dihedral 
angles are equal ; the two interior dihedral angles on the same 
side of the secant plane are supplements of each other. 

3. When two planes are cut by a third plane, if the exterior- 
interior dihedral angles be equal, or the alternate dihedral angles 
be equal, or the two interior dihedral angles on the same side of 
the secant plane be supplements of each other, the two planes 
are parallel. ^^^\ 

4. Two dihfcdral angles are equal if their faces be respec- 
tively parallel ana lie in the same direction,- or opposite directions, 
from the edges. ' 

5. Two dihedral angles are supplements of each other if 
two of their face^k be parallel and lie in the same direction, and 
the other faces lyb parallel and lie in the opposite direction, from 
the edges. 



',-^s^. 




ritf-r^- 



J4u^ t 
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Proposition XVI* Theorem. 
472. If a straight line he perpendicular to a plane 
every plane embracing the line is perpendicular to that plane. 



A 




Let AB he perpendicular to the plane MN, 

We are to prove any plane, FQ, embracing A B, perpen- 
dicular to MM, 

At B draw, in the plane MI^, BC 1. to the intersection D Q. 

Since il ^ is ± to M N, it is ± to Z) $ and BC, § 430 

{if a straight line be ± to a plaiie, itia ±to every straight line in that plane 
drawn through itsfooC). 

!N"ow Z A B C is the measure of the 

dihedral Z PD QK § 470 

But Z ABC issL right angle, 

.'. the Z P-D Q-N is a right dihedral, 

.\PQ]a^^ioMN. 

Q. E. D. 
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Proposition XVIL Theorem. 

473. If two planes be perpendicular to each other y a 
straight line drawn in one of them perpendicular to their 
intersection is perpendicular to the other plane. 



A 



M 



I 



77 



T^et the planes MN and PQ be pezpendicular to each 
other, and at any point B of their intersection DQ 
let BA be drawn in the plane PQy perpendicular 
toDQ. , 

We are to prove AB l.to the plane MN. 

Draw ^ C in the plane M N 1. io DQ. 

Then Z AB C issi right angle, 

(being the plane Zo/thert. dihedral /. formed by the two planes). 

.'. AB \8 A.to the two straight lines D Q and B C. 

.'. AB}9±to the plane MN, § 449 

(if a straight Ivm he A. to two straight lines drawn through its foot in a 
plaTUf ilis A-tothe plane). 



a E. D. 
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Proposition XVIIL Theorem. 

474. If two planer he perpendicular to each other y a 
straight line drawn through any point of intersection per- 
pendicular t^ one of the planes will lie in the other plane. 



M 



A A 



J 




Fig. 1. 



Fig. 2. 



Let PQ {Fig. t) be perpendicular to the plane MN, CQ 
their intersection, and BA he drawn through any 
point B in C Q perpendicular to the plane MN. 

We are to prove that B A lies in the plane P Q, 

At the point B draw BA^ in the plane P ^ ± to the inter- 
section C Q. 

The line BA' will be ± to the plane MN, § 472 

(if tivo planes be ±to each others a straight line dravm inanuof them, ± to 
their hUersection ia Xto (he other), 

Now 5^ is ± to the plane MN; Hyp. 

.-. BA and BA' coincide, § 447 

{al a given point in a plane only one ± can he erected to thai plane). 

But B A' lies in the plane P Q ; 

.', BA, which coincides with BA', lies in the plane PQ. 

Q. E. D. 

Scholium. Through a line parallel or oblique to a 'plane, as 
A C, Fig. 2, only one plane can be passed perpendicular to the 
given plane. 
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Proposition XIX. Theorem. 

475; If two intersecting planes be each perpendicular to 
a third plane, their intersection is also perpendicular to that 
plane. 




Let the planes BD &nd B C inters ectinQ in the line 
AB be perpendicular to the plane F Q. 

We are to prove AB A-to the plane P Q, 

A perpendicular erected at B, a point common to the three 
planes, will lie in the two planes B C and B D^ § 473 

{if two planes he ± to each other, a straight line drawn through any point 
of intersection ± to one of the planes will lie in the other plane). 

And, since this J. lies in both the planes, B C and B D, it 
must coincide with their intersection. 



.". A B is -L to the plane PQ. 



Q. E. D. 



476. Corollary. If a plane be perpendicular to each of 
two intersecting planes, it is perpendicular to the intersection of 
those planes. 
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Proposition XX. Theorem. 

477. Every point in the plane which bUects a dihedral 
angle is equally distant from the faces of thut angle. 




A 

Let plane A If bisect the dihedral angle foaned by 
the planes A D and A C; and let P£ and FF be 
pezpendiculazs drawn from, any point F in the 
plane A M to the planes A C and A D. 

We are to prove F E = P F. 

Through P j^ and P/' pass a plane inteisecting the planes 
A G and ii 2> in ^ and /l 

Join P 0. 

Now the plane P E F is J. to each of the planes A C and 
AD, § 471 

{if a straight line be X to a plane, any plane enUnracing the line is ±to that 

plane) ; 

.*. the plane PEFia±to their intersection AO. % 476 

{If a plane be ± to each of two intersecting planes, it is ± to the intersection 
of these planes). 

.\ZPOE = ZPOF, 

(being measures respectively of the equal dihedral A Af-OA-C and M-OA-D), 

.'.Tt.APO£ = Tt,APOF, § 110 

.\PE=PF, 

(being homologous sides of equal A ). 

Q.E.D. 
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Supplementary Propositions. 
Proposition XXL Theorem. 

478. The aeiite angle which a straight line tnakes with 
its own projection on a plane is the least angle which it makes 
with any line of tliat plane. 




Let BA meet the pl&ne M N at B, and let BA' be its 
projection upon the plane M N^ and B C any other 
line drawn through B in the plane. 

We are to prove ZABA'<ZABC. 

Take BC='BA'. 

Join A C. 

In the A ABA' and ABC, 

AB = AB, Iden. 

BA'^^BC, Cons. 

but AA' <AC, . § 448 

(a Jl is the shortest distarice from a point to a plane), 

.\ZABA'<ZABC, § 116 

{i/ttoo sides of a Abe equal respectively to tioo sides of another^ but tlte third 

side of the first A be greater than the third side of the second^ then the 

Z opposite tJie third side of the first A is greater than the Z. opposite the 

third side of the second). 

Q. E. D. 

Exercise. — The angle included by two perpendiculars drawn 
£rom any point within a dihedral angle to its faces, is the supple- 
ment of the dihedral angle. 
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Proposition XXII. Theorem. 
479. If two straight lines he not in the same plane^ one 
and only one common perpendicular to the lines can be drawn. 
C E D 



I 
M A\ 






X BV ^ ---' G /y 

Let AB and C D be two given straight lines not in 
the same plane. 
We are to prove one and only one common perpendicidar to 
the two lines can he drawn. 

Since A B and C D sie not in the same plane they are 
not II, § 474 

(two \\8 lie in the same plane). 

Through the line A B pass the plane M N' W io C D. 

Since C-D is II to the plane M N, all its points are equally- 
distant from the plane M N'y § 432 

hence C />', the projection of the line C D on the plane 
JfiT, willbe II to CA §76 

and will intersect the line ^ ^ at some point as C\ 

Now since C C is the line which projects the point C upon 
the plane MN, it is _L to the plane M N\ § 435 

hence CC" is ± to C'ly and A B, § 430 

(i/a Utu he 1. to a plane, it is ± to every line drawn through its foot in the 

plane). 

Also, C7C"is± to CD, §67 

.*. C C" is the common -L to the lines CD and A B. 

Moreover, line C C is the only common JL. 

For, if another line E B, drawn hetween A B and C D, could 

be J_ to -4 ^ and C D, it would also he JL to a line B G drawn 

W to CD in the plane M N, § 67 

and hence -L to the ])lane M N, § 449 

But EH, drawn in the plane CD' H to CC, is ± to the 

plane M N. § 457 

Hence we should have two Ji from the point E to the plane 

MN, which is impossible, § 44^ 

.-. C C is the only common X to the lines CD and A B. 

Q. E. D. 
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On Polyhedral Angles. 

480. Def. a Polyhedral angle is the extent of opening of 
three or more planes meeting in a common point. 

Thus the figure S-A BC DE, 
formed hy the planes A SB, 
B8C, CSD, DSE, E8A, 
meeting in the common point 
Sy is a polyhedral angle. 

The point S is the vertex of 
the angle. 

The intersections of the planes 
SA,8B, etc., are its edges. 

The portions of the planes 
bounded hy the edges are its faces. 

The plane angles A SB, BSC, etc., formed by the edges are 
its face angles. 

481. Def. Polyhedral angles are classified as trihedral, quad- 
rahedral, etc., according to the number of the faces. 

482. Def. Trihedral angles are rectangular, hv-rectangidar, or 
tri-rectangular, according as they, have one, two, or three right 
dihedral angles. 

483. Def. Trihedral angles are scalerve, isosceles, or equilateral, 
according as the face angles are all unequal, two equal, or three 
equaL 

484. Def. A polyhedral angle is convex, if the polygon formed 
by the intersections of a plane with all its faces be a convex 
polygon. 

485. Def. Two polyhedral angles are equal when they can 
be applied to each other so as to coincide in all their parts. 

Since two equal polyhedral angles coincide however far their 
edges and faces be produced, the magnitude of a polyhedral angle 
does not depend upon the extent of its faces. But, in order to 
represent the angle in a diagram, it is usual to pass a plane, as 
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ABC D E^ cutting all its faces in the straight lines, AB^ BC, 
etc. ; and by the face A SB ia meant the indefinite surface in- 
cluded between the lines ^S'^ and SB indehnitely produced. 

486. Dep. Two polyhedral angles are symmetrical if they 
have the same number of faces, and the successive dihedral and 
face angles respectively equal but arranged in reverse order. 

Thus, if the edges AS, B S, 

etc., of the polyhedral angle, yr -^ 

S-A BCDf he produced, there is iDh^Ji-.-l^^Af 

formed another polyhedral angle, / // y'^ 

S-A' Bf O D, which is symmetri- jjy^ 

cal with the first, the vertex 8 
being the centre of symmetry. 

If we take S A' =^ SA, and 
through the points A and A' the 

parallel planes A B C D and V__y '"/ '>-'' 

A'B'C D be passed, we shall B C c h 

have SB' = SB, 80' = 80,- etc. For if we conceive a third 
parallel plane to pass through 8^ then A A', B B', etc., are 
divided proportionally, § 469. And if any one of them be 
bisected at 8, the others are also bisected at 8, Hence, the 
points A', B', etc., are symmetrical with A, B, etc. 

Moreover, the two symmetrical polyhedral angles are equal in 
all their parts. For their face angles A 8B &nd A' SB', B 8C 
and B' 8 C are equal each to each, being vertical plane angles. 
And the dihedral angles formed at the edges 8 A and 8 A', SB 
and SB', are equal each to each, being vertical dihedral angles. 

Now if the polyhedral angle S-A' B' C D be revolved about 
the vertex 8 until the polygon A' B' C D is brought into the 
position abed, in the same plane with ABCD, it will be 
evident that while the parts A SB, B SC, etc., succeed each 
other in the order from left to right, the corresponding equal 
parts aSb, b Sc, etc., succeed each other in the order from right 
to left. Hence the two figures cannot be made to coincide by 
superposition, but are said to be equal by symmetry.. 
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Proposition XXIII. Theorem. 
487. The sum of any two face angles of a trihedral 
angle is greater th4in the third, ^ 




Let S-ABC be a tiihedral angle in which the face 
angle ASC is greater than either angle ASB or 
angle BSC. 

We are to prove ZASB + ZBSOZASC. 
•In the face A SC draw SD, making ZASD = ZASB, 
Through any point D oiSD draw any straight line ADC 
catting A S and S C. 

i:&keSB = SD. 
Pass a plane through A C and the point B. 
luthe A A SD and A SB 

AS=AS, Iden. 

SB = SB, Cons. 

Z ASD = ZASB, Cons. 

.\AASD = AASB, §106 

.\AD = AB, 
{heiTig homologom sides of equal ^y 

Inthe A ABC, AB + BOAC. 

Subtract the equals A B and A D, 

Then BO DC. 

Now in the A ^.S'Cand />*S'C 

SB=SD, Cons. 

SC==SC, Iden. 

but BO DC, 

.'.Z BSOZDSC §116 

.\ZASB-hZ BSOZASD-VZ DSC, 

that is ZASB^- ZBSOZASC 

Q. E. D. 
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Proposition XXIV. Theorem. 

488. TAe sum of the face angles of any convex polyhe- 
dral angle is less than four right angles. 

S 




Let the polyhedral angle S be cut by a plane, mak- 
ing the section ABODE a convex polygon. 

We are to prove ZASB-tZ B S C etc. < 4 rt. A. 

From any point within the polygon draw A,OB,OC, 
0D,0£. 

The number of the A having their common vertex at 
will be the same as the number having their common vertex at S, 

.', the sum of all the A of the A having the common vertex 
at S is equal to the sum of all the A of the A having the com- 
mon vertex at 0. 

But in the trihedral A formed at A, B, C, etc. 

ZSAB+ZSAB>ZOA£+Z'OAB, § 487 
(the sum of any tioo/ace A of a trihedral Z is greater than the third), 

and ZSBA+ZSBOZ0BA + ZOBC. §487 

.*. the sum of the A at the bases of the A whose common 
vertex is aS' is greater than the sum of the A at the bases of the 
A whose common vertex is 0. 

.'. the sum of the ^ at aS' is less than the sum of the A at 0. 

Butthesumof the^i^at = 4rt. 2!$. §34 

.'. the sum of the A Skt S ia less than 4 rt. A. 

Q. E. D. 
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PfiOPOSiTiON XXV. Theorem. 
489. An isosceles trihedral angle and iU sj/mmetrical 
'trihedral angle are equal. 




Let S'ABG be an isosceles tiihedral angle, having 
ZASB'^ZBSa And let S-A' B' C he its sym- 
metrical trihedral angle. 

We are to prove trth4sdralZ S-ABC "^ trihedral Z S-A'&O'. 

Revolve Z S-A' B C about S until SB' falls on SB and 
the plane SB" A' falls on the plane SB 0. 

Now the dihedral Z C-SB-A = dihedral Z A'SB'C, 
{hemg vertietU dihedral A ). 

.-. the plane SB' C will fell on the plane SB A. 

Now ZBSC = ZBSA, Hyp. 

and Z&SA' = ZBSA, 

{being vertical A ). 

.\ZBSG^ZBfSA'\ Ax. 1 

.-. SA' will fall on SG. 
In like manner S G' will fall on S A, 
.'. the two trihedral A will coincide and be equal. 

Q. E. D. 
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Proposition XXVI. Theorem. 
490. Two Bjfinmetrical trihedral angles are equivalent. 

a 



A' 



B 




Let the trihedral ZS-AJiC and Z S-A' B' C be sym- 
metiicaL 

We are to prove trihedral ZS-ABC =o* triJiedral Z S-A'Bf C 

Draw D'D making the ADSA, DSC, and DSB equal 

Then Z D'SA' = ZD' Sa-=Z jyS&y 

(being vertical A of the equal A D S A, I) S C, and D SB). 

Then the trihedral ZSDCB^ trihedral Z S-D' C'B\ § 489 
{two isosceles symmetrical trihedral A are equal). 

And trihedral ZS'DCA-=^ trihedral Z S-D' C A', 
and trihedral ZS-ADB = trihedral Z S-A' I> B'. 
Adding the first two equalities, the polyhedral Z S-A BCD 
= polyhedral Z S-A' BCD'. 

Take away from each of these equals the equal trihedral 
AS-ADB and S-A' D' B'. 

Then trihedral ZS-ABC^ trihedral Z SA' B' C. 

Q. E. D. 

491. Scholium. If D D' fall within the given trihedral 
angles these trihedral angles would be composed of three isosceles 
trihedral angles which would be respectively equal, and hence 
the given trihedral angles would be equivalent. 

* The symbol (=o) is to be read " equivalent to." 
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Exercises. 

1. If a plane be passed through one of the diagonals of a 
parallelogram, the perpendiculars to the plane from the extremi- 
ties of the other diagonal are equal. 

2. If each of the projections of a line A B upon two inter- 
secting planes be a straight line, the line ^ ^ is a straight line. 

3. The height of a room is eight feet, how can a point in 
the floor directly under a certain point in the ceiling be deter- 
mined with a ten-foot pole 1 

4. If a line be drawn at an inclination of 46'' to a plane, what 
is the greatest angle which any line of the plane, drawn through 
the point in which the inclined line pierces the plane, makes 
with the line. 

5. Through a given point pass a plane parallel to a given 
plane. 

6. Find the locus of points in space which are equally distant 
firom two given points. 

7. Show that the three* planes embracing the edges of a tri- 
hedral angle and the bisectors of the opposite face angles re- 
spectively intersect in the same straight line. 

8. Find the locus of the points which are equally distant from 
the three edges of a trihedral angle. 

9. Cut a given quadrahedral angle by a plane so that the 
section shall be a parallelogram. 

10. .Determine a point in a given plane such that the sum of 
its distances from two given points on the same side of the plane 
shall be a minimum. 

11. Determine a point in a given plane such that the differ- 
ence of its distances from two given points on opposite sides of 
a plane shall be a maximum. 
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Proposition XXVIL Theorem. 

492. Two trihedral angles are equal or symmetrical 
when the three face angles of the one are respectively equal to 
the three face angles of the other. 

S* S S' 




In the tiihedial A S and S', let Z A S B ^ Z A' S' By 
ZASC ^ZA'S'O, and Z B SG ^ Z B' S' C. 

We are to prove tliat the homologous dihedral angles are eqiialf 
and hence the trihedral angles S and S' are either equal or 
symmetrical. 

On the edges of these angles take the six equal distances 
SA, SB, SC, S'A', SB', S' C. 

Draw AB,BC,AC, A'B', B'C, AV. 

The homologous isosceles A SA B, S^' B*, SA C, S* A' C\ 
SBC, S' B' C are equal, respectively. § 106 

.-. AB,AC,BC equal respectively A' Bf, A' C", Bf C", 
{}>ei7ig Jiomologous sides ofcquaJ. ^). 

.'.AABC^AA'B'C'. § 108 

At any point D in SA draw D E and 2> ^ ± to /S-i in the 
faces AS B and A SC respectively. 

These lines meet A B and A C respectively, 
{since the A SAB and SAC are acute, each being one of the equal A of an 
isosceles A). 

Join BF. 

OnS'A'iakeA'I)'-=An. 
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Draw ly E' and !> P ivL the faces A' S' B' and A' S' C re- 
spectively _L to S' A'y and join E' P, 
In ih^tt. AADE and A' I> E' 

AD = A'iy, Cons. 

ADAE^^A lyA'E', 

{being homologous A of the equal S^ SAB and Sf A' B'). 

.-.rt. AADE=-^, AA'iyE', § 111 

.-. AE^A'E' ?iH^DE = D'E', 

{beitig homologous sides of equal A), 

In like manner we may prove AF=^A'F and DF= D'P. 

Hence in the A A EF&nd A' E' F' we have 

A E and AF'= respectively A' E' and A' F, 

and ZEAF='Z E'A'F, 

{being homologous A of the equal ^ ABC and A^ B^ C). 

.'. A A EF=-A A'E'F, § 106 

.-. EF=^ E' F 

{beiTig homologous sides of the equal ^ AEF and Af E^ F), 

Hence, in i\iQ A EDF and E' jy F we have 
ED,DF,Q,ndEF=^ respectively E' D, D' F, and E' P, 
.-.A EDF^A E'lyP, § 108 

.-. Z EDF=Z E'jyP, 

{being h^nologous A of equal ^). 

.-. the dihedral Z B-A S-C = dihedral Z B'-A' S-C\ 
{since A E D F and E' ZV P, the measures of these dihedral A^ are equal). 

In like manner it may be proved that the dihedral 
A A-B S-C and A-C SB are equal respectively to the dihedral 
A A'-B'S'-a and A'-C S'-B', 

Q. E. D. 

This demonstration applies to either of the two figures de- 
noted by S'-A' B' C, wliich are symmetrical with respect to each 
other. If the first of these figures be given, S and S' are equal, 
for they can be applied to each other so as to coincide in all their 
parts. K the second be given, S and S' are symmetrical. § 486 
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General Definitions. 



493. Def. a Polyhedron is a solid bounded by four or 
more polygons. 

A polyhedron bounded by four polygons is called a tetra- 
hedron; by six, & hexahedron; by eight, an octahedron; by twelve, 
a dodecahedron; by twenty, an icosahedron. 

494. Def. The Faces of a polyhedron are the bounding 
polygons. 

495. Def. The Hdges of a polyhedron are the intersec- 
tions of its faces. 

496. Def. The Vertices of a polyhedron are the intersec- 
tions of its edges. 

497. Def. A Diagonal of a polyhedron is a straight line 
joining any two vertices not in the same face. 

498. Def. A Section of a polyhedron is a polygon formed 
by the intersection of a plane with three or more faces. 

499. Def. A Convex polyhedron is a polyhedron every 
section of which is a convex polygon. 

600. Def. The Volume of a polyhedron is the numerical 
measure of its magnitude referred to some other polyhedron as a 
unit of measure. 

601. Def. The polyhedron adopted as the unit of measure 
is called the Unit of Volume. 

502. Def. Similar polyhedrons are polyhedrons which 
have the same form. 

503. Def. Equivalent polyhedrons are polyhedrons which 
have the same volume. 

604. Def. Equal polyhedrons are polyhedrons which have 
the same form and volume. 

On Prisms. 

505. Def. A Prism is a polyhedron two of whose faces 
are equal and parallel polygons, and the other faces are parallelo- 
grams. 
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50C. Dep. The Bases of a prism 
are the equal and parallel polygons. 

507. Def. The Latei-ai faces of 
a prism are all the faces except the 




OBLlQUe FMISM. 



508. Dep. The Lateral or Con- 
vex Surface of a prism is the sum of 
its lateral faces. 

609. Def. The Lateral edges 
of a prism are the intersections of its 
lateral faces; the Basal edges of a 
prism are the intersections of the bases 
with the lateral faces. 

610. Dep. Prisms are triangular^ quadrangtdar, pentan- 
gular, etc., according as their bases are triangles, quadrangles, 
pentagons, etc. 

511. Def. A Right prism is a prism whose lateral edges 
are perpendicular to its bases. 

612. Def. An Oblique prism is a prism 
whose lateral edges are oblique to its bases. 

613. Dep. A Regular prism is a right 
prism whose bases are regular polygons, and 
hence its lateral faces are equal rectangles. 

514. Dep. The Altitude of a prism is 
the perpendicular distance between the planes 
of its bases. The altitude of a right prism is 
equal to any one of its lateral edges. 

515. Dep. A Trun4xited prism is a por- 
tion of a prism included between either base 
and a section inclined to the base and cutting 
all the lateral edges. 

516. Dep. A Right section of a prism is a section perpen- 
dicular to its lateral edges. 

517. Def. A Farallelopiped is a prism whose bases are 
parallelograms. 

618. Dep. A Right parallelepiped is a parallelopiped whose 
lateral edges are perpendicular to its bases ; hence its lateral faces 
are rectangles. 

519. Dep. An Oblique parallelopiped is a parallelopiped 
whose lateral edges are oblique to its bases. 

520. Def. A Rectangular parallelopiped is a right paral- 
lelopiped whose bases are rectangles. 

521. Dep. A Cube is a rectangular parallelopiped all of 
whose faces are squares. 
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Proposition I. Theorem. 
522. The sections of a prism made by parallel planes 
are equal polygons. 




Let the pzism A D be intersected by the pazallel 
planes GK, G' K*. 

We are to prove section GHIKL == section G' W V K' L'. 

GH, HI, IK, etc., are paraUel respectively to & H', H' I\ 
/'A'', etc., §465 

{fti/t irUeraeetions of two II planes hy a third plant are II line^. 

.'.AG HI, H I K, etc., are equal respectively to A G^ IP /', 

WI'K',etc., §462 

{ttoo A not in the same plane, having their sides respectively parallel and 
lying in the same direction, are equal). 

Also, sides G H, HI, IK, etc., are equal respectively to 
G'H',H'I',I'K',^\^., § 135 

( II lines comprehended bettoeen 11 lines are equal}. 

.\ section GHIKL = section G' W /' K' L', § 155 
(&ei7tj7 mvAwdly equiangitJar and eqtiilaterat). 

Q. E. D. 

623. Corollary. Any section of a prism parallel to the 
base is equal to the base ; and all right sections of a prism are 
equal 
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Proposition II. Theorem. 

524. The lateral area of a prism is eqital to the product 
of a lateral edge by the perimeter of the right section. 




Let GH I K L be a light section of the pzism A D\ 

We are to prove lateral area of prism Aiy = AA' X perim- 
eter G H I K L, 

Consider the lateral edges A A'y B J5', etc., to be the bases 
of the Ul AB'y B C'y etc., which form the convex surface of the 
prism. 

Then the altitudes of these [E will be the J« 6?/r, HI, 
IK, etc., 

and the area of each O is the product of its base and alti- 
tude. § 321 
Now the bases of these /I7 are all equal, § 464 
( II liius compr^fieTided between II planes are equal) ; 
and the sum of the altitudes G II, HI, IK, etc., is the perimeter 
of the right section. 

Hence, the sum of the areas of these HJ is the product of a 
lateral edge il ^' by the perimeter of the right section. 

That is, the lateral area of the prism is equal to the product 

of a lateral edge by the perimeter of a right section. 

Q. E. D. 

525. Corollary. The lateral area of a right prism is equal 
to the altitude multiplied by the perimeter of the base. 
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Proposition III. Theorem. 
526. Two prisma are equal if the three faces incladlng 
a trihedral angle of the one he respectively equal to the three 
corresponding faces including a trihedral angle of the other ^ 
and similarly placed. 




Let AD.AGyAJ, be respectively equal to A' ly^ 

A' J', and similarly placed. 

We are to prove prism AI = prism A' /'. 

Now trihedral Z. A= trihedral Z A', § 492 

{two trihedral 8 are equals when the three face A of the one are equal respec- 
tively to the three face A of the other and are similarly placed). 

Apply trihedral Z. A t'o trihedral /.A', 

Then the base A D will coincide with the base A' />', 

face A G with A' G', 

and face A J with A' J* ; 

.-. FG will coincide with F G', and FJ with F J', 

.'.the upper bases, FI and F' I', will coincide, 
(being equal polygons, since they are equaZ to^the equ4il loioer baMs). 

.'. the remaining edges will coincide, 
(their extremities being the same points). 
.'. the prisms will coincide and be equal. . 

Q. E. D. 

527. Corollary 1. Two truncated prisms are equal, if 
the three faces including a trihedral of the one be respectively- 
equal to the three faces including a trihedral of the other, and. 
be similarly placed. 

528. Cor. 2. Two right prisms having equal bases and 
altitudes are equal. If the faces be not similarly placed, if one 
be inverted, the faces will be similarly placed and the prisms can 
be made to coincide. 
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Proposition IV. Theorem. 

529. An oblique prism is equivalent to a right prism 
whose bases are equal to right sections of the oblique prism y 
and whose altitude is equal to a lateral edge of the oblique 
prism. 

F' 




B C 

Let A jy he an oblique prism, and FI a light section. 

Complete the right prism F 1', making its edges equal to 
those of the oblique prism. 

We are to prove oblique prism A D' =^ right prism FI'. 

In the prisms A I and A' /' 

trihedral Z.A= trihedral Z A', § 492 

(JLioo trihedraJs are equal when three face A of the mie are respectively equal 
to three foAX A of the other, and are similarly placed), 

Now face il Z> = face A' D*, § 505 

{being the two bases of the oblique prism A D') ; 

face AJ=^ face A' J\ Cons. 

and face A G "= face A' G', Cons. 

.-. prism AI= prism A' /', § 527 

{puso truncated prisms are equal when the three faxxs including a trihedral 
of the one are respectively equal to the three faces including a trihedral 
of the other, and are similarly placed). 



To each of these equal prisms add the prism FJy. 
Then oblique prism AD' ^^ right prism FT. 



aE. D. 
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Proposition V. Theorem. 
630. Any two opposite faces of a parallelepiped are 
equal and parallel. 




Let AG be a paiallelopipecL 
We are to prove faces A F and D G equal and parallel. 

Since il C is a O, §517 

A B and DO aie equal and II lines. § 125 

Also, since A If ia & O, § 505 

A E and DH are equal and II lines. § 125 

.'.Z EAB=-Z HD C, § 462 

{pwo A not in the Mme plane hewing their sides II and lyiTig in the same 
direction are equal), 

.-. fsLceAF^ face DG. § 140 

Moreover, face il i^ is II to 2> ^, § 463 

(if two A not in the eame plane have their sides II and lying in the same 
direction (heir planes are parallel ). 

In like manner we may prove A H and B G equal and par- 
allel. 

Q. E. D. 

531. Scholium. Any two opposite faces of a parallelo- 
piped may be taken for bases, since they are equal and parallel 
parallelograms. 
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Proposition VI. Theorem. 

53^. The plane passed through two diagonally opposite 
edges of a parallelopiped divides the parallelopiped into two 
equivalent triangular prisms, 

H, G 




Let the plane A EGO pass throuffh the opposite edges 
. A E and C G of the parallelopiped A G, 

We are to prove ikaJt the paralldopiptd AG is divided info 
two equivalent triangular prisms^ A B C-F, and A B C-H. 

Let IJKL be a right section of the parallelopiped made 
by a plane J. to the edge A E, 

The intersection IK of this plane with the plane A EGG 
is the diagonal of the O IJKL. 

.\AIKJ = AIKL §133 

But prism A B C-F is equivalent to a right prism whose 
base \a UK and whose altitude is A E, § 529 

{any oblique prism is 'f^ to a rigM prism whose bases are equal to right sec- 
tions of the oblique prism, and whose altitude is equal to a lateral edge 
of the oblique prism). 

The prism A D C-H is equivalent to a right prism whose 
base is ILK, and whose altitude ia AE. § 529 

"Now the two right prisms are equal, § 528 

(two right prisms having eqical bases and altitudes are equal). 



ABC'F^ADC-H. 



Q. E. D. 
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Proposition VIL Theorem. 

533. Two rectangular parallelopipeds having equal bases, 
are to each other a^ their altitudes. 



B 



P' 



A 



L 



7 L 



1^ i 



7 



7 



1 



Let AB and A'B' be the altitudes of the two rectang^a- 
Jar parallelopipeds, P, and Py having equal bases. 

m 4 P AB 

We are to prove — = . 

^ P A'P 

Case I. — When A B arid A* JEf art eommensurabfe. 

Find a common measure m, of AB and A^ Bf, 

Suppose m to be contained m ABh times, and in A' Bf 

3 times. 

AB f> 
A'P'^Z' 

At the sevei-al points of division on il^ and A' Bf pass 
planes ± to these lines. 

The parallelopiped P will be divided into 5, 

and F into 3, parallelopipeds equal, each to each, § 528 
{pwo right prisms having eqtuU hoses and altitudes are equal). 

*'P A'P' 



Then we have 



Then 
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D 



Case II. 



^ 



Wliem. A B arid A' B' are incamtneTisurable, 
Bm^ 



s 



V2f\ 



^ 



2 



^ 



^ 



^ 



s 



:^ 



\. 



Let A B be divided into any number of equal parts, 
and let one of these parts be applied to ^'^' as many times 
9A A' B' will contain it. 

Since A B and A^ B' are incommensurable, a certain number 
of these parts will extend from ^' to a point D, leaving a re- 
mainder 2> B' less than one of these parts. 

Through I) pass a plane J. to A' B', and denote the parallel- 
opiped whose' base is the same as that of jP, and whose altitude 
i&A'Dhj.Q. 

Now, since A B and il' jD are commensurable, 

Q:P^A'DiAB. (Case I.) 

Suppose the number of parts into which il ^ is divided to 
be continually increased, the length of each part will become less 
and less, and the point D will approach nearer and nearer to B', 

The Hmit of Q will be P', 

and the limit of A' D wiU be A' ^', 

.-. the limit of © : P will be P' : P, 

and the limit oi A* D : il ^ will be A' B' : A B, 

Moreover the corresponding values of the two variables Q : P 
and A' D : A B are always equal, however near these variables 
approach their limits. 

.-. their Hmits P \ P-=- A' Bf \ AB. § 199 

a E. dl 

634. Scholium. The three edges of a rectangular parallelo- 
piped which meet at a common vertex are its dimensions. Hence 
two rectangular parallelopipeds which have two dimensions in 
common are to each other as their third dimensions. 
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Proposition VIII. Theorem. 

535. Two rectangular parallelopipeds having equal altU 
ludes are to each other as their bases. 




Let a, b, and c, and a\ bf^c^he the three dimensions re- 
spectively of the two rectangular parallelopipeds 
P and F. 

We are to prove — = . 

Let Q be a third rectangular parallelopiped whose dimen- 
sions are a'y b and c. 

Now Q has the two dimensions b and c in common with P, 
and the two dimensions a' and c in common with F. 

Q" a'' 

{two rectangular parallelopipeds which have tvoo dimensions in cominon are 
to each other as their third dimensions) ; 

F y' 

Multiply these two equalities together ; 
P aXb 



Then 



and 



§534 



§534 



then 



P' a' X bf 



Q. E. D. 



536. Scholium. This proposition may be stated thus : two 
rectangular parallelopipeds which have one dimension in common 
are to each other as the products of the other two dimensions. 
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Proposition IX. Theorem. 

537. Any two rectangular parallelopipeds are to each 
other as the products of their three dimensions. 




Let a, b, c, and a,' I/, dy be the tJbree dimensions respec- 
tively of the two rectangular parallelopipeds P 
and P. 

Wearetoj^ _==_^^^^^. 

Let Q be a thiid rectangnlar parallelopiped whose dimen- 
sions are a, 6, and cf. 

Then J = ^, §534 

(two rectangular parallelopipeds which have two dimengians in common are 
to each other as their third dimensions) ; 



and 



Q 



aXb 



§536 



P" a'Xhf 

{tioo-rectangular parallelopipeds which have one dimenMon in common are to 
each other as the products of their other two dimensions). 

Multiply these equalities together; 



then 



aXhXc 
a'Xh^Xcf' 



Q. E. D. 
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Proposition X. Theorem. 
5*38. The volume of a rectahgular parailelopiped is equal 
to the product of its three dimensions ^ the unit of volume being 
a cube whose edge is the linear unit. 



^m. 



m 



w 



Let a, h, and e be the three dimensions of the rectan- 
gular parallelopiped F, and let the cube U be the 
unit of volume. 

We are to prove volume of P = aXbX c. 
P aXbXc 



But 



u 1 X 1 X r 

r- is the volume of P ; 



§537 
§500 



.'. the volume of P = aX bX r, 

Q. E D. 

539. Corollary I. Since a cube is a rectangular parallelo- 
piped having its three dimensions equal, the volume of a cube is 
equal to the third pouter of its edge. 

540. Cor. II. The product aXb represents the base when 
c is the altitude ; hence : The volume of a rectangtUar parallelo- 
piped is equal to the product of its base by its altitude, 

641. Scholium. When the three dimensions of the rer- 
tangular parallelopiped are each exactly divisible by the linear 
unit, this proposition is rendered evident by dividing the soliil 
into cubes, each equal to the unit of volume. Thus, if the three 
edges which meet at a common vertex contain the linear unit 
3, 4 and 5 times respectively, planes passed through the, several 
points of division of the edges, and perpendicular to them, will 
divide the solid into cubes, each equal to the unit of volume ; 
and there will evidently be 3 X 4 X 5 of these cubes. 
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Proposition XL Theorem. 

542. The volume of any parallelopiped is equal to the 
product of its base by its altitude. 
G 




KB J 

Let ABC D'F he a parallelopiped having all its faces 
oblique, and H R its altitude. 

We are to prove ABC DF= ABC D X H R. 

By making the right section H I J N and completing the 
parallelopiped HIJ N-GLKM we have a right parallelopiped 
equivalent to, ^ ^ C D-F. § 529 

(an oblique prism is equivalent to a right prism whose base is a right section 

of the oblique prism and whose altitude is equal to a lateral edge of 

the oblique prism). 

Through the edge IL make the right section ILPO, and 
complete the right parallelopiped ILP O-HGQ R, and we have 
a rectangular parallelopiped equivalent to HUNG LKMy§529 

and hence equivalent to A B C D-F. 

l!^ow O ILGH^n EFGH, §322 

O0PQR = (niLGH) = nJKMN] §530 

and n ABCD^EJ EFGH, § 5C0 

.\EJ OPQR^O ABCD, 

Moreover, the three parallelepipeds have the common alti- 
tude HR. 

But OPQR-ILGH=-OPQRXHR', § 540 ' 

.-. ABCD-F^ABCD X HR. 

Q. E. D. 
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Proposition XIL Theorem. 
543. The volume of any prism is equal to the product 
of its hose by its altitude. 




Case I. — When the baee is a triangle. 
Let V denote the volume, B the base, and R the 
altitude of the triangular prism AEC-E'. 
We are to prove V=BXH. 

Upon the edges A £, EC, EE\ construct parallelopiped 
AECD-E. 

Then AEC-E'^\AEG BE', § 532 

(fhe plane passed throiigh two diagtmally opposite edges of a parallelopiped 
divides it into two equivalent triangular prisms), 

and AEC=\AECD. §133 

But AECD-E' = 2 ^ X ^, § 542 

(Me volume of any parallelopiped is equal to the product of its Ixise by its 

altitude). 

.-. r=i{2BX H) = BX ff. 

Case II. — WTien the base is a polygon of more than three sides. 

Planes passed through the lateral edge A A', and the several 
diagonals of the base will divid,e the given prism into ..triangular 
prisms, 

which have for a common altitude the altitude of the prism. 

Hence, the volume of the entire prism is the product of the 
sum of their bases by the common altitude ; 

that is the entire base by the altitude of the prism. 

Q. E. D. 

544. Corollary. Prisms having equivalent bases are to 

. each other as their altitudes ; prisms having equal altitudes are 

to each other as their bases; and any two prisms are to each 

other as the product of 'their bases and altitudes. Any two 

prisms having equivalent bases and equal altitudes are equivalent 
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Proposition XIII. Theorem. 
545. The four diagonals of a parallelopiped bisect each 

H 



Let AG, EC, BH, and FD, be the fonr diagonals of 
the parallelopiped A G. 
We are to prove these fovr diagonals bisect each other. 

Through the opposite and il edges A E and G G pass a plane 
intersecting the li hases in the li lines A C and E G. 

The section ACGEia&O, 

(having its opposite sides II ) ; 

.*. its diagonals AG and EG bisect each other in the 
point 0, § 138 

In like manner a plane passed through the opposite and II 
edges FGdHidiAD will fomi a O il FG D, 

whose diagonals A G and F D will bisect each other in the 
point 0, § 138 

Also, a plane passed through the opposite and II edges E U 
and ^C will form a O EBGH, 

whose diagonals E C and B H will bisect each other in the 
point 0. 

m\ the four diagonals bisect each other at the point 0, 

Q. E. D. 

546. Corollary. The diagonals of a rectangular parallelo- 
piped are equal. 

547. Scholium. The point 0, in which the four diagonals 
intersect, is called the centre of the parallelopiped ; and it is evi- 
dent that any straight line drawn through the point and" 
terminated by two opposite faces of the parallelopiped is bisected 
at that point. Hence is the centre of symmetry. 



302 



GEOMETRY. 



-BOOK VII. 



On Pyramids. 

548. Def. a Pyramid is a polyhedron one of whose faces 
is a polygon, and whose other faces are triangles having a com- 
mon vertex and the sides of the polygon for bases. 

' 549. Def. The Base of a pyramid is the face whose sides 
are the bases of the triangles having a common vertex. 

550. Def. The Laieral faces of a pyramid are all the &ces 
except the base. 

551. Def. The Lateral 9urface of a pyramid is the sum of 
its lateral faces. 

552. Def. The Lateral edges of a pyramid are the intersec- 
tions of its lateral faces. 

553. Def. The Ba^al edges of a pyramid are the intersec- 
tions of its base with its latei*al faces. 

554. Def. The Vertex of a pyramid is the common vertex 
of its lateral faces. 



555. Def. The AUUude of a 
pyramid is the perpendicular distance 
from its vertex to the plane of its 



Thus, V-A B C DJSis a pyramid ; 
ABCDFisitshase; A VB.BVC, 
etc. are its lateral faces, and their sum 
is its lateral surface ; VA, VB, etc. 
are its lateral edges ; A B, BC, etc. 
its basal edges ; V is its vertex ; TO is its altitude. 
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556. Def. a Regular pyramid is a pyramid whose base is 
a regular polygon, and whose vertex is in the perpendicular to 
the base at its centre. 

657. Def. The AocU of a regular pyramid is the straight 
line joining its vertex with the centre of the base. 

558. Def. The Slant height of a regular pyramid is the 
altitude of any lateral face. 

559. Def. A pyramid is triangular, quadrangvlar, pentan- 
gular, etc. according as its base is a triangle, quadrilateral, 
pentagon, etc. A triangular pp*amid formed by four faces (all 
of which are triangles) is a tetrahedron. 

560. Def. A Truncated pyramid is 
the portion of a pyramid included be- 
tween its base and a section cutting all 
its lateral edges. 

561. Def. A Frustum of a pyramid 
is a truncated pyramid in which the cut- 
ting section is parallel to the base. 

562. Def. The base of the pyramid 

is called the Louder hoM of the frustum, and the parallel sec- 
■ tion, its Upper hose, 

563. Def. The Altitude of a frustum is the perpendicular 
distance between the planes of its bases. 

564. Def. The lateral faces of a frustum of a regular pyra- 
mid are the trapezoids included between its bases ; the lateral 
surface is the sum of the lateral faces ; the Slant height of a 
frustum of a regular pyramid is the altitude of any lateral face. 
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Pbofosition XIV. Theobem. 

565. If a pyramid be cut hy a plane parallel to %t% base, 
I. TAe edge9 and altitude are divided proportionally ; 
II. The section is a polygon similar to the base. 
VI V 




Let the pjmmid V-A BG D Ey whose altitude is VO, 
be cut by a plane ahcde parallel to its base, in- 
teisecting the lateral edges in the points a, 6, c, d, e^ 
and the altitude in o. 

We are to prove 

VA'' VB VO' 

II. The section ahcde similar to the base ABODE. 
L Suppose a plane passed through the vertex V II to the base. 

Then the edges and the altitude will be intersected by three 
II planes. 

. Va Vh Vo 

"VA^VB Yd' 

(if straight lines be intersected by three II planes, their corresponding segments 
are proportional). 

IL The sides ah, he etc are parallel respectively to AB, BC, 

etc., § 465 

{the intersections of II pUmes by a third plane are II lines) ; 

.'. A ahc, hcd etc are equal respectively to A ABC, 

BCD etc., §462 

(if two A not in the same plane have their sides respectively II and lying in 

the same direction, they are eqwaX). 

•'• the two polygons are mutually equiangular. 



§469 



PYRAMIDS. 305 

Also, since the sides of the section are II to the correspond- 
ing sides of the base, 

A Vaby Vbc etc. are similar respectively to A VAB^ 
VBC etc. 

. ab (Vb\ be (Vc\ cd . 
• "TB^ Wb) ^BO^yVc) ^'GD 
.'. the polygons have their homologous sides proportional ; 
.'. section abcdeh similar to the base ABODE, § 278 

Q. E. D. 

566. CoBOLLABT 1. Any section of a pyramid, parallel to 
its base is to the base as the square of its distance from the ver- 
tex is to the square of the altitude of the pymmid. 

Since Z±^Ul\-1^ 

VO \V£J A 



B 



Squaring YJ^^T^- 



ab cd e ab 

{grmUar polygons are to each other as the squares of their homologous sides), 

a b c d e V o 
''' ABCDB^Yd^' 

567. Cob. 2. If two pyramids having equal altitudes be cut 
by planes parallel to their bases, and at equal distances from 
their vertices, the sections will have the same ratio as their bases. 



For 



ab c d e V o 



ABODE Y(?" 

*^^ A'BfC^rO^' 

. Now, since Vo = FV , and V0= PC, 

abcdeiABODE: : a'b'd : A'B' C. 
Whence a6cef«:a'6V: -, ABO D E \ A' Bf C § 262 
568. Cob. 3. If two pyramids have equal altitudes and 
equivalent bases, sections made by planes parallel to their bases 
and at equal distances from their vertices are equivalent. 
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Proposition XV. Theobem. 
569. The lateral area (f a regular pyramid i% equal to 
one-half the product of the perimeter of its base by its slant 
height. y 




Let V'ABCDE be a regnlar pjnamid, and VH its 
slant height. 

We are to prove the mim of the faces VABy VB (7, etc. = ^ 
(ii^ + ^C, etc.)X VH. 

Now AB = BC==CD, etc., § 363 

(being sides of a rerjular polygon). 

VA^VB=- rC,etc., § 450 

(cblique lines drawn from any point in a ± to a plane at eqiuU distances 
from the foot oftheJL are equal). 

.'. A VA By VBCy etc. are equal isosceles A, § 108 

whose bases are the sides of the rep^ular polygon and whose 
common altitude is the slant height V£f. 

Now the area of one of these A, as VA -B,= J base AB X 
altitude VH, § 324 

.*. the sum of the areas of these A, that is, the lateral area 
of the pyramid, is equal to ^ the sum of their bases 

{AB + BC+ CD, etc.) X VH. 

aE.D. 

570. Corollary 1. The lateral area of the frustum of a 
regular pyramid^ being composed of trapezoids which have for 
their common altitude the slaiU height of the frustum, is equal to 
one-half the snim of the perimeters of the bases multiplied by the 
slant height of the frustum. 

571. Cor. 2. The dihedral angles formed by the intersec- 
tions of the lateral faces of a regular pyramid- are all equal. § 492 
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Proposition XVI. Theorem. 
572. Two triangular piframids having equivalent bases 
and equal altitudes are equivalent. 



S' 




Let S-ABC and S'-A' B' €' be two triangular pyramids 
having equivalent bases ABC and A' B'C situated 
in the same plane, and a common altitude A X. 
We are to prove 8-ABC ^ S-A' B C. 
Divide the altitude A X into a number of equal parts, 
and through the points of division pass planes II to the 

planes of their bases, intersecting the two pyramids. 

In the pyramids S-ABC and S'-A' B' C inscribe prisms 

whose upper bases are the sections D E'F^ G H I^ etc., B' E' F^ 

G'^'/', etc. 

The corresponding sections are equivalent, § 568 

(ff two pyramids have equal altitudes and equivalent bases, sections made by 
planes 11 to their bases and at equal distances from their vertices are 
equivalent). 

,\ the corresponding prisms are equivalent, § 544 

{prisms having equivalent basses and equal altitudes are equivalent). 

Denote the sum of the prisms inscribed in the pyramid 
S-A B C, and the sum of the corresponding prisms inscribed in 
the pyramid S'-A* B C hj V and V respectively. 

Then F= P. 

' Now let the number of equal parts into which the altitude 
A X IB divided be indefinitely increased ; 

The volumes F and F' are always equal, and approach to 

the pyramids S-A B C and S'-A' B' C respectively as their limits. 

Hence S-A B C =^ S'-A' B' G'. § 1 99 

Q. E. D. 



308 GBOMETBY. BOOK VH. 

Proposition XVII. Theorem. 
573. The volume of a triangular pyramid is equal to one^ 
third of the product of its base and altitude. 




Let S-ABC he a tiiang^alar pyramid, and Hits altitude. 

We are to prove S-AB C *= \ A B C X H. 

On the base ABC construct a prism ABC-SED, having its 
lateral edges W to SB and its altitude equal to that of the pyramid. 

The prism will be composed of the triangular pyramid 
8 A B C and the quadrangular pyramid SA C D E. 

Through SA and SD pass a plane SAD. 

This plane divides the quadrangular pyramid into the two 
triangular pyramids, S-A CD and S-A ED , which have the same 
altitude and equal bases. § 133 

.'.SAC Do^ S-A ED, §572 

{two triangular pyramids having equivalent hoses and equal attitudes are 
equivalent). 

Now the pyramid S-A E D may be regarded as having 
ESD for its base and A for its vertex. 

.-. pyramid SAED^ pyramid 8-A BC, § 572 

{having equal hoses SED and ABC and the same altitude). 

.'. the three pyramids into which the prism A B C-S E D is 
divided are equivalent. 

/. pyramid S-A BCis equivalent to J of the prism. 

But the volume of the prism is equal to the product of its 
base and altitude ; § 543 

.\SABC = ^ABCX H. 

Q. E. D. 
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Proposition XVIII. Theorem. 
574. The volume of any pyramid w equal to one-third 
the product of its base and altitude. 




Let S'ABC DE he any pyi&mid* 

We are to prove S-ABCDE=^\ ABODE X SO, 

Through the edge S D, and the diagonals of the base DA, 
DBy pass planes. 

These divide the pyramid into triangular pyramids, whose 
bases are the triangles which compose the base of the pyramid, 

and whose common altitude is the altitude SO of the 
pyramid. 

The volume of the given pyramid is equal to the sum of the 
volumes of the triangular pyramids. 

But the sum of the volumes of the triangular pyramids is 

equal to J the sum of their bases multiplied by their common 

altitude, § 573 

{the volutm of a triangular pyramid is eqtial to one-third the prodtict of its 

base and altittuie), 

that is, the volume of the pyramid S-A BODE = J 
ABODExSO. 

Q. E. D. 



575. Corollary. Pyramids having equivalent bases are to 
each other as their altitudes ; pyramids having equal altitudes 
are to each other as their bases. Any two pyramids are to each 
other as the products of their bases and altitudes. 

576. Scholium. The volume of any polyhedron may be 
found by dividing it into pyramids, and computing the volumes 
of these pyramids separately. 



310 



GEOMETBT. — BOOK Vn. 



Proposition XIX. Theorem. 

577. Two tetrahedrons having a trihedral angle of tke 
one equal t-o a trihedral angle of the other are to each other as 
the products of the three edges of these trihedral angles. 




Let V and V denote the volumes of the two tetrs^ 
hedrons DABC, ly-AB'C', having: the txihedrad A 
ot the one equal to the trihedral A of the other, 

^ , V ABX ACXAD 

Wearetoprove y,- j,^. ^ j,^, ^ j, jy ' 

Place the tetrahedrons so that their equal trihedral A shall 
be in coincidence. 

Consider ABC and A B' C the bases of the two tetrahe- 
drons, 

and from D and ly draw B and D' 0' ± to the base ABC, 

Now L - ^^^X^^ _ ^^^7 DO .... 

V ~' A B' C X D' 0' '" A B' C'^ 1> C' ^ 

{any two pyramids are to each other as the prodtids of their bases and 

altitudes). 



But 



and 



ABC 
AB'O 



ABX AC 



AB'XAC 
DO AD 



D' 0' AD'' 
{being homologous sides of the similar ^ADO and A jy 0^), 



§341 
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ABX ACXAD 
AB'XAC'XAD*' 



Q. E. D. 
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Exercises. 

1. Given a cubical tank holding one ton of water ; find its 
length in feet, if a cubic foot of water weigh 1000 ounces. 

2. At 1 7 cents a square foot, what is the cost of lining with 
zinc a rectangular cistem 5 fb. 7 in. long, 3 ft. 1 1 in. broad, 2 ft. 

8 J in. deep ? 

3. Find the side of a cubical block of cast iron weighing a 
ton, if iron weigh 7.2 as much as water, and a cubic foot of 
water weigh 1000 ounces. 

4. How many cubic ^ards of gravel will be required for a 
walk surrounding a rectangular lawn 200 yards long, and 100 
yards wide ; the walk to be 3 feet wide and the gravel 3 inches 
deepi 

5. The volume of a rectangular solid is the sum of two cubes 
whose edges are 10 inches and 2 inches respectively, and the 
area of its base is the difference between 2 squares whose sides 
are 1^ feet and 1| feet respectively ; find its altitude in feet. 

6. A rectangular cistem whose length is equal to its breadth is 
22 decimetres deep, and contains 10 tonneaux of water ; find its 
length. 

7. Given a regular prism whose base is a regular hexagon in- 
scribed in a circle 6 metres in diameter, and whose altitude is 
8.7 metres ; find the number of kilolitres it will contain, if the 
thickness of the walls be 1 decimetre. 

8. A pond whose area is 11 hectares, 21 ares, 22.2 centares, 
is covered with ice 21 centimetres thick. Wliat is the weight of 
this body of ice in kilogrammes, the weight of ice being 92 % 
that of water. 

9. Given two hollow oblique prisms, whose interior dimen- 
sions are as follows : the area of a right section of the first is 18 
sq. ft., of the second 2.1 sq. metres ; a lateral edge of the first is 

9 ft., of the second 2.1 metres ; find the volume of each in cubic 
yards, cubic metres, cubic decimetres, and cubic centimetres; 
find the capacity of each in gallons and litres, in bushels and 
hectolitres ; and find the weight of water in pounds and in kilo- 
grammes, required to fill each prism. 
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Proposition XX. Theorem. 

578. TheftMium of a triangular pyramid w equivalent 
to the sum of three pyramids whose common altitude is the 
altitude of the frustum and whose bases are the lower base, 
the upper base, and a mean proportional between the two bases 
of the frustum. -^ 




Let B and b denote the lower and upper bases of the 
frustum ABC-DEFy and H its altitude. 

Through the vertices A^ E, G and Ey i>, C pass planes 
dividing the frustum into three pyramids. 

Now the pyramid E-A B C has for its altitude H, the alti- 
tude of the frustum, and for its hase By the lower base of the 
frustum. 

And the pyramid C-EDFhas for its altitude H, the alti- 
tude of the frustum, and for its base b, the upper base of the 
frustum. Hence, it only remains 

To prove E-A D C equivalent to a pyramid, having for its 
altitude H, and for its base ^B X b, 

E-A B C and E-A D C, regarded as having the common ver- 
tex C, and their bases in the same plane B D, have a common 
altitude. 

.\E-ABG lEADC iiAAEB'.AAED. § 575 

(pyramids having equal altitudes are to each other as their bases). 

Now since the AAEB and A ED have a common altitude, 
(that iSf the altitude of the trapezoid A B ED), 

we have A A E B : A AE D : \ AB \ DEy §326 
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.\E-ABC:E-ADC I .ABiDE. 

• In like manner E-A D C and E-DFC, regarded as having 
the common vertex E and their hases in the same plane D (7, 
have a common altitude. 

.\E~ADC lE-DFC '.:AADC :ADFC. § 575 

But since the A A DC and DEC have a common altitude, 
{the altUvde of the trapezoid ACFD), 

we Have A A DC : A D EC : : AC : DF. §326 

Now . AZ)i^/'i8similarto A A^C, §565 

(the section of a pyramid made by a plaiie II to the hose is a polygon similar 
to the iHise); 

.'.ABiDE: :AC :DF. § 278 

.-. E-ABC :E-ADC : : EADC\ EDFC, 
Now E-ABC =^\HXB, §573 

and EDFC=C'EDF=^HXb, §573 

.-. E'ADC= yJ\HX BX\HXb = \H \Jbx1>, 

Q. E. D. 

579. Corollary 1. Since the volume of the frustum is de- 
noted by F, the lower base by B, the upper base by 6, and the 
altitude by H, 

we have V^lHXB + ^HXh-^-^HX ^TXh 

^\HX{B+h'\- yjTTxl)), 

580. CoR. 2. The frustum of any pyramid is equivalent to 
the sum of three pyramids whose commx)n altitude is the altitude 
of the frustum, and whose bases are the lower base, the upper base, 
and a m^ean proportional between the bases of the frustum, 

For the frustum of any pyramid is equivalent to the corre- 
sponding frustum of a triangular pyramid having the same alti- 
tude and an equivalent base (§ 578) ; and the bases of the frustum 
of a triangular pyramid being both equivalent to the correspond- 
ing bases of the given frustum, a mean proportional between the 
triangular bases is equivalent to a mean proportional between 
their equivalents. 
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Proposition XXI. Theorem. 

581. A truncated triangular prUm is equivalent io the 
sum of three pyramids whose common base is the base of the 
prism, and whose vertices are the three vertices of the inclined 
section. 



F 




Let A B CD E F he a, truncated tiiangular piism whoso 
hase is ABCf and inclined section D E F, 

We art to prove A B C-DEF^^ three pyramids, E-A B (7, 
D-ABC andF-ABC, 

Pass the planes A EC and DECy dividing the truncated 
prism into the three pyramids E-A B C, E-A C By and EC D F. 

Now the pyramid E-ABC has the base ABC and the 
vertex E. 

E-ACD^B'ACD, §574 

{for they have the fame base ACD and the same altitude, since their vertices 
E and B are in the line EBWtothe hase A CD), 

But pyramid B-A CD, which is equivalent to pyramid 
E-A C D, may be regarded as having the base ABC and the 
vertex D, 

Again, EC DF^B-ACF, 

for their bases CDF and AC F,m the same plane, are 
equivalent, § 325 

{for the ^ CDF and A CFhave the common hase CF and equal altitudes, 
their vertices lying in the line ADWto CF), 
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Moreover, EC D F and B-A C F have the same altitude, 

(^7k» their vertices E and B are in the line EB W to the plane of their 
baaes A CDF), 

But the pyramid B-A C F may be regarded as having the 
base ABC and the vertex F. 

/. the truncated triangular prism A B C-D EFia equivalent 
to the three pyramids E-ABC, D-ABC, and F-ABC. 

a e.'d. 
E 




582. Corollary 1. The volume of a truncated right tri- 
angular prism is equal to the product of its base by one-third 
the sum of its lateral edges. For the lateral edges DA, EB, 
FCf being perpendicular to the base, are the altitudes of the 
three pyramids whose sum is equivalent to the truncated prism. 
And, since the volume of a pyramid is one-third the product of 
its base by its altitude, the sum of the volumes of these pyramids 
=-ABCX^{I)A + EB + FC). 

683. Cor. 2. The volume of any truncated triangular prism 
is equal to the product of its right section by one-third the sum 
of its lateral edges. 

For let A B C-A' B' C be any truncated triangular prism. 
Then the right section DBF divides it into two truncated right 
prisms whose volumes q.tqDEFX\{AD+ BE + C F) and 
DEFX\{A'D'\- B'E+ OF), 

Whence their som\a D E F X \ {A A' '\' B B* ■\- C C). 
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Exercises. 

1. Given a pyramid whose base is a rectangle 80 feet by 60 
feet, and whose lateral edges are each 130 feet ; find its volume, 
and its entire surface. 

2. Given the frustum of a pyramid whose bases are hepta- 
gons ; each side of the lower base being 10 feet, and of the upper 
base 6 feet, and the slant height 42 feet ; find the convex surface 
in square yards. 

3. Given a stick of timber 30 feet long, the greater end being 
18 inches square, and the smaller end 15 inches square ; find its 
volume in cubic feet. 

4. Given a stone obelisk in the form of a regular quadrangular 
pyramid, having a side of its base equal to 25 decimetres, and its 
slant height 12 metres. The stone weighs 2.5 as much as water. 
What is its weight in kilogrammes 1 

6. Given the frustum of a pyramid whose bases are squares ; 
each side of the lower base being 35 decimetres, each side of the 
upper base 25 decimetres, and the altitude 15 metres ; find its 
volume in steres. 

6. Given a right hexagonal pyramid whose base is inscribed 
in a circle 30 feet in diameter, and whose altitude is 20 feet ; 
find its convex surface, and its volume. 

7. Given a right pentagonal pyramid whose base is inscribed 
in a circle 20 feet in diameter, and whose slant height is 30 feet ; 
find its convex surface, and its volume. 

8. Find the difference between the volume of the frustum of 
a pyramid, and the volume of a prism of the same altitude whose 
base is a section of the frustum parallel to its bases and equidis- 
tant from them. 

9. Given a stick of timber 32 feet long, 18 inches wide, 15 
inches thick at one end, and 12 inches at the other; find the 
number of cubic feet, and the number of feet board measure it 
contains. Find equivalents for the results in the metric system. 
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On Similar Polyhedrons. 

584. Def. Similar polyhedrons are polyhedrons which 
have the same form. They have, therefore, the same number of 
faces, respectively similar and similarly placed, and their corre- 
sponding polyhedral angles equal 

685. Dep. Homologous faces, lines, and angles of similar 
polyhedrons are faces, lines, and angles similarly placed. 




I. The homologous edges of similar polyhedrons are pro- 
portional. 

Since the faces SAB, SA C, SB C and ^ ^ C are similar 
respectively to S' A[ B', 8 A' C, S' B' C and A' B' C, we have 



^^^^Al etc 
S'A^'^S'B' A'B'' 



§278 



II. Any two homologous faces of similar polyhedrons are 
proportional to the squares of any tioo homologous edges, 

^2 FiAC Sl3^ SBC 

342 



SAB 

Thus, ^,^,^, = 



SA' 



'SA'G'^WC^ S'B'C 



III. The entire surfaces of tvfo similar polyhedrons are pro- 
portional to the squares of any two liomx)Logous edges, 

SAB SAC 



Thus, since 



, , etc.. 



SAB + SA C, etc. SAB 



8A'B' + SA'C', etc. S' A' B ^^ 



= ,£i!. § 266 
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Proposition XXII. Theorem. 

586. Two similar polyhedrons may he decomposed into 
the same number of tetrahedrons similar, each to each, and 
similarly placed. 




Let ABGDEOPQRS and A' B' C ly E'-(y P Q B! S' be 
two similar polyhedrons of which P and P* are 
homologous vertices. 

We are to prove that A BCD E-OPQRS and A'BfC'DE'' 
(y P Of R' Sf can be decomposed into the same number of teU^ahe- 
drons similar and similarly placed. 

JUaiyn [|iP*^jj^|)jjlinj«M»ft in the same plane, having fsg^ two 
homologous *ed^, sm- A B and A* B II and lying in the same 
direction. 

On any two corresponding faces not adjacent to P and P', 
as ABODE and A' B' C D E', from two homologous vertices, 
as E and E\ draw diagonals dividing these faces into A, similar 
and similarly placed. 

From the homologous vertices P, P* of the polyhedrons 
draw straight lines to the vertices of these A. 

Eepeat this constniction for each of the faces not adjacent 
to P, P'. 

Then the polyhedrons will be divided into the same number 
of tetrahedrons \ 

that is, into as many tetrahedrons as there are A in these 
faces. 



f 
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Now, any two corresponding tetrahedrons, as P-A B E and 
P*-A' B' E', are similar ; 

for the faces EAB and FAB axe similar respectively to 
the faces E' A' B' and P' A' B', § 294 

ifrntig similarly situated A of similar polygons). 

In the A PBE and P* B' E 

P^ is II to P' B', and B E to B' W, 
(since they make equal A respectively with the II lines A B and A'B*) ; 

.\ZFBE-=Z FB'E,- §462 

(tVH) A not in the same plane having tlieir sides II and lying in the sams 
direction are equul) ; 

and ■ ll=(AA)^l^. §278 

F'B' \A'B7 B' E ^ 

.'. face F BE is similar to face F B' E. § 284 

Also, in the A P ^ ^ and F' A' E 

PE _ (FB\ _FA^__ ( AB \ _ AE_ - gTg 
F* E '~\P B') '^ F' A' ''\A' B') ^ A' E' ^ 

(being homologous sides of similar A ). 

.-. face P ^ jF is similar to face P' A' E. § 282 

Moreover, since any two corresponding trihedral A of these 
tetrahedrons are formed hy three plane A which are equal, each 
to each, and similarly situated, they are equal. § 492 

.-. F'A B E and F-A' B E are similar. § 584 

In like manner we may show that any other two tetrahe- 
drons similarly situated are similar. 

That is, the two similar polyhedrons have the same number 
of tetrahedrons similar each to each, and similarly situated. 

Q. E. D. 

587. Corollary. Any two homologous lines in two similar 
polyhedrons have the same ratio as any two homologous edges. 



320 



GEOMETRY. — BOOK Vn. 



Pboposition XXIIL Theorem. 
588. Similar tetrahedrom are to each other ae the cubes 
of their homologous edges. 




Let SB CD and S'-B^ C ly be two simUar tetrahedrons 
having for bases the similar faces BCD and B* CD', 
and for alUtndes SO and S' 0'. 



We are to prove 



SB CD 



BG^ 

S'-B'C'D'" 5r^/«' 



Apply the tetrahedron S'-B' C D' to the tetrahedron SB CD, 
so that the polyhedral S' shall coincide with S. 

Then the base B' C U wiU be II to the face BCD, 

'''and the ± SO, ± to BCD, will also be ± to B' C D', 
SO' will be the altitude of the tetrahedron SB' C D. 



Now 



S-BCD BCDXSO 



S-B'C'D' B'C'D'XSO'' 



.J^^X^,§575 
' BCD' SO* 



{any tvoo tetrahedrons are to each other as the products of their bases and 

altitvdes). 



Since the bases are similar, 

BCD WC^ 
B'C'D-JsTc^' 



§343 
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Also, --— = — -— , § 587 

{j,n two similar potyhedrmis any Uoo komologatis lines are in (he same ratio 
as any two homMogous edges), 

. SBC D ¥C^ BC £C^ 

Q. E. D. 



589. Corollary 1. Ttoo similar polyhedrcms are to each 
other as the cubes of any ttoo homologous edges. 

For, two similar polyhedrons may be decomposed into tetra- 
hedrons similar, each to each, and similarly placed, of which any 
two homologous edges have the same ratio as any two homolo- 
gous edges of the polyhedrons. And, since any pair of the simi- 
lar tetrahedrons are to each other as the cubes of any two 
homologous edges, the entire polyhedrons are to each other as 
the cubes of any two homologous edges. § 266 

590. CoR. 2. Similar prisms or pyramids are to each other 
as the cubes of their altitudes ; and similar polyhedrons are to each 
other as the cubes of any tufo homologous lines. 



Ex. 1. The portion of a tetrahedron cut oflf by a plane parallel 
to any face is a tetrahedron similar to the given tetrahedron. 

Ex. 2. Two tetrahedrons, having a dihedral angle of one equal 
to a dihedral angle of the other, and the faces including these 
angles respectively similar, and similarly placed, are similar. 

Ex. 3. Given two similar polyhedrons, whose volumes are 1 25 
feet and 12.5 feet respectively ; find the ratio of two homologous 
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On Begulab Polthedbons. 

591. Def. a Regular polyhedron is a polyhedion all of 
whose faces are equal regular polygons, and all of whose polyhe- 
dral angles are equal. 

The regular polyhedrons are the tetrahedroriy octahedron and 
icosahedrony all of whose faces are equal equilateral triangles ; 
the hexahedron^ or cube, whose faces are squares ; the dodecahe- 
drotiy whose faces are regular pentagons. 

Only these five regular polyhedrons are possihle, for a poly- 
hedral angle must have at least three face angles, and must have 
the sum of its face angles less than four right angles, (§ 488). 
Hence: 

I. If the faces he equilateral triangles, polyhedral angles 
may be formed of them in groups of 3, 4, or 5 only, as in the 
tetrahedron, octahedron and icosahedron. Since each angle of an 
equilateral triangle is two-thirds of a right angle, the sum of six 
such angles is four right angles, and therefore greater than a 
convex polyhedral angle. 

II. If the faces be squares, polyhedral angles may be formed 
of them in groups of three only, as in the regular hexahedron-, or 
cube ; since four such angles would be four right angles. 

III. If the faces be regular pentagons, polyhedral angles 
may be formed of them in groups of three only, as in the regular 
dodecahedron ; since four such angles would be greater than four 
right angles. 

IV. "We can proceed no farther ; for a group of three angles 
of regular hexagons would equal four right angles, and of regular 
heptagons, etc., would be greater than four right angles. 
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§ 450 
§492 



Proposition XXIV. Problem. 

592. Given an edge, to construct the five regular poly^ 
kedrons. 

Let A B he the given edge. 

I. Upon AB to construct a regular tetrahedron. 

Upon A B construct the equilateral A 
ABC. § 232 

Find the centre of this A, § 238 
and erect i> JL to the plane ABC. 
Take the point D so that AD = AB. 
Draw DA,DB,DC. 
ABC D is the regular tetrahedron required 
For, the edges are all equal, 
and hence the faces are equal equilateral A. 
and its polyhedral A are all equal 

Q 11. To construct a regular hexahedron. 

Upon the given edge AB construct the 
square ABCD, 

and upon the sides of this square con- 
Cstnict the squares E B, FC, G D, HA ± to 
the plane ABC D. 

Then AGia the regular hexahedrgn required. 

III. To construct a regular octahedron. 

Upon the given edge A B construct 
the square ABC D. 

Through its centre pass a JL to 
its plane ABCD. 

In this ± take two points E and F^ 
one above and the other below the plane, 

so that A E and A F are each equal 
\jo AB. 

Join E and F to each of the vertices of the square. 

Then E ABC B F \% the regular octahedron required. 

For, the edges are all equal, 

and hence the faces are equal equilateral A. 
' And, since the A D EF and D AC are equal, 

D EBF is Si square and the pyramid A-D EJB F ia equal in 
all its parts to the pyramid E-A BCD. 

Hence, the polyhedral A A and E are equal. 

In like manner all the polyhedral A of the figure are equaL 



i 
i 


^ / 

F 
D 




450 
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TV. To constract a regnlar dodecahedron. 

Upon A B construct the regular pentagon ABC DB. § 395 
On each side of this pentagon construct an equal pentagon, 

so inclined that trihedral A shall be formed at ^, B, (7, Z>, JS. 

The convex surface thus formed is composed of six regular 
pentagons. 

In like manner, upon an equal pentagon A' B' C ly E' con- 
struct an equal convex surface. 

Apply one of these surfaces to the other, with their convexi- 
ties turned in opposite directions, so that jP 0* and P* Q' shall 
fall upon PO and P^. 

Then every face Z of the one will, with two consecutive 
face A of the other, form a trihedral Z. 

The solid thus formed is the regular dodecahedron required. 

For, the faces are all regular pentagons, Cons, 

and the polyhedral A are all equal. § 492 

D Z> 




G G' 

V. To constract a regular icosahedron. 

Upon A B construct the regular pentagon ABODE. § 395 
At its centre erect a _U to its plane. 
In this ± take P so that PA=AB. 
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Join P with each of the vertices of the pentagon ; 

thus fonning a regular pentagonal pyramid whose vertex is P, 
and whose dihedral A fonned on the edges PA^PB^PC, etc. 
are all equal. § 571 

Taking A and B as vertices, construct two pyramids each 
equal to the first, and having for bases BP E FG asAAG UC P 
respectively. 

There will thus be formed a convex sur&ce consisting of ten 
equal equilateral A. 

In like manner upon an equal pentagon A' B' C jy E' con- 
struct an equal convex surface. 

Apply one of these surfaces to the other with their convexi- 
ties turned in opposite directions, so that every combination of 
two face A of the one, as jP jy &, P' jy Ef^ shall with a combi- 
nation of three face A of the other, as BC H, BC P^ PC D^ 
form a pentahedral Z. 

The solid thus formed is the regular icosahedron required. 

For, the faces are^all equal ; Cons, 

and the polyhedral 2^ are all equal, § 571 

Q. E. D. 




TETRAHEDRON. 

























EORON. 





ICOSAHEDRON. 



OODEOAHEDRON. 



593. Scholium. The regular polyhedrons can be formed 
thus: 

Draw the above diagrams upon card-board. Cut through 
the exterior lines and half through the interior lines. The fig- 
ures will then readily bend into the regular forms required. 
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Supplementary Propositions. 
Proposition XXV. Theorem. (Euler's.) 
594. In any polyhedron the number of its edges in- 
creased by two is eqnal t^ the number of its vertices itu:reased 
by the number of its faces. 

Let E denote the niunbeTot edges of any polyhedron; 
V the number ol its vertices, F the number ot its 
laces. 

We are to prove jF + 2 = T + /I 

S Beginning: with one face A B CD E^ 

we have E = V, 

Annex a second face SABhj ap- 
plying one of its edges to an edge of 
the first face. 

There is formed a surface having 
one edge A B, and two vertices A and 
^Z> B common to both faces. 
_ .*. whatever the number of the 

^ sides of the new face, the whole num- 
ber of edges is now one more than the whole number of ver- 

.-. fOT2faces^= r+ 1. 

Annex a third face, SBC, adjacent to each of the former. 

The new surface will have two edges SB and B C, 

and three vertices S, B and C, in common with the preced- 
ing surface. 

.*. the increase in the number of edges is again one more 
than the increase in the number of vertices. 

According to the same law, for an incomplete surface of 
F—liacea 

^= r+ F—2. 

When we add the last face SEA, necessary to complete the 
surface, 

its edges SE, SA and A E, and its vertices S, E and A 
will be in common with the preceding surface. 

.-. in a polyhedron of F faces E= V+ F—2. 
.\E+2=V+F. 

Q. E. D. 
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Proposition XXVL Theorem. 

595. The sum of all the angles of the faces of any poly- 
hedron is equal to four right angles taken as many times as 
the polyhedron has vertices less two. 

Let E denote the number of edges, V the number of 
vertices, F the number of faces, and S the sum of 
all the angles of the faces of any polyhedron. 

We are to prove S = i vt. A X (V— 2). 

Since E denotes the number of 
the edges of the polyhedron, 

2 E will denote the whole num- 
ber of sides of all its faces, con- 
sidered as sides of independent poly- 
gons. 

And since the sum of all the ,,^.^^__^___^^ 
interior and exterior A of each poly- ^ ^ 

gon is equal to 2 rt. ^ taken as many times as it has sides, 

the sum of the interior and exterior ^ of all the faces is 
equal to 2 rt. ^ X 2 J^. 

And since the sum of the exterior A of each face is 
4 rt. 2i, § 159 

the sum of the exterior A of aU the faces is equal to 

4:Tt,AXF. 

.-. ^ + 4 rt. A X F= 2Tt,A X 2E. 
That is, S=4cit.AX (E— F). 

Since E -{■ 2 = V + F, § 594 

E—F^ r-2, 

.•.;S'=4rt. ^X (^-2). Q.E. D. 
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On the Cylinder. 

596. Def. a Cylindrical surface is a curved surface gen- 
erated by a moving straight line which continually touches a 
given curve and in all its positions is parallel to a given fixed 
straight line not in the plane of the curve. 





Thus, the surface A BCD, generated by the moving line 
A D continually touching the curve ABC and always parallel 
to a given straight line if, is a cylindrical sur&ce. 

597. Dep. The moving line is called the Generatrix; the 
curve which directs the motion of the generatrix is called the 
Directrix ; the generatrix in any position is called an Element 
of the surface. 

The generatrix may be indefinite in extent, and the direc- 
trix a closed or an open curve. In elementary geometry the 
directrix is considered a circle. 

598. Def. A Cylinder is a solid bounded by a cylindrical 
surface and two parallel planes. 

599. Def. The Boms of a cylinder are its plane surfaces. 

600. Def. The Lateral mrface of a cylinder is its cylindri- 
cal surface. 

601. Def. The Axis of a cylinder is the straight line join- 
ing the centres of its bases. 
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602. Def. The AUitttde of a cylinder is the perpendicular 
distance between the planes of its bases. 

603. Def. A Section of a cylinder is a plane figure whose 
boundary is the intersection of its plane with the surface of the 
cylinder. 

604. Def. A JRiglU section of a cylinder is a section per- 
pendicular to the elements. 

605. Def. A Radius of a cylinder is the radius of the base. 

606. Def. A Bight cylinder is a cylinder whose elements 
are perpendicular to its bases. Any element of a right cylinder 
is equal to its altitude. 

607. Def. An Oblique cylinder is a cylinder whose elements 
are oblique to its bases. Any element of an oblique cylinder is 
greater than its altitude. 

608. Def. A Cylinder of Revolution is a cylinder generated 
by the revolution of a rectangle about one side as an axis. 

609. Def. Similar cylinders of revolution are cylinders 
generated by similar rectangles revolving about homologous sides. 

610. Def. A Tangent line to a cylinder is a straight line 
which touches the surface of the cylinder, but does not intersect it. 

611. Def. A Tangent plane to a cylinder is a plane which 
embraces an element of the cylinder^. The element embracexl by 
the tangent plane is called the ElevMM of Contact. 

612. Def. A prism is inscribed in a cylinder when its 
lateral edges are elements of the cylinder and its bases are in- 
scribed in the bases of the cylinder. 

613. Def. A prism is circwmscrtbed about a cylinder when 
its lateral faces are tangent to the cyhnjler and its bases are cir- 
cumscribed about the bases of the cylinqer. 
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Fboposition XXYII. Theorek. 
Every section of a cylinder made by aplan& pass- 



ing through an element is a parallelogram. 

c 



icm 



^£7 



Let ABC D be & section of the cylinder A C, made by 
a plane passing: throug^h A D, 

We are to prove the section A BCD a parallelogram. 

The line BC, in which the cutting plane intersects the 
carved surface a second time, is an element ; 

for, if through the point B a line be drawn 11 to A D, 

\ it will be an element of the surface. 

' \ It will also lie in the plane A (7, 

v^ ^""^^ sri for its extremities lie in the plane). 

This element, lying in both the cylindrical surface and plane 

surface, is their intersection. 

JS'ow i4Z>is II to j5(7, 

(peing elements of the cylinder), 

and AB\a II to Z> C, § 465 

(the intersecticTiS of two II planes by a third plane are K lines). 

.'. the section ABCDis&O. § 1 25 

Q. E. D. 

615. Corollary. Every section of a right cylinder embrac- 
ing an element is a rectangle. 
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Proposition XXV1;IL Theorem. 
616. The bases of a cylinder are equal. 




Let ABE and DCG be the bases of the cylinder AC. 
We are to prove ABE^DCG. 
Any sections A G and A G, embracing A Z>, an element of 



the cylinder, 


are07. 


§614 




.-.AB'^DCaxidiAE^DG. 


§134 


I{ow 


BG\s II to EG, 
{each being II to AD). 


§459 


Also 


BC=-EG, 


§464 




.'.ECiaa O. 


§ 136 




.•.EB = GO. 


§ 134 




.•.AEAB = AODC. 


§ 108 



Apply the upper base to the lower base, so that D G will 
coincide with A B, 

Then A GDC will coincide with A EAB, and point G 
will fall upon point E. 

That is, any point G in the perimeter of the upper base will 
coincide with the point in the same element in the lower base. 

.*. the bases coincide, and are equal. 

Q. E. D. 

617. Corollary 1. Any two parallel sections ABC and 
A' B' C", cutting all the elements of a cylinder E F, are equal. 
For these sections are the bases of the cylinder A C. 

618. CoR. 2. Any section of a cylind^ parallel to the base 
is equal to the base. / - 
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Proposition XXIX. Thbobem. 
619. The lateral area of a cylinder is equal to the 
product of the perimeter of a right section of the cylinder by 
an element of the surface, j^ 




Let ABC DE be the base, and A A' any element of the 
cylinder A C^ ; and let the curve abcdebe any right 
section of its surface. 

Denote the perimeter of the right section by P, 
and the lateral surface of the cylinder by S. 
We are to pr&ve S = PXAA'. 

Inscribe in the cylinder a prism having the regular polygon 
ABCBEaaitshase. 

The right section abode oi this prism will be a regular poly- 
gon inscribed in the right section abcde of the cylinder. § 604 
Denote the lateral area of the prism by s, 
and the perimeter of its right section by p. 

Then 8:=pXAA\ §524 

{the lateral area of a prisin is eqital to the prodtict of the perimeter of a right 
section by a lateral edge), 

Now let the number of lateral faces of the inscribed prism 
be indefinitely increased, 

the new edges continually bisecting the arcs in the right 
section. 

Then p approaches P as its limit, 

and s approaches S as its limit. 
But, however great the number of faces, 
8=^pXAA*. 
.\8=PXAA', §199 

Q. E. D. 
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620. Corollary 1. The lateral area of a right cylinder is 
egual to the product of the perimeter of its base by its altitude, 

621. Cor. 2. Let a cylinder of revolution be generated by 
the rectangle whose sides are R and H revolving about the 
side H, 

Then R is the radius of the base of the cylinder, and H the 
altitude of the cylinder. 

The perimeter of the base is 2 ir i? ; § 381 

hence, S'=2irRXH. 

The area of each base iawR^; § 381 

hence, the total area T of & cylinder of revolution is ex- 
pressed by 

T=^2irRXH+2nR^'-=2nR{H+Ry 

622. CoR. 3. Let S, S* denote the lateral areas of two simi- 
lar cylinders of revolution ; 

r, r their total areas ; R, R' the radii of their bases ; H, W 
their altitudes. 

Since the generating rectangles are similar, we have 

H _R _H^- R J 266 



H' R' H' + R' 






2nRff 



R ^H__H^ 






and ^ _ 2irR{H+ R) R / H + R \ _ ff^ _ R" 
T'~2irR' (H' + R') ^ R' \U' + R'f H'^ R*' 

That is, the lateral areas, or the total areas, of similar cylin- 
ders of revolution are to each other as the squares of their altitudes, 
or as the squares of the radii of their bases. 
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Proposition XXX. Theorem. 
623. The volume of a cylinder is equal to the product of 
its base by its altitude. 




Let V denote the volume of the cylinder AG^ B its 
base, and H its altitude. 

We are to prove V= B X H. 

Let V denote the volume of the inscribed prism A G, B' its 
base, and H will be its altitude. 



Then 



F' = 5' X H, 



§543 



{flie volume ofaprisnx is equal to th-e product of Us base by its altitude), 
Now, let the number of lateral faces of the inscribed prism 
be indefinitely increased, the new edges continually bisecting 
the arcs of the bases. 

Then B^ approaches B as its limit, 

and P approaches V as its limit. 

But however great the number of the lateral faces, 

F = 5' X jy. 

.\r=BXff. §199 

Q. E. D. 
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624. CoiioLLARY 1. Let V be the volume of a cylinder of 
revolution, H the radius of its base, and H its altitude. 

Then the area of its base is v ^, § 381 

625. Cor. 2. Let V and V be the volumes of two similar 
cylinders of revolution, E and B' the radii of their bases, H and 
IP their altitudes* 

Since the generating rectangles are similar, we have 
WW' 

That is, the volumes of simUar cylinders of revolutiou are to 
each other as t/ie cubes of t/ieir altitudes, or as the cubes of the 
radii of their bases. 

Ex. L Eequired, the entire surface and volume of a cylin- 
der of revolution whose altitude is 30 inches, and whose base 
is a circle of which the diameter is 20 inches. 

2. Eequired, the volume of a right truncated triangular 
prism the area of whose base is 40 inches, and whose lateral 
edges are 10, 12, and 15 inches, respectively. 

3. Let E denote an edge of a regular tetrahedron ; show 
that the altitude of the tetrahedron is equal to JE ^^; that the 
surface is equal to £^^~3; and that the volume is equal to 

T2V^- 

4. Eequired, the number of quarts that a cylinder of revo- 
lution will contain whose height is 20 inches, and whose diame- 
ter is 12 inches. 

5. Given S, the surface of a cube, find its edge, diagonal, 
and volume. What do these become when S= di'i 
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Pbofositiok XXXI. Pboblem. 

626. Thnmgh a given point to past a plane tangent to a 
given cylinder. 




Case I. — Jnun the given paint is in the curved surface of the qflinder. 

Let AC be a given cylinder, and let the given point 
be a point in the element A A'. 

It is required to pass a plane tangent to the cylinder and em- 
bracing the element A A'. 

Draw the ladias A, and A T tangent to the base ; 

and pass a plane R T' through A A' and A T. 

The plane RT* \& the plane required. 

For, through any point P in this plane, not in the ele- 
ment AA'^ 

pass a plane II to the base, intersecting the cylinder in 
the O MN, 

and the plane R T in Jf P. 

From the centre of the Q MN draw Q M, 

MP and Jf © are II respectively U} ATm^AO, § 465 
{the intersections of tioo II planes by a third plane are II lines) ; 

.'.ZPMQ = Z TAG, § 462 

{two A not in the same plane, having their sides II and lying in the same 
direction, are equal). 
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•'. FM is tangent to the O MN at M, § 186 

.-. P lies without the Q M N, 

and hence without the cylinder. 

.•. the plane R T does not cut the cylinder, and is tangent 
to it. 

Case 11. — Whei^ the given poitU is toWunU the cylinder. 

Let P he the given point. 

It is required to pass a plane through P tangent to the 
cylinder. 

Through P draw the line PT II to the elements of the 
cylinder, 

meeting the plane of the base at T. 

From T draw TA and TC tangents to the base. § 240 

Through P T and the tangent TA pass a plane R T. 

Since A A' is II to P T, Cons. 

the plane R T\ passing through P T and the point A will 
contain the element AA*j 

(ttvo II lines lie in the same plane). 

And, since R T also contains the tangent A T, 

it is a tangent plane to the cylinder. 

In like manner, the plane T 8', passed through P T and the 
tangent Kne T C, 

is a tangent plane to the cylinder. 

Q. E. F. 

627. Corollary 1. The intersection of two tangent planes 
to a cylinder is parallel to the elements of the cylinder. 

628. CoR. 2. Any straight line drawn in a tangent plane, 
and cutting the element of contact, is tangent to the cylinder. 




v 
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On the Cone. 

629. 'Dep. a Conical surface is a surface generated by a 
moving straight line continuallj touching a given curve and 
passing through a fixed point not in the plane of the curve. 

Thus the surface generated by the mov- Ai^ 
ing line A A' continually touching the curve 
ABGDy and passing through the fixed point 
8, is a conical surface. 

630. Def. The moving line is called 
the Generatrix; the curve which directs the 
motion of the generatrix is called the Di- 
rectrix ; the generatrix, in any position, is 
called an Element of the surface. 

631. Def. A conical sur&ce generated 
by an indefinite straight line consists of two 
portions, called Nappes, one the Loioer, the 
other the Upper Nappe. 

632. Def. A Cone is a solid bounded by a conical surface 
and a plane. 

633. Def. The Lateral surface of a cone is its conical sur- 
face. 

634. Def. The Base of a cone is its plane surfsu^. 

635. Def. The Vertex of a cone is the fixed point through 
which all the elements pass. 

636. Def. The Altitude of a cone is the perpendicular dis- 
tance between its vertex and the plane of its base. 

^' "'^ 637. Def. The' Axis oF"a coiie is the straight line joining 
^(^ its vertex and the centre of its bfu^ft . y 

638. Def. A Section of a cone is a plane figure whose 
boundary is the intersection of its plane with the surface of the 
cone. 

639. Def. A Right section of a cone is a section perpen- 
dicular to the axis. 

^..^^ 640. Def. A Circvlar cone is a cone whose base is a circle. 
'^^ 641. Def. A Eight cone is a cone whose axis is perpen- 
dicular to its base. The axis of a right cone is equal to its 
altitude. 

642. Def. An Oblique cone is a cone whose axis is oblique 
to its base. The axis of an oblique cone is greater than its alti- 
tude. 
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643. Def. a CoTie of Revolution is a cone generated by the 
revolution of a right triangle about one of its perpendicular sides 
as an axis. 

The side about which the triangle re- 
volves is the axis of the cone ; the other per- 
pendicular generates the hasey the hypotenuse 
generates the coni^xU surface. Any position 
of the hypotenuse is an element, and any 
element is called the slant height, 

644. Def. Similar cones of revolution 
are cones generated by the revolution of simi- 
lar right triangles about homologous perpen- 
dicular sides. 

645. Def. A Truncated cone is the portion of a cone 
included between the base and a section cutting all the elements. 

646. Def. A Friistum of a cone is a truncated cone in 
which the cutting section is parallel to the base. 

647. Def. The base of the cone is called the Lower base of 
the frustum, and the parallel section the Upper base. 

648. Def. The Altitude of a frustum is the perpendicular 
distance between the planes of its bases. 

649. Def. The Lateral surface of a frustum is the portion 
of the lateral surfEice of the cone included between the bases of 
the frustum. 

650. Def. The Slant height of a frustum of a cone of revo- 
lution is the portion of any element of the cone included between 
the bases. 

651. Def. A Tangent line to a cone is a line having only 
one point in common with the surface. 

652. Def. A Tangent plane to a cone is a plane embracing 
an element of the cone without cutting the surface. The element 
embraced by the tangent plane is called the Element of Contact, 

653. * Def. A pyramid is inscribed in a cone when its lat- 
eral edges are elements of the cone and its base is inscribed in 
the base of the cone. 

654. Def. A pyramid is circumscribed about a cone when 
its lateral faces are tangent to the cone and its base is circum- 
scribed about the base of the cone. 
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PBOFOsinoir XXXTT. Thbobex. 
655. Every section of a cone made by a plane passing 
through its vertex is a triangle. 




Let SB D be B section of the cone S-A B C through 
the vertex S. 

We are to prove the section SB J) a triangle. 

The straight lines joining S with B and D are elements of 
the surface. § 630 

They also lie in the cutting plane, 
(for their extremities lie in the plane). 

Hence, they are the intersections of the conical surflace with, 
the plane of the section. 



BD la also a straight line, 
{the intersection of two planes is a straight line). 

.'. the section SBD is a A. 



§ 446 



Q. E. D. 
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Proposition XXIII. Theorem. 

656. Every section of a circular cone made by a plane 
parallel to the base is a circle. 

S 




Let the section a b c of the circular cone S-A BC be 
parallel to the base. 

We are to prove that ah c is a circle. 

Let be the centre of the base, and let o be the point in 
which the axis 80 pierces the plane of the II section. 

Through SO and any number of elements, SA, SB, etc., 
pass planes cutting the base in the radii OA, OB, etc., 

and the section a b c in. the straight lines oa, oh, etc. 

Now o a and o 6 are II respectively to A and OB, § 4G5 
(the iiUersectioTis of two II planes hy a third plane are \V lines), 
.'.the A So a and Sob are similar respectively to the 
ASOAandSOB, §279 

and their homologous sides give the proportion 



oa'^Kso/^ob' 



But OA = OB; §163 

.'. oa = ob. 
That is, all the straight lines drawn from o to the perimeter 
of the section are equal. 

.*. the section abc is a O. 

Q, E. D. 

657. Corollary. The axis of a circular cone passes through 
the centres of all the sections which are parallel to the base. 
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Pbofosition XXXrV. Theobem. 

658. The lateral area of a cane of revolution is equal to 

one-half the product of the circumference of its base by the 

slant height, 

A 




Let A-E FG UK he a cone generated hy the revolution 
ot the right triangle A OE ahout A as an axis, and 
let 8 denote its lateral area, C the circumference 
of its base and L its slant height. 

We are to prove S = ^ C X L. 

Inscribe on the base any regular polygon EFG HK, 

and upon this polygon as a base construct the regular pyra- 
mid A-E F G HK inscribed in the cone. 

Denote the lateral area of this pyramid by *, the perimeter 
of its base by p, its slant height by /, 

Then « = J/?X/, §569 

{the lateral area of a regular pyramid is equal to one-haJf the product of the 
perimeter of its base by the slant height). 

Kow, let the number of the lateral faces of the inscribed 
pyramid be indefinitely increased, 
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tlie new edges coutinually bisecting the arcs of the base. 

Then p, 8 and I approach C, S and L respectively as their 
limits. 

But however great the number of lateral faces of the pyra- 
mid, 

s=ipXL 

.'.S=-^CXL, §199 

Q. E. D. 



659. Corollary 1. If i? be the radius of the base, we 
have C = 2 » 7? (§ 381). Therefore ^ = J (2 » i? X Z)=ir/?X. 
Also, since the area of the base is v R\ the total area T of the 
cone is expressed by 

660, Cor. 2. Let S and S* denote the lateral areas of two 
similar cones of revolution, T and T' their total areas, E and B' 
the radii of their bases, ff and II' their ialtitudes, L and Z' their 
slant heights. Since the generating triangles are similar, we have 

L _H __R _ E + L 

L' H' R E' + L'' 5 

T _ nRX{L+R) _R L+R _ L^ _R^ _IP 
r' frR'X(L' + R') R* L' + R' L'^ R'^ H'^' 

That is : the lateral areas, or total areas, of similar cones of 
revolution are to each other as the squares of their slant heights, the 
squares of their altitudes, or the squares of the radii of their hoses. 
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Pbopobition XXXV. Theobem. 

661. The lateral area of the fruttum of a cone ofrevo- 
lution is equal to om-half the sum of the eircumferencea of its 
bases multiplied by the slant height. 

C 




Let HBC-E FG he the trastnm of & cone of revolution, 
and let 8 denote its lateral area, C and c the cir- 
cumferences of its lower and upper bases, R and 
r the radii of the bases, and L the slant height. 

We are to prove 8= ^ (C '\- c)X L, 

Inscribe in the frustum of the cone the frustum of the reg- 
ular pyramid HB C-E F G, . 

and denote the lateral area of this frustum by «, the peri- 
meters of its lower and upper bases by F and p respectively, and 
its slant height by /. 

Then 8 = i{P + p)l, § 570 

(the lateral area of the frustum of a regular pyramid is equal to one-Jialf 
the sum of the perimeters of its bases multiplied by the slant height), 

Now, let the number of lateral faces be indefinitely in- 
creased, the new elements constantly bisecting the arcs of the 
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Then P, jo, and Z, approach (7, c, and L, respectively as 
their limits. 

But, however great the nomher of lateral faces of the frus- 
tum of the pyramid, 




662. Corollary. The lateral area of a frustum of a cmie 
of revolution is equal to the circumference of a section equidistant 
from its bases multiplied by its slant height. 

For the section of the frustum equidistant from its bases 
cuts the frustum of the regular inscribed pyramid equidistant 
from its bases. 

Therefore the perimeter I LK=^ \ the sum of the perim- 
eters HB C and EFG. § 142 

And this will always be true, however great the number of 
the lateral faces of the frustum of the pyramid. 

Hence, circumference ILK=^^ the sum of the circumfer- 
ences HB G and EFG. § 199 
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Pbopobition XXXYL Thsobek. 

663. Anjf section of a cone parallel t4) the base is to tie 
base as the square of the altitude of tie part above the section 
is to the square of the altitude of the cone. 




Let B denote the base of the cone, H its altitude, 
b a section of the cone parallel to the base, and 
h the altitude of the cone above the section. 

We are to prove B : b :: ff* : h\ 

Let B' denote the base of an inscribed pyramid, C the Xtaae 
of the pyramid formed in the section of the cone. 

Then B' :b^ ::ff*: h\ § 566 

{any section of a pyramid W to its base is to the base as the square of the A. 
from the vertex to the plane of the section is to the square of the aUUude 
of the pyramid). 

Now let the number of lateral flEtces of the inscribed pyra- 
mid be indefinitely increased, 

the new edges continually bisecting the arcs in the base of 
the cone. 

Then ff and V approach B and 6 respectively as their 
limits. 

But however great the number of lateral &ces of the pyra- 



mid. 



B' :h^ ::If^:h*, 
.\B:b:im:h\ 



§199 

Q. E. D. 
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Proposition XXXVII. Theorem. 
664. The volume of any cone is equal to the product of 
one-third of its base by its altitude. 




Let V denote the volume, B the base, and H the al- 
titude of the cone. 
We are to prove V=^BX H, 

Let the volume of an inscribed pyramid AC DEFG be 
denoted by V\ and its base by B*, 

H will also be the altitude of this pyramid. 
Then V'-=^B'X H, § 574 

Now, let the number of lateral faces of the inscribed pyra- 
mid be indefinitely increased, the new edge^s continually bisect- 
ing the arcs in the base of the cone. 

Then V approaches to Tas its limit, and B' to B as its limit. 
But however great the number of lateral faces of the pyramid, 
V'-=^\B'X H, 
.-. V^\BX H. § 199 

Q. E. D. 

665. Corollary 1. If the cone be a cone of revolution, 
and R be the radius of the base, then B =^ n li^ (§ 381); 
.-. V=-inB^XII. 

666. Cor. 2. Similar cones of revolution are to each other 
as the cubes of their altitudes, or as t/ie cubes of the radii of tJieir 
bases. For, let R and R* be the radii of two similar cones 
of revolution, H and H' their altitudes, V and V their volumes. 
Since the generating triangles are similar, we have 

H :H' :iR :R', 

. V JttR^XH r^ ^h h^ r* 
V'^vR'^XW'^ R'^ ^'""jy'« ""/?'«' 
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Proposition XXXVIII. Theorem. 
667. Afrmium of any cone is equivalent to the sum of 
three cones whose common altitude is the altitude of the frus^ 
turn and whose bases are the lower base, the upper base, and a 
mean proportional between the bases of the frustum. 

k 




Let V denote the volume of the trastum, B its lower 
base, h its upper base, and H its altitude. 

We are to prove V= ^ H {B + 6 + ^'WXb). 
Let V denote the volume of an inscribed frustum of a pyra- 
mid, B' its lower base, V its upper base. 
Its altitude will also be H. 

Then, r = \H{B''\-y'\-\l lfxV\ § 578 

(afrusf>um of any pyramid is '^ to the suin of three pyramids whose common 
altitude is the altUitde of tue frustum, and whose hoses are the lower 
base, the upper basef aiid a mM.n proportional bettueen the bases of ike 
frustum). 

Now, let the number of lateral faces of the inscribed frus- 
tum be indefinitely increased, 

the new edges continually bisecting the arcs in the bases of 
the frustum of the cone. 

But however great the number of lateral faces of the frus- 
tum of the pyramid, 

F' =« J H{B* + 6' + ^ B'XV . 

,\ V^\H{B^h+ yj BXb). § 199. 

Q.E.D. 

668. Corollary. If the frustum be that of a cone of revo- 
lution, and R and r be the radii of its bases, we have B = v i?*, 
and 6 = «• r*, 

and )J BXb = vRr. 

.-. r=Jir^(i??« + r» + i?r). 




BOOK VIII. 

THE SPHERE. 

On Sections and Tangents. 

669. Def. a Sphere is a solid bounded by a surface all 
points of which are equally distant from a point within called 
the centre. ' A sphere may be generated by the revolution of a 
semicircle about its diameter as an axis. 

670. Dep. a Radim of a sphere is 
the distance from its centre to any point 
in the surface. All the radii of a sphere 
are equal. 

671. Dep. A Dtameter of a sphere 
is any straight line passing through the 
centre and having its extremities in the 
surface of the sphere. All the diameters 
of a sphere are equal, since each is equal to twice the radius. 

672. Def. A Section of a sphere is a plane figure whose boun- 
dary is the intersection of its plane with the surface of the sphere. 

673. Dep. A line or plane is Tangent to a sphere when it has 
One, and only one, point in common with the surface of the sphere. 

674. Dep. Two spheres are tangent to each other when their 
surfaces have one, and only one, point in common. 

675. Def. A polyhedron is circumscribed about a sphere 
when all of its faces are tangent to the sphere. In this case the 
sphere is inscribed in the polyhedron. 

676. Dep. A polyhedron is inscribed in a sphere when all 
of its vertices are in the surface of the sphere. In this case the 
sphere is circumscribed about the polyhedron. 

677. Dep. A Cylinder or con£ is circumscribed about a 
sphere when its bases and cylindrical surface, or its base and 
conical surface, are tangent to the sphere. In this case the 
sphere is inscribed in the cylinder or cone. 
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Proposition I. Theorem. 
678. Every section of a sphere made by a plane is a circle. 




Let the section ABC be a plane section of a sphere 
whose centre is 0. 

We are to prove section ABC a cirde. 

From the centre draw 2> -L to the section, and draw 
the radii A, By OCy to different points in the boundary of 
the section. 

Inthert. AOZ>il, ODB and GDC, 

OD is common, and A, B and C are equal, 
(fttbig radii of the sphere). 

.-. the rt. A DA, ODB and GDC sue equal, § 109 

{two rt, ^ are equal when they have a side and hypotenuse of the one equal 
respectively to a side and hypotenuse of the other). 

.'. DA,DB and DC sue equal, 
(being homologous sides of equal ^ ). 

.'.the section ABC is & circle whose centre is D. 

a E. D. 

679. Corollary 1. The line joining the centres of a sphere 
and a circle of a sphere is perpendicular to the circle. 

680. Cor. II. If B, r and p, respectively, denote the 
radius of a sphere, the radius of a circle of a sphere, and the per- 
pendicular from the centre of the sphere to the circle, then 
r = \ E^ —p^. Therefore all circles of a sphere equally distant 
from the centre are equal, and of two circles unequally distant 
from the centre of the sphere the more remote is the smaller. 

Again, if p = 0, then r = R, and the centre of the sphere and 
the centre of the circle coincide ; such a section is the greatest 
possible circle of the sphere. 
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681. Dep. a Greai circle of a sphere is a section of the 
sphere made by a plane passing through the centre. 

682. Dep. A SmaU circle of a sphere is a section of the 
sphere made by a plane not passing through the centre. 

683. Dep. An Axis of a circle of a sphere is the diameter 
of the sphere perpendicular to the circle ; and the extremities of 
the axis are the Poles of the circle. 

684. Every great cirde bisects the sphere. For, if the parts 
be separated and placed with their plane sections in coinci- 
dence and their convexities turned the same way, their convex 
surfaces will coincide; otherwise there would be points in the 
spherical surface unequally distant from the centre. 

685. Any two great circles, ABCD 
and AECF, bisect each other. For the 
intersection AC oi their planes passes 
through the centre of the sphere, and is 
a diameter of each circle. ^i 

686. An arc of a great circle may 
be drawn through any two given points 
A and E in the surface of a sphere. For 
the two points A and E, and the centre 
0, determine the plane of a great circle whose circumference 
passes through A and E. § 443 

If, however, the two given points are the extremities A and 
C of the diameter of the sphere, the position of the circle is not 
determined. For, the points A, and C, being in the same 
straight line, an infinite number of planes can pass through 
them. § 441 

687. An arc of a circle may be drawn through any three 
given points on the surface of a sphere. For, the three points 
determine the plane which cuts the sphere in a circle. 
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Proposition II. Theorem. 

688. A plane perpendicular to a radius at its extremity 
is tangent to the sphere. 




Let he the centre of a sphere, and MN a plane per- 
pendicular to the radius P, at its extremity P. 

We are to prove M N tangent to the sphere. 

From draw any other straight line OA\x> the plane MN. 

OP<OA, §448 

{a A- is the shortest distance from a point to a plane), 

•'. point A is without the sphere. 

But OA is any other line than P, 

.'. every point in the plane MN is without the sphere, 
except F, 

.'. MN is tangent to the sphere at P. § 673 

Q. E. D. 

689. Corollary 1. A plane tangent to a sphere is perpen- 
dicular to the radius drawn to the point of contact. 

690. CoR. 2. A straight line tangent to a circle of a sphere 
lies in a plane tangent to the sphere at the point of contact. 

691. Cor. 3. Any straight line in a tangent plane through 
the point of contact is tangent to the sphere at that point 

692. Cor. 4. The plane of any two straight lines tangent 
to the sphere at the same point is tangent to the sphere at that 
point. 
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Pboposition III. Problem. 
Given a material sphere to find its diameter. 

P 







p 

! / 

I / 

V 

Let PBP'C represent a m&terisd sphere. 
It is required to find its diameter. 

From any point P of the given surface, with any opening of 
the compasses, describe the circumference ABC on the surface. 

Then the rectilinear line P B, being the opening, of the 
compasses, is a known line. 

Take any three points A, B and C in this circumference, 
and with the compasses measure the rectilinear distances A B, 
BO&ndCA. 

Construct the A A' B' C, with its sides equal respectively 
to AB,BCmdC A. §232 

Circumscribe a circle about the A A' Bf C. § 239 

The radius jyBfoi this O is equal to the radius of O ABC, 

Construct the rt, Abdp, having the hypotenuse bp=BP, 
and one side b d = B' ly. 

Draw 6 jt/ -L to 6 /), and meeting p d produced in jt/. 

• Then p j/ \b equal to the diameter of the given sphere. 

For, if we bisect the sphere through P and B, and in the 
section draw the diameter PP' and chord BP'^ the A bppf, 
when applied to A BP P*, will coincide with it. 

a E. F. 
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Pbofosition IV. Thbobem. 

694. Through any four points not in the same plane, 
one spherical surface can be made to pass, and but one. 

D 




Let A, B, C, D, be four points not in the same pl&ne. 

We are to prove that one, and only one, spherical surface can 
he made to pass through A, B, C, D. 

Construct the tetrabedron ABC D, having for its vertices 
A, B, C, D. 

Let E be the centre of the circle circumscribed about the 
iBceABC. 

Draw EM± to this face. 

Every point in ^ if is equally distant firom the points A, 
B and C, § 450 

(oblique ItTies drawn from, a point to a plane at equal distances from the foot 
of the 1. are eqtuil). 

Also, let F be the centre of the circle circumscribed about 
theface j5C7Z>; 

and draw FK A.i,o this face. 

Let H be the middle point of B C. 

Dtaw EffmdFH. 

Then Eff and FH are i. to ^ C. § 184 
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.-. the plane passed through EUmA FH is i. to ^C, § 449 
{if a straight line be ± to two straight lines dravm through its foot in a 
plane, it is ± to the plane, and in this case the plane is ± to the line). 

Hence, this plane is also J. to each of the faces ABC 
mdBCD, §471 

(if a straight line be ± to a plane, every plane passed through that line 
is ± to the plane), 

.-. the J£ jSrjf and FK lie in the plane EIIF. 

Hence they must meet unless they be parallel 

But if they were II, the planes BCD and ABC would be 
one and the same plane, which is contrary to the hypothesis. 

Kow 0, the point of intersection of the Jsl E M and FK, 
is equally distant from -4, B and C ; and also equally distant 
from By C and D ; 

.', it is equally distant from A, B, C and J). 

Hence, a spherical surface, whose centre is 0, and radius 
A, will pass through the four given points. 

Only one spherical surface can be made to pass through the 
points Af B, C and Z>. 

For the centre of such a spherical surface must lie in both 
the-^^ifand^JT. 

And, since is the only point common to these _b, is 
the centre of the only spherical surface passing through A, B, C 
andZ>. 

Q. E. D. 

695. Corollary 1. The four perpendiculars erected at the 
centres of the faces of a tetrahedron meet at the same point. 

696. Cor. 2. The six planes perpendicular to the six edges 
of a tetrahedron at their middle point will intersect at the same 
point. 
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Pboposition V. Theobem. 
697. A sphere may be inscribed in any given tetrahedron. 




B 
Let ABGD be the given tetxs^edron. 

We are to prove that a sphere may be inscribed in A EC D, 

Bisect the diheiiral A at the edges ABy BC and A C hj 
the planes GAB, OBC and OAC respectively. 

Every point in the plane OAB is equally distant from the 
^ocesABCeLJidABD, §477 

For. a like reason, every point in the plane OBO is equally 
distant from the faces ABC and DBC; 

and every point in the plane A C is equally distant from 
the faces ABCmdADC. 

.*. 0, the common intersection of these three planes, is 
equally distant from the four faces of the tetrahedron. 

.*. a sphere described "with as a centre, and with the 
radius equal to the distance of to any face, will be tangent to 
each face, and will be inscribed in the tetrahedron. § 673 

Q. E. D. 

698. Corollary. The six planes which bisect the six dihe- 
dral angles of a tetrahedron intersect in the same point. 



On Distances Measured on the Surface of the Sphere. 

699. Def. The distance between two points on the surface 
of a sphere is understood to be the arc of a great circle joining 
the points, unless other^^'ise stated. 

700. Def. The distance from the pole of a circle to any 
point in the circumference of the circle is the Polar distance cf 
the circle. 
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Proposition VI. Theorem. 

701. The distances measured on the surface of a sphere 
from all points in the circumference of a circle to its pole are 
equal. p 
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Let PyF he the poles of the circle ABC. 

We are to prove arcs FA, PB, PC equal. 

The rectilinear lines PA,PB and PC are equal, § 450 
{oblique lines draum/rom a poiiit to a plane at equal diatancea frain the foot 
of the 1, are equal) ; 

.•. the arcs P A, P B axid P Care equal, § 182 

(in equal (§> equal chords suMend equal arcs). 

In like manner arcs P^A,P*B and P' C are equal. 

aE. D. 



702. Corollary 1. The polar distance of a great circle is a 
quadrant. Thus, arcs P A\ P B', P' A'y P B'^ polar distances of 
the grefrt circle A' B' C D\ are quadrants ; for they are the meas- 
ures of the right angles A' OP, B' P, A' P', B' P', whose 
vertices are at the centres of the great circles PA'P'C, PB' P' D', 

703. CoR 2. If a point P on the surface of the sphere he 
at the distance of a quadrant from the two points A' aud B' of 
an arc of a great circle, it is the pole of that arc. For, since the 
arcs PA* and P B* are quadrants, the angles PDA' and PO B' 
are right angles. And hence, the radius P is perpendicular to 
each of the lines OA' and B', and therefore perpendicular to 
the plane of the arc A' & (§ 449). Therefore P is the pole of 
arc A'B*. § 683 
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Proposition VII. Problem. 

704. To pass a circumference of a great circle through 
any two points on the surface of a sphere. 




Lot A and B he any two points on the surface of a 

sphere. 

It is required to pass a circumference of a great circle throitgh 
A and B, 

From ii as a pole, with an arc equal to a quadrant, strike 
an arc a b, 

and from ^ as a pole, with the same radius, describe an arc 
c d, intersecting a b at P. 

Then a circumference described with a quadrant arc, with 
P as a pole, will pass through A and B and be the circumference 
of a great circle. 

Q. E. F. 

705. Corollary. Through any two points on the- surface 
of a sphere, not at the extremities of the same diameter, only 
one circumference of a great circle can be made to pass. 

706. Scholium. By means of poles arcs of circles may be 
drawn on the surface of a sphere with the same facility as upon 
a plane surface, and, in general, the methods of construction in 
Spherical Geometry are similar to those of Plane Geometry. 
Thus we may draw an arc perpendicular to a given spherical arc, 
bisect a given spherical angle or arc, make a spherical angle equal 
to a given spherical angle, etc., in the same way that we make 
analogous constructions in Plane Geometry. 
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Pboposition yill. Theorem. 

707. The shortest distance on the surface of a sphere 
between any tu>o points on that surface is t/ie arc, not greater 
than a semi-circum/erence, of the great circle which joins 
them. 



Let AB be the arc of a great circle wMch Joins any 
two points A and B on the surface of a sphere; 
and let AC PQB be any other line on the surface 
between A and B, 

We are to prove arc AB< A CPQB. 

Let F be any point in AC PQB. 

Pass arcs of great circles through A and P, and P 
and B. § 704 

Join A, P and B with the centre of the sphere 0. 
The A A OB, AGP &nd POB are the face A of the tri- 
hedral Z whose vertex is at 0. 

The arcs AB, A P and P ^ are measures of these A. § 202 

:NowZAOB<ZAOP + ZPOB, §487 

(the sum of any two face A of a trihedral is > the third Z.\ 

.-. arc ^ j5 < arc ^ P -h arc P B. 

In like manner, joining any point \x\. AC P with A and P 
by arcs of great ©, their sum would be greater than arc 4 P ; 

and, joining any point vol PQB with P and B by arcs of 
great (D, the sum of these arcs would be greater than arc P B, 

If this process be indefinitely repeated the distance from A 
to -fi on the arcs of the <]creat © will continually increase and 
approach to the line AC PQB, 

.\&T(iAB<ACPQB. 

Q. E. D. 



8eo 



GBOMBTRT. BOOK Ym. 



Proposition IX. Thbobem. 

708. Every point in an are of a great circle which 
bisects a given arc at right angles is equally distant from the 
extremities of the given arc. 

Let aic CD bisect arc A B At 
light angles. 

We are to prove any point in 
C D is equally distant from A and £. 

Since great circle C DE bisects 
9XC AB 9X right angles, it also bisects 
chord AB zi right angles. 

Hence, chord ii^ is J. to the 
plane CZ>^ at ^. 

.'• if is J. to chord ABvX its middle point 

.*. rectilinear lines A and B 9xe equal 




. arcs A and ^ are eqnaL 



§ 430 

§58 
§182 

Q. E. D. 



Proposition X. Problem. 

709. To pass the circumference of a small circle through 
any three points on the surface of a sphere. 

Let Ay B and G he any tliree 
points on the suiface of a 
sphere. 

It is required to pass the circum- 
ference of a small circle through the 
points Ay B and C. 

Pass arcs of great circles through 
A and B, A and C, B and C. § 704 
Arcs of great circles ao and bo 
A. to AC and BC Sit their middle points intersect at o. 

Then o is equally distant from A, B and C. § 708 

.•.the circumference of a small circle drawn from o as a 
pole, with an arc oA will pass through A, B and (7, and be the 
circumference required. 

Q. E. D. 
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On Spherical Angles. 

710. Def. The angle of tioo curves which have <a common 
point is the angle included by the two tangents to the two curves 
at that point. 

711. Def. A spherical angle is the angle included between 
two arcs of great circles. 

Proposition XL Theorem. 

712. TAe angle of two curves which intersect on the sur^ 
face of a sphere is equal to the dihedral angle between tJie 
planes passed through the centre of the sphere, and the tan- 
gents of the two curves at their point of intersection. 



Iset tho curves A B and A C intersect at A on the snr- 
fa,ce of a sphere whose centre is ; and let A T 
and AS be the tangents to the two curves re- 
spectively. 

We are to prove A T AS equal to the dihedral angle formed 
hy the planes AT and AS. 

Since A T and AS ^o not cut the curves at A, they do not 
cut the surface of the sphere, 

and are therefore tangents to the sphere. 

.'.AT and ii a^ are _L to the radius A, drawn to the point 
of contact. § 186 

.'.AT AS measures the dihedral A of the planes OAT 
and A 8, passed through the radius A and the tangents A T 
and A S. § 470 

But Z TAS is the A of the two curves ABdindiAC. § 710 

.*. the A of the two curves A B and AC'=^ the dihedral A 
of the planes OATmAOAS. 

Q. E. D. 
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Pboposition XIL Theorem. 

713/ A spherical angle U equal io ike measure of ihe 
Sikedral angle inclnded by the great circles whose ares form 
ihe sides of ihe angle. 




Let B PC he any spherical smgle, and BPDF' and 
CPEP' the great circles whose aivs BP and CP 
include the angle. 

We are to prove Z. BPG equal to the measure of the dihe- 
dral Z C-PP'B. 

Since two great © intersect in a diameter, i*P' is a 
diameter. § 685 

Draw P r tangent to the Q BPDP'. 

Then P T lies in the same plane as the OBPBP^, and is 

XtoPP'atP. 

In like manner draw P T tangent to the O (7 P ^P'. 
Then P 7^ lies in the same plane as the O C PEP', and is 

± to PP' at P. 

.'.ATPT is the measure of the dihedral Z CPP'B. § 470 
But spherical Z ^ P C is the same as plane ATPT'\ § 710 
.*. spherical A BPC \& equal to the measure of dihedral 

Z CPP'B, 

Q. E. D. 

714. Corollary. A spherical angle is measured hy the arc 
of a great circle described about its vertex as a pole avd intercepted 
by its sides {produced if necessary). For, if B C be the arc of a 
great circle described about the vertex P as a pole, P B and P C 
are quadrants. Hence, BO and CO are perpendicular to P P*. 
Therefore BOC measures the dihedral angle B-P 0-C, and, 
hence, the spherical angle BPC. Therefore, arc BC, which 
measures the angle BOC, measures the spherical angle BPC. 
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On Spherical Polygons and Pyramids. 

715. Dep. a spherical Polygon is a portion of a surface of 
a sphere bounded by three or more arcs of great circles. 

The sides of a spherical polygon are the bounding arcs; 
the angles are the angles included by consecutive sides; the 
vertices are the intersections of the sides. 

716. Dep. The Diago7ial of a spherical polygon is an arc 
of a great circle dividing the polygon, and terminating in two 
vertices not adjacent. 

The planes of the sides of a spherical polygon form by 
their intersections a polyhedral angle whose vertex is the centre 
of the sphere, and whose face angles are measured by the sides 
of the polygon. 

717. Dep. A spherical Pyramid is a portion of a sphere 
bounded by a spherical polygon and the planes of the sides of 
the polygon. 

The spherical polygon is the base of the pyramid, and the 
centre of the sphere is its vertex. 

718. Dep. A spherical Triangle is a spherical polygon of 
three sides. 

A spherical triangle, like a plane triangle, is ^'ight, or oblique ; 
scalene, isosceles or equilateral, 

719. Dep. Two spherical triangles are eqiial if their suc- 
cessive sides and angles, taken in the same order, be equal each 
to each. 

720. Dep. Two spherical triangles are symmetrical if their 
successive sides and angles, taken in reverse order, be equal each 
to each. 

721. Dep. The Polar of a spherical triangle is a spherical 
triangle, the poles of whose sides are respectively the vertices of 
the given triangle. 

Since the sides of a spherical triangle are arcs, they may be 
expressed in degrees and minutes. 
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PROPoeiTiON XIIL Theorem. 

722. Anjif Bide of a spAerical triangle is less than the 
sum of the other two sides. 

Let ABC be any spheiical triangle. 

We are to prove BC < BA-\- AC. 

Join the vertices A, B and C with the 
centre of the sphere. 

Then, in the trihedral Z O-A BC thus 
formed, the face A AOC, AOB and 
BO C are measured, respectively, hy the 
sides ACAB&ndB C. § 202 

Now,BOC<BOA + AOC, § 487 

{the mm of any two A of a trihedral ii greater than the third A ). 

.\BC<BA-\- AC. 

Q. E. D. 

723. Corollary. Any side of a spherical polygon is less 
than the sum of the other sides. 




Ex. 1. Given a cone of revolution whose side is 24 feet, and 
the diameter of its hase 6 feet ; find its entire sur£fice, and its 
volume. 

2. Given the frustum of a cone whose altitude is 24 feet, 
the circumference of its lower hase 20 feet, and that of its upper 
base 16 feet ; find its volume. 

3. The volume of the frustum of a cone of revolution is 
8025 cubic inches; its altitude 14 inches; the circumference of 
the lower base twice that of the upper base. What are the cir- 
cumferences of the bases 1 

4. The frustum of a cone of revolution whose altitude is 
20 feet, and the diameters of its bases 12 feet and 8 feet respec- 
tively, is divided into two equal parts by a plane parallel to its 
bases. What is the altitude of each part 1 



THE SPHBRE. 



365 



Proposition XIV. Theorem. 

724. The mm of the sides of a spherical polygon is less 
than the circumference of a great circle. 




Let ABC DE be & spherical poIyg:on. 

We are to prove AB + BC etc, less than the circumference 
of a great circle. 

Join the vertices A, B, C etc., with the centre of the 
sphere. 

The sum of the face A AO B, BOC etc., which form a 
polyhedral Z at 0, is less than four rt. A. § 488 

.*. the sum of the arcs AB, BG etc., which measure these 
face A , is less than the circumference of a great circle. 

Q. E. D. 

725. Corollary. If we denote the sides of a spherical tri- 
angle by a, h and c, then a -^r h '\- c< 360°. 



Ex. 1. The surface of a cone is 540 square inches ; what 
is the surface of a similar cone whose volume is 8 times as 
great? 

2. The lateral surface of a cone is S', what is the lateral 
surface of a similar cone whose volume is n times as great ) 
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Proposition XV. Theorem. 

726. A point upon the sufface of a tphere, which w at 
the distance of a quadrant from each of two other points, is 
one of the poles of the great circle which payees through theee 
points. 

P 




Let r be a point at the distance of a quadrant from 
each of the two points A and B. 

We are to prove P a pole of the great circle which passes 
through A and B, 

Since P A and P ^ are quadrants, 

A PDA andPO^arert. A. 

.-. PO is ± to the plane of the Q A^BC, § 449 

(a straight line X to two straight lines dravm through its foot in a plane is 
X to the plane). 

§683 

Q. E. D. 



.-. P is a pole of the O ABC. 



Ex. 1. Show that two symmetrical polyhedrons may he de- 
composed into the same number of tetrahedrons symmetrical each 
to each. 

2. Show that two symmetrical polyhedrons are equivalent. 

3. Show that the intersection of two planes of symmetry of 
a solid is an axis of symmetry. 

4. Show that the intersections of three planes of sjrmmetry 
of a solid are three axes of symmetry; and that the common 
intersection of these axes is the centre of symmetry. 
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Proposition XVL Theorem. 

727. If y from the vertices of a given spAerical triangle 
as poles, arcs of great circles be described, another triangle is 
formed, the vertices of which are the poles of the sides of the 
given triangle. 




Let A B C be the given triangle; and, from its vertices 
A, B and C as poles, let the arcs B' C, A' C and 
A' B' respectively be described. 

We are to prove vertices A', B' and C" poles respectively of 
arcsBCAOandAB. 

Since B is the pole of the arc A' C", and C the pole of the 

A' is at a quadrant's distance from each of the points B and C. 

.-. A' is a pole of the arc BC, § 726 

(a point upon the surface of a sphere which is at a quadrant* s distance from 
each of two other points is one of the poles of the great circle which passes 
through those points). 

In like manner, it may be shown that -5' is a pole of the 

arc A C, and C7' a pole of the arc A B, 

Q. E. a 

728. Scholium 1. A A' B' C is the polar of A ABC, and, 
reciprocally, A ABC is the polar of A A' B^ (7'. 

729. ScH. 2. The arcs of great circles described about A, 
B and C as poles will, if produced, form three triangles exterior 
to the polar. The polar triangles are distinguished by having 
their homologous vertices A and A' on the same side of BC and 
B^ C, B and & on the same side of ^ C7 and A' C, and C and 
C on the same side oi AB and A' B', 
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Proposition XVIL Theorem. 
730. In ty>o polar triangles each angle of either is tlie 
supplement of the side lying opposite to il in the other. 




Let ABC and A^ Bf C be two polar tiiangles. 

We are to prove A Ay B and C respectively the supplementn 
of the sides B' G\ A' C and A' B', 

Let the sides A B and A C, produced if necessary, meet the 
side B* C in the points h and c. 

Since the vertex ^ is a pole of the arc -S' C*, § 721 

Z il is measured hy 6 c, § 714 

(a sphgrioal /. is measured by ike arc of a great circle described ahovl Us 
vertex as a pole and intercepted by its sides). 

Now, since & is the pole of the arc ii c, -ff' c = 90®. 

Since C is the pole of the arc ii 6, C'b = 90°. 

.-. j5'c+C"6 = ^'C'+5c==180^ 

.*. Z ^ ( =^6 c) is the supplement of the side B^ C, 

In like manner it may be shown that each Z. of either A is 
the supplement of the side lying opposite to it in the other. 

Q. E. D. 

731. ScfHOLiUM. In two polar triangles each side of either 
is the supplement of the angle lying opposite to it in the other. It 
A, B and G denote the angles, and a, h and c the sidas of a in- 
angle, the angles of the^ polar triangle will be ISO"* — a, 180° 
— h and 180° — c; and the sides of the polar triangle will be 
180° - A, 180° - B and 180° - C. 

By reason of these relations polar triangles are often called 
^pplementcd triangles. 
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Proposition XVIII. Theorem. 

732. The 9um of the angles of a spherical triangle is 
greater than two, and lees than six, right angles. 




Let ABC 2>e a sphezicsd tii&ngle. 

We are to prove Z. A •\- Z. B -\- Z. G greater than 2, and leM 
than 6, right angles. 

Denote the sides of the polar A opposite the A A,B,C tq- 
spectively, by a', ft', </, 

Then Z ^ == ISO*' - a', Z B= 180^ - 6' and ZC = 
180^ - </, § 730 

(in ttoo polar A each Z of either is the supplement of the aide lying opposite 
to it in ike other.) 

By adding, Z^ + Z^ + ZC = 540^ - {af + &' + (/). 

But a' + 6' + </ is less than 360^, § 724 

{the sum of the sides of a spherical polygon is less than the circumference of 
a great circle), 

.'.ZA+ZB + ZOISO''. 

Also, since each Z is less than 2 rt. A, 

their sum is less than 6 rt. A. 

Q. E. D. 

733. Corollary. A spherical trianjijle may have two, or 
even three right angles ; or two, or even three obtuse angles. 

734. Def. a spherical triangle having one right angle is 
called rectangular; having two right angles, bi-rectangular ; 
having three right angles, trirrectangvlar. 

Each of the sides of a tri-rectangular triangle is a quadrant, 
and the triangle is called, when reference is had to its sides, tri- 
quadrantal. 
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Pboposition XIX. Theobek. 

735. Hack angle of a spherical triangle is greater than 
the difference between two right angles and the sum of tie 
other two angles. 




Let AA^B and C be the angles of the spheiicsd tri- 
angle ABC. 

We are to prove Z A greater tlian the difference between 180* 
and{/.B-\-/.C). 
L Suppose {Z.B-¥ Z0)< ISO**. 

Now Z^ -^ ZB + ZC> 180^ § 732 

By transposing, ZA> ISO** — (Z ^ + Z (7). 

II. Suppose {ZB + ZC)> 180". 

Now of the three sides (180" - Z A), (180° - Z B\ (180" 
— Z C), of the polar A, each is less than the sum of the other 
two, § 722 

{either side of a spherical A is lets than (he sum of the other two sides). 

.-. (180" - Z ^) + (180" - Z C) > 180" - Z ^ ; 

or, 360" - (Z iB + Z C) > 180" - Z A. 

By transposing, Z A> (Z. B •\- Z C)— 180". 

Q. E. D. 



Ex. 1. The volume of a cone is 1728 cuhic inches; what is 
the vohime of a similar cone whose surface is 4 times as great % 

2. The volume of a cone is F; what is the volume of a simi- 
lar cone whose surface is n times as great ? 
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73G. Def. Equal spherical triangles are triaugles which 
have their corresponding sides and angles equal each to each and 
arranged iu the same order, so that when applied to each other 
they wijl coincide. Thus in Fig. l, ABC and A^ B' C are equal 
spherical triangles. 




Fig. 1. Fig. 2. 

737. Def. Symmetrical spherical triangles are triangles 
which have their corresponding sides and angles equal each to 
each, hut arranged in reverse order. 

Thus, in Fig. 2^ ABC and A' B' C are symmetrical spheri- 
cal triangles. For, since the face angles of the two trihedrals 
are equal respectively, hut are arranged in reverse order, the 
sides of the spherical triangles, which measure these face angles, 
are equal, each to each, and are arranged in reverse order ; and 
since the dihedral angles of the two trihedrals are equal respec- 
tively, but are arranged in reverse order, the angles of the 
spherical triangles, which are equal to these trihedrals, are equal, 
each to each, and are arranged in reverse order. 

In like manner we may have symmetrical spherical poly- 
gons of any number of sides, and corresponding symmetrical 
spherical pyramids. 

Two symmetrical spherical triangles cannot be made to 
coincide. For, if their convexities lie in opposite directions, 
they evidently will not coincide ; and if their convexities lie in 
the same direction, and we apply AB \o A* &, the vertices C 
and C will lie on opposite sides of A' B', 
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738. There is, however, one exception. Two symmetrical 
isosceles spherical triangles can be made to coincide. 





Thus, if A B C he SLU isosceles spherical triangle, AB = AC 
and in its symmetrical triangle A^ B' == A' C. Hence A B = 
A* O and AC "=" A' B', And, since A A and A! are equal, if 
^ ^ be placed on A' C, A C will fall on its equal A' B'. 

In consequence of the relations established between poly- ' 
hedral angles and spherical polygons, from any property of poly- 
hedral angles, we may infer a corresponding property of spherical 
polygons. Keciprocally, from any property of spherical polygons, 
we may infer a corresponding property of polyhedral angles. 



Ex. 1. The altitude of a cone of revolution is 12 inches ; at 
what distances from the vertex must three planes be passed par- 
allel to the base of the cone, in order to divide the lateral surface 
into four equal parts 1 

2. The altitude of a given solid is 2 inches, its surface 24 
square inches, and its volume 8 cubic inches ; find the altitude 
and surface of a similar solid whose volume is 512 cubic inches. 

3. The volumes of two similar cones of revolution are 6 cubic 
inches and 48 cubic inches respectively, and the slant height 
of the first is 5 inches ; find the slant height of the second. 
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Proposition XX. Theorem. 
739. Two symmetrical spherical triangles are equivalent. 




Let ABC and A' B' C he two symmetzicsd spheiicsd 
triangles, having A ByAC and B C equal respectively 
toA'B'.A'C'andB'C, 

We art to prove A A BC =<^ A A' B' C, 

Let P and P' be poles of small circles which pass through 
A, B, C and A', B\ C, 

Now, since the arcs AB, AC 9xA BG '=^ A' B', A' C and 
B' C respectively, the chords of the arcs AB, AC and BG =" 
dwrds of the arcs A' B', A' C and B' C respectively. § 181 

.'. the plane A formed by the chords of these arcs are 
equal § 108 

.*. Q) ABC and A' B' C which circumscribe these equal 
pUxiu A are equal. 

.'. the six spherical distances P A, P B, P* A* etc. are equal, 
(beiiig polar distances of equal ® on the same sphere). 

,', A PAB, P* A' B' &Te symmetrical and isosceles. 

So likewise 2lvq A P B C, F B' C and APAC.P" A' C. 

,\ A PAB may be applied to A P' A' B^ and will coincide 
with it. § 738 

So likewise A PBC with A P' B' C7' and A P^l C with 
AP' A'C, 

.-. APAB^PBC-PAC^AP'A'B'^ F B' O - 
FA'C. 

.'.AABC^AA'B'C. 

Q. E. D. 

740. CoBOLLABY. Two Symmetrical spherical pyramids are 
equivalent. 
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Proposition XXI. Theorem. 
741. On the same sphere, or equal spheres, two triangles 
are either equal, or symmetrical and equivalent, if two sides 
and the included angle of the one he respectively equal to two 
sides and the included angle of the other * 





In the A ABC and I)£F, let Z A ^ Z D, and the 
sides A B and A C equal respectively the sides 
BE and DF. 

We are to prove Jk ABC and DBF equal, or symmetrical 
and equivalent. 

I. When the parts of the two A are in the same order as in A 

ABCoxi^DEF, 

A ABC can be applied to ADFF, as in the corre- 
sponding case of plane A, and will coincide with it. § 106 

II. When the parts are in reverse order ^ aa in ^ ABC and 

jyEF, 

construct the A J9jF/' symmetrical with respect ioAiyE'F, 

Then A D E F will have its A and sides equal respectively 
to those of the AD E' P. § 737 

Now in the A ABC and D E F, 

AA^AB, AB^DE9xAAC-^BF, 

and these parts are arranged in the same order. 

.-. AABC=^ABEF, Case I. 

But AB'E'F^ADEF, §739 

.-.A ABC^A BE'F, 

Q. E. D. 
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Proposition XXII. Theorem. 

742. Two triangles on the same sphere, or equal spheres, 
are either equal, or symmetrical and equivalent, if a side and 
two adjacent angles of the one be equal respectively to a side 
and two adjacent angles of the other. 





For one of the A may be applied to the other, or to its sym- 
metrical A, as in the corresponding case of plane A. § 107 

Q. E. D. 



Proposition XXIII. Theorem. 

743. Thoo mutually equilateral triangles on the same 
sphere, or equal spheres, are mutually equiangular j and are 
either equal, or symmetrical and equivalent. 





For the fice A of the corresponding trihedral angles at the 
centre of the sphere are equal respectively, § 202 

{since they are measured by equal sides of the A). 
.•. the corresponding dihedral A are equal. § 492 

.'. the A of the sphericsd A are respectively equal. 
.'. the A are either equal, or symmetrical and equivalent, 
according as their equal sides are arranged in the same, or reverse 
oriler. 

Q. E. o. 
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Pboposition XXIV. Theorem. 

744. Two mutually equiangular triangles on the same 
sphere^ or equal spheres^ are mutually equilateral, and are 
either equal, or symmetrical and equivalent. 





Let the sphezicsd triangles ABC and D E F he mntusdly 
equiangular. 

We are to prove ^ABC and D E F mutually equilateral^ 
and equal, or symmetrical and equivalent. 

Let A A' B' C and i^ i?'/^ be the polar A of A -4 J9 Cand 
DEF respectively. 

Then the A A' Bf C and ly E' P are mutually equUat^ 
eral, § 731 

iyn. tiDO polar A each side of the <me is the supplement of the Z lying opposite 
to it in the other). 

.'. A A' B' C BJid ly E F are mutually equiangular, § 743 
{tiDO mtUtudly equilateral ^ on equal spheres are mutitally equiangtilar). 

.'. A ABC and D EFsjce mutually equilateral ; § 731 

hence A ABC a,nd BE F aie either equal, or symmetri- 
cal and equivalent, § 743 
{two mutiuUly equilateral A, on equal s}iiheres are either equal, or symmetrical 

avid equivalent), 

Q. E. D. 
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Proposition XXV. Theorem. 

745. The angles opposite equal aides of an isosceles 
spherical triangle are equal. 



In the spherical AABC, let AB^AC. 
We are to prove Z B = A C. 

Draw arc il i> of a great circle, from the vertex A to the 
middle of the base B C, 

Then A ABD and AG D B,re mutually equilateral. 

.', A ABD and AC D are mutually equiangular, § 743 
(two muttMlly equilateral ^ on the same sphere are mutuoblly equiangular), 

.'.AB^ZC, 

{since they are h/mwlogous A of symmetrical A). 

Q. E. D. 



746. Corollary. The arc of a great circle drawn from the 
vertex of an isosceles spherical triangle to the middle of the base 
bisects the vertical angle, is perpendicular to the base, and di- 
vides the triangle into two symmetrical triangles. 
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Pbopobition XXVI. Theorem. 

747. If two angle* of a ipherical triangle he equal, tlie 
tides opposite these angles are equal, and the triangle is 
isosceles. 




In the spherical A A BC, let ZB = ZC. 

We are to prove AC = AB. 

Let A A'BC\)e the polar AoiAABC, 

Since ZB^ZC, Hyp. 

.\A'C' = A'B\ §731 

{in two polar ^ each vide of one is the eupplemerU of the Z lying opposite to 
it in the other). 

.'. ZB=^ZC\ § 745 

{in an ieoaceles epherioaZ A, the A opposite the equal side» are equal). 

.'.AC^AB. § 731 

Q. E. D. 
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Proposition XXVII. Theorem. 

748. In a spherical triangle the greater side is opposite 
the greater angle; and, conversely y the greater angle is oppo- 
site the greater side. 



I. Inthe^ABCletZABOAO. 
We are to prove AO A B, 

Draw the arc ^ i> of a great circle, making Z.C BD = ZC. 

Then DC=^DB, §747 

(if two A of a spherical A he eqiuU the sides opposUe the» A are equal). 

Add DA to each of these equals ; 

then DC+ DA = DB-h DA. 

But DB-hDA>AB, §722 

(the sum of two sides of a spherical A is greater than the third side). 

.'.DC+ DA>AB,otAC>AB. 

II. Let AOA B. 
We are to prove A ABO AC. 

If Z.ABG=^AO,AG=^AB, §747 

andif Z.ABG<AC,AC<AB. Case I. 

But both of these conclusions are contrary to the hypothesis. 
.'./.ABOAQ. 

Q. E. D. 
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PROFOBinoN XXYin. Thbobkh. 
749. On unequal tpkeret mutnaUy equiangular triangles 
are similar. 




From 0, the common centre of two unequal spheres, 
draw the radii A, O B and C cutting the sur- 
face of the smaller sphere in a, h and c. Draw 
arcs of great circles, AB, AC, BC, ah, ac, be. 
We are to prove A ABC nmilar to A ah c 

A A,B,C are equal respectively to A a,b, c, 
(ginee the corresponding dihedrals in ead case are the same). 

In the similar sectors AO B and a Oh, 

AB :ah::AO :aO; §385 

and in the similar sectors A DC and aOe, 

AC :ac::AO :aO. § 385 

.\AB :ah ::AC :ae. 

In like manner, AB : ah :: BC : he. 

That is, the homologous sides of the two A are proportional, 
and their homologous A are equal 

.'. A A BC is similar to A a h e. 

Q. E. D. 

750. Scholium. The statement that mutually equiangular 
spherical A are mutually equilateral, and equal, or symmetrical 
and equivalent, is true only when limited to the same sphere, or 
equal spheres. But when the spheres are unequal, the spherical 
A are similar, but not equal. Hence, to compare two similar 
spherical A, it is necessary to know the linear extent of two 
homologous sides ; or, what is equivalent, to know the radii of 
the spheres. And, as in the case of plane A, two similar spheri- 
cal A have the same ratio as the squares of the linear measures 
of any two homologous sides, and therefore as the squares of the 
radii of the spheres. 
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On Comparison and Measurement op Spherical Surfaces. 

751. Def. a Lniu is a part of the surface of a sphere in- 
cluded between two semi-circumferences of great circles. 

752. Def. The Angle of a luue is j^ 
the angle included by the semi-circum- 
ferences which forms its boundary. 
Thus Z. C AB ]a the angle of the lune. 

753. Def. A Spherical Ungula, or 
Wedge, is a part of a sphere bounded 
by a lune and two great semicircles. 

754. Def. The Base of an ungula 
is the bounding lune. 

755. Def. The Angle of an ungula 
is the dihedral of its bounding semicir- 
cles, and is equal to the angle of the bounding lune. 

756. Def. The Edge of an ungula is the edge of its angle. 

757. Def. The Spherical Excess of a spherical triangle is 
the excess of the sum of its angles over two right angles. 

C 758. Def. Three planes which 

pass through the centre of the sphere, 
each perpendicular to the other two, 
divide tlie surface of the sphere into 
eiglU trirrectangvlar triangles. Thus 
Bthe three planes OADB, CEDE 
and AEBF divide the surface of 
the sphere into the eight tri-rectangular 
triangles G E B, D E B, GBF, DBF, 
etc. 

As in Plane Geometry the whole 
angular magnitude about any point in a plane is divided by two 
straight lines perpendicular to each other into four right angles, 
and each right angle is measured by a quadrant, or fourth part 
of a circumference described about that point as a centre with 
any given radius ; so, i^ through a point in space, three planes 
be made to pass perpendicular to one another, they will divide 
the whole angular magnitude about tliat point into eight solid 
right angles, each of which is measured by an eighth part of the 
surface of a 'sphere described about that point with any given 
radius. 

And, as in Plane Geometry, each quadrant which measures 
a right angle is divided into 90 equal parts called degrees, so 
each of the eight tri-rectangular spherical triangles is divided 
into 90 equal parts called degrees of surface. Hence, the whole 
surface of the sphere is divided into 720 degrees of surface. 




6EOMJBTBT. BOOK VHI. 



Pbopobition XXIX. Lemma. 
759. The area of the surface generated hy the revolution 
of a straight line about another line in the same plane with it 
as an axis, is equal to the product of the projection of the line 
on the axis by the circumference whose radius is perpendicular 
fo the revolving line erected at its middle point and teifui- 
nal^d by the axis, 

Y 
A 




Let the stmight line A B revolve about the axis Y T 
in the same plane; let E F be its projection on 
the axis; and C the perpendicular to A B at its 
middle point C, and terminated in the axis. 
We are to prove area AB = EF X 2vOC. 
The Burface generated by ^1 ^ is the lateral surfece of the 
frastum of a cone of revolution. 

Draw CIl±,andAD\\,toY P. 

Then Bie&AB = ABX2vC£r, §662 

(the IcUercU area of a frustum of a cone of revolution is equal to the s/ant 

height multiplied by the circumference of a section equidistant from its 

bases). 

The A ABD and (7 ^ are similar ; 

.\AD :AB ::CH :C0. 

ButCff:CO::2irCff:2irCO, 

(circumferences of © ?uive the same ratio as their radii), 

.\AD iAB:.2irCH :2vC0. 

.\ADX2TrC0=^ABX 2 n C H. 

.\a,Te8LofAB = ADX 2 w C 0. 

:t^ow A D = EF. 

.'.slkslAB^EFX 2frC0. 



§287 
§375 

§ 135 



Q. E. D. 



760. Scholium. If either extremity of AB be in the axis 
TY', A B generates the lateral surface of a cone of revolution ; and 
if J ^ be parallel to the axis Y Y*, it generates the lateral area of 
a cylinder of revolution. In either case the formula holds good. 
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Exercises. 

1. If, from the extremities of one side of a spherical triangle, 
two arcs of great circles be drawn to a point within the triangle, 
the sum of these ai-cs is less than the sum of the other two sides 
of the triangle. 

2. On the same sphere, or on equal spheres, if two spherical 
triangles have two sides of the one equal respectively to two 
sides of the other, but the included angle of the first greater 
than the included angle of the second, then the third side of the 
first will be greater than the third side of the second. 

3. To draw an arc perpendicular to a given spherical arc, 
firom a given point without it. 

4. At a given point in a given arc, to construct a spherical 
angle equal to a given spherical angle. 

5. To inscribe a circle in a given spherical triangle. 

6. Given a spherical triangle whose sides are 60°, 80°, and 
100° ; find the angles of its polar triangle. 

7. The volume of a pyramid is 200 cubic feet ; find the vol- 
ume of a similar pyramid which is three times as high. 

8. Find the centre of a sphere whose surface shall pass through 
three given points, and shall touch a given plane. 

9. Find the centre of a sphere whose surface shall pass through 
three given points, and shall also touch the surface of a given 
sphere. 

10. Find the centre of a sphere whose surface shall touch two 
given planes, and also pass through two given points which lie 
between the planes. 
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Proposition XXX. Theorem. 

761. The area of the surface of a sphere is equal to the 
product of its diameter by the circumference of a great circle, 
A A 




Let ABODE he the drcumference of a great circle, 
and AD the diameter, and OA the radius of a 
sphere. 

We are to prove surface of sphere ^ADX2frOA. 

Let the semicircle and any regular inscribed semi-polygon 
revolve together about the diameter A D, 

The semi-circumference will generate the surfiEU^e of the 
sphere, 

and the semi-perimeter a surface equal to the sum of the 
surfstces generated by the sides AB, BC, C D, etc. 

Draw imm tho centre 0^ _fc H^ 1 and £' to thts iihojxk 
AB,BC,€D,iiiii. 

Thesa J" bisect the chords and tim etjtml ; 1 185 

.\iiT^ A B = A P X 2 ^ Q it I I 7M 
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Adding, and observing that H, 1 and OK are equal, 

aieeLABCD==(AP+ FIi + BD)X2wOff. 
.\axe&ABOD = AD X 2frOff. 

Now, if the number of sides of the regular inscribed semi- 
polygon be indefinitely increased, the surface generated by the 
semi-perimeter will approach the surface of the sphere as its 
limit, and H will approach 6> ^1 as its limit. 

/.at the limit we have 

surface of the sphere ^ADY^IvOA. § 199 

Q. E. D. 



762. Corollary 1. If i? denote the radius of the sphere, 
then AD will equal 2 jR, and OA will equal R. Hence the 
surface of a sphere equals 2 M X 2frjR = 4fr E^. 

763. Cor. 2. Since the area of a great circle of a sphere is 
equal to sr i?^ (§ 381), and the area of the surface of a sphere is 
equal to 4 «■ B^, the surface of a sphere is eqwd to four great 
circles, 

764. CoR. 3. If we denote the surfaces of two spheres by 
S and aS', and their radii by Ji and i?', we have S : S^ :: ^ ir JR^ : 
4 IT B^, OT S : S* :: B^ : B^ ; that is, the surfaces of two spheres 
have the same ratio as the squares on their radii, 

765. Cor. 4. Since S=^ ^ v B^ = v {2 B)\ the surface of a 
sphere is equivalent to a circle whose radius is equal to the diameter 
of the sphere. 
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Proposition XXXI. Theorem. 

766. A lune is to the surface of the sphere as the angle 
of the lune is to four right angles. 




Let L denote the lune ABEC whose angle is A; S, 
the surface of the sphere; and BCDF, a great 
circle whose pole is A. 

L A 



Wt art to prove 



Now the arc BC measures the Z A of the lune ; § 714 

and the circumference BCDF measures irt. A, 

Case L — If B C and B C D F be commensurable. 

Find a common measure of BO and BCDF. 

Suppose this common measure to be contained mBC3 times, 

andin^(7Z>^25 times. 

Then -i-^ = ( ^^ UA. 

4rt.z^ \BCDF/ 25 

Pass arcs of great © through A and these points of division. 
The entire surface will be divided into 25 equal lunes, of 
which lune L will contain 3. 

" S 25 * 

But '" = — , • *• -X, = ■ 1 

4 rt. zi 25 S 4 rt.2$ 
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Case II. — If B C and B CDF be incommensurable, 

the proposition can be proved by the method of limits, as 
employed in § 201. 

Q. E. D. 

767. Corollary. If we denote the surface of the tri-rectan- 

gular triangle by T, the surface of the whole sphere will be 8 ^' 

(§ 758), and if we denote the surface of the lune by L, and its 

angle by -4, the unit of the angle being a right angle, we shall 

Zf A 
have 3-^ = -. Therefore L = T X 2 A. 
o 1 4 

And if we take the tri-rectangular triangle as the unit of 

surface in comparing surfaces on the same sphere, we shall have 

L=^2 A, That is, if a right angle be the unit of angles and the 

tn-rectangular triangle be the unit of spherical surfaces, the area 

of a lune is expressed by tunce its angle. 

768. Scholium. We may also obtain the area of a lune 
whose angle is JcTiown, on a given sphere, by finding the area of the 
sphere, and multiplying this ai'ea by the ratio of the angle of the 
lune, expressed in degrees, to 360°. Thus, if the angle of the lune 
be 60°, the area of the lune will be ^^ of the area of the sphere. 



Ex. 1. Given the radius of a sphere is 10 feet ; find the area 
of a lune whose angle is 30°. 

2. Given the diameter of a sphere is 16 feet; find the area 
of a lune whose angle is 75°. 

3. Given the diameter of a sphere is 20 inches; find the 
entire surface of its circumscribed cylinder ; and of its circum- 
scribed cone, the vertical angle of the cone being 60°. 
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Proposition XXXII. Theorem. 

769. If two circumferences of great circles intersect on 
the surf ace of a hemispliere, the sum of the opposite triangles 
thus formed is equivalent to a lune whose angle is equal to 
that included by the semi-circumferences. 




Let the semi- circumferences BAD and CAE intersect 
at A on the surface of a hemisphere. 

We are to prove A ABC + A DAE equivcUerU to a lune 
whose angle is BAC. 

The semi-circumferences produced intersect on the opposite 
hemisphere at A\ 

Then each of the arcs A D and A' B la the supplement of 
ABj 

{two great (D bisect each other). 

.\AD = A'B. 

In like manner, AE = A^Ca,ndDE = BC. 

.*. A ADE and A^BC aie symmetrical and equiva- 
lent. § 743 

.\AABC + AADE = AABC+ AA'BC = lune 
ABA'CA. 

That \B,AABC + AADE-= lune whose Z is BA C. 

Q. E. D. 

770. Corollary. The sum of two spherical pyramids, the 
sum of whose bases is equivalent to a lune, is equivalent to a 
wedge whose base is the lune. 
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Proposition XXXIII. Theorem. 
771. The area of a spherical triangle is equal to its 
spherical excess multiplied by the area of the tri-rectangular 




Let ABC be a spherical triangle, and T the area of 
the tri-rectangular triangle. 
We are to prove A A BC = T (AA + B+ 0-2). 

Complete the circumference ABDE. 
Produce A C and BCio meet this circumference in D and E, 
ThRnAABC + BCD (=^\\mQA) = TX2Z.A. §767 
AABC-\^ ACE{=^\\iiiQB)=-TX2AB, § 767 

AABC+nCE (=lune C) (§ 769) = T X 2 Z (7. § 767 
By adding these equalities, 
2AABC + AABC + BCD-\-ACE-hDCE 
= TX2{AA + B+C). 
But AABC + BCD + ACE+pCE = ^T, §758 
(tlie 9urface of a hemisphere is equal to 4 tri-rectangular A). 
.'.2AA'bC-\-^T=TX2{AA + B + C); ' 
.'.AABC=TX(AA + B+C-2). 

^ Q. E. D. 

772. Scholium 1. If ZA = 140^ ZB= 120** and Z C = 
100°, a right angle being the unit, 

then,A^i?(7~r(— +.^+_- 2) 2 T. 

773. ScHO. 2. To find the area of a spherical triangle on a 
given sphere, the angles of tlie triangle being given, we may multi- 
ply the. area of the hemisphere by the ratio of the spherical excess 
to 360°. 

Thus if Z il = 140°, Z ^ = 120° and Z C' = 100°, since 
the hemisphere is 2 «■ i?*, we have A A BC = 2 ir R^ X 

360= = 2 ff ^ X 3gQ„ - »• A . 
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Profobition XXXrV. Thbobem. 
774. TAe area of a spherical polygon is equal to its 
spherical excess multiplied by the area of the tri-rectangular 
triangle. 




Let P denote the area of the spherical polygon; S the 
sum of its angles; n the number of its sides ; t, t*, 
if' .,. the areas of the triangles formed by drawing 
diagonals from any vertex A ; a, tf, tf' . , . respec- 
tively the sums of the angles of these triangles; 
and T the tri-rectangnlar triangle. 

We are to prove F^T[S—2 (« — 2)]. 

Now t=T(s-2), §771 

(the area of a tpherieal A is eqvaJ to its spherical excess muUiplied into the 
area of the tri-reetangtilar A). 

tf = T{g'-2), § 771 

and <"=r(«"-2), ... 

By adding these equalities^ 

< + <'+<'',... = r [« + jj' + «"+...- 2 (» — 2)]. 

But t + f + tf'+.,.-=F; 

and « + «' H- ^'^ + . . . = 5. 

.'.P=^T[S-'2{n-2)l 

aE.D. 
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775. CoROj-IiARY. The volume of a spherical pyramid is to 
the vohime of the trirrectangvlar pyramid^ as the hose of the pyra- 
mid is to the trirrectangular triangle. And, since the volume of 
the tri-rectangular pyramid is ^ the volume of the sphere, and 
the area of the tri-rectangular triangle is j^ of the surface of the 
sphere ; the volume of a spherical pyramid is to the volume of the 
sphere as its base is to the surface of the sphere. 




776. Def. a Zone is the part of the surface of a sphere in- 
cluded between two parallel circles of the sphere ; as the surface 
included between the circles ABC and EFG, 

777. Def. The Bases of a zone are the circumferences of 
the intercepting circles; as circumferences ABC and EFG. 
If the plane of one base become tangent to the sphere, that 
base becomes a point, and the zone will have but one base. 

778. Def. The altitude of a zone is the perpendicular dis- 
tance between the planes of its bases. 

779. Def. A Spherical Segment is a part of the sphere in- 
cluded between two parallel planes. 

780. Def. The Ba^es of a spherical segment are the bound- 
ing circles. 

One of the planes may become a tangent plane to the sphere. 
In this case the segment has but one base. 

781. Def. The Altitude of a spherical segment is the per- 
pendicular distance between the planes of its bases. 
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782. Dep. a Spherical Sector is a part of a sphere gener- 
ated by a circular sector of the semicircle which generates the 
sphere ; 2c& AOC K, 

783. Dep. The Base of a spherical sector is the zone gener- 
ated by the arc of the circular sector ; as AC K. 

The other bomiding surfaces of a spherical sector may be 
one conical surface, or two conical surfaces ; or one conical and 
one plane surface. 

Thus, let A B he the diameter around which the semicircle 
AC B revolves to generate the sphere. The solid generated by 
the circular sector AOC will be a spherical sector having the 
zone AC Kior its base, and for its other bounding surface the 
conical surface generated by* C 0. 

The spherical sector generated hjCOD has for its base the 
zone generated by C D, and for its other surfaces the concave 
conical surface generated by D 0, and the convex conical surface 
generated by C 0. 

The spherical sector generated hj EOF has for its base the 
zone generated by E F, and for one surface the plane surface 
generated by E 0, and for the other surface the concave conical 
surface generated by FO, 
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Proposition XXXV. Theorem. 

784. The area of a zone is equal to the product of its 
altitude hy the circumference of a great circle. 

A 




Let ABC BE "be the circumference of a great circle, 
BC any arc of this circumference, and OA the 
radius of the sphere. And, let PR be the altitude 
of the zone generated by arc B C. 

We art to T^ave zone BC = PR X ^ n A. 

If the semicircle ABC D revolve about the diameter A D 
as an axis, the semi-circiimference ABC D will generate the sur- 
face of a sphere ; the arc B C, a, zone, 

and the chord BC,b. surface whose area is PR X 2 «• /. § 759 

Now if we bisect the arc B C, and continue this process in- 
definitely, the surface generated by the chords of these arcs will 
approach the zone as its limit ; 

the ± / will approach the radius of the sphere as its limit ; 

while P R will remain constant. 

.'. at the limit, zone BC = PR X 2 ir OA. 

Q. E. D. 

785. Corollary 1. Zones on the same sphere, or equal 
spheres, liave tfte same ratio as their altitudes, 

786. Cor. 2. A zone is to the surface of the sphere as the 
altitude of the zone is to the diametei* of the sphere. 

787. Cor. 3. Let arc A B generate a zone of a single base. 
Then, zone AB_= A PX 2 n A. Hence, zone AB = irAP 
X A D = V A Ji^. (§307.) That is, a zone of one base is equiv- 
alent to a circle whose radivs is the chord of the generating arc. 
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Pbofosition XXXYL Thbobeb. 

788. The volume of a 9pkere is equal to He area of its 
surface multiplied by one-ikird of its radius. 

G F 




Let R he the radius of a sphere whose centre isO,S its 
surface, and V its volume. 

We are to pr<n>e V=SX\R, 

Conceive a cube to be circumscribed about the sphere. 

From 0, the centre of the sphere, conceive lines to be 
drawn to the vertices of each of the polyhedral AA, B^C, D, etc. 

These lines are the edges of six quadrangular pyramids, 
whose bases are the faces of the cube, and whose common altitude 
is the radius of the sphere. 

The volume of each pyramid is equal to the product of its 
base by \ its altitude. § ^74 

.*. the volume of the six pyramids, that is, the volume of 
the circumscribed cube, is equal to the surfSace of the cube mul- 
tiplied by \ R. 

Now conceive planes drawn tangent to the sphere, cutting 
each of the polyhedral A of the cube. 

We shall then have a circumscribed solid whose volume will 
be nearer that of the sphere than is the volume of the circum- 
scribed cube. 
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From conceive lines to be drawn to each of the polyhedral 
A of the solid thus formed, a, b, c, etc. 

These lines will form the edges of a series of pyramids, 
whose bases are the surface of the solid, and whose common alti- 
tude is the radius of the sphere ; 

and the volume of each pyramid thus formed is equal to 
the product of its base by ^ its altitude. 

.*. the sum of the volumes of these pyramids, that is, the 
volume of this new solid, is equal to the surface of the solid mul- 
tipUed by J B. 

Now, this process of cutting the polyhedral A by tangent 
planes may be considered as continued indefinitely, 

and, however far this process is carried, it will always be 
true that the volume of the solid is equal to its surface multiplied 

But the sphere is the limit of this circumscribed solid. 

.\V=SXiE. §199 

Q. E. D. 

789. Corollary 1. Since ^=4ir/2« (§ 762), F=4iri?*X 
Ji? = $irir*. If we denote the diameter of the sphere by 

790. Cor. 2. Denote the radius of another sphere by R' and 
its volume by V ; we have F'=f 7r/2'«. '' ' y ^ U^^"^ W' 
That is, spheres are to each other as the cubes of their radii. 

791. Cor. 3. The volume of a spherical sector is equal to the 
product of tite area of the zone which forms its base by one-third 
the radius of the sphere. 

Let R denote the radius of a sphere, C the circumference of 
a great circle, U the altitude of the zone, Z the surfece of the 
zone, and V the volume of the corresponding sector. 
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Then C=^2wR; §381 

Z=CXff=2wRXff; • §784 

K=J-^Xi? = §»^XJ5r. 



792. Cor. 4. Tke volumes of spherical sectors of the same 
sphere, or equal spheres, are to each other as the zones which form 
(heir bases, or as the altitudes of these sones. 

For, let V and P denote the volumes of two spherical 
sectors, Z and Z' the zones which form their bases, H and H' 
the altitudes of these ^nes, and R the radius of the sphere. 



Then 



And since — • 
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793. Cob. 5. The volume of a spherical segment of one 
base, less than a hemisphere, generated by the revolution of a 
circular sector AO B about the diameter A Z>, may be found by 
subtracting the volume of the cone of revolution generated by 
BG from that of the spherical sector AO B, 

In like manner, the volume of a spherical segment of one 
base, greater than a hemisphere, generated by the revolution of 
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A B'C may be found by adding the volume of the cone of revo- 
lution generated by B* C io that of the spherical sector gener- 
ated by il B*. 

794. Cor. 6. The volume of a spherical segment of two 
bases, generated by the revolution of C B B' C about the diame- 
ter A By may be found by subtracting the volume of the segment 
of one base generated hj A B C from that of the segment of 
one base generated by A B' C 



Exercises. 



1. Given a sphere whose diameter is 20 inches; find the cii^ 
cumference of a small circle whose plane cuts the diameter 4 
inches from the centre. 

2. Construct, on the spherical blackboard, spherical angles of 
30% 45°, 90% 120% 150° and 135% 

3. Construct, on the spherical blackboard, a spherical triangle, 
whose sides are 100°, 80° and 70° respectively. What is true 
of its polar triangle 1 

4. Find the surface and volume of a sphere whose radius is 10 
inches ; also find the area of a spherical triangle on this sphere, 
the angles of the triangle being 80°, 85° and 100° respectively. 

5. If 7 equidistant planes cut a sphere, each perpendicular to 
the same diameter, what are the relative areas of the zones ) 

6. Given, two mutually equiangular triangles on spheres whose 
Kwlii are 10 inches and 40 inches respectively ; what are their 
relative areas ) 

7. Let V denote the volume of a spherical pyramid, S its base, 
E the spherical excess of its base, and R the radius of the sphere ; 
show that ^= J IT -ft* ^, and V = \ ir R^ E, 

8. Given, the volume of a sphere 1 728 inches ; find its radius. 
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9. Find the ratio of the surfaces, and the ratio of the volames, 
of a cuhe and of the iuscribed sphere. 

10. Find the ratio of the surfaces, and the ratio of the vol- 
umes, of a sphere and the circumscribed cylinder. 

11. Let V denote the volume and ff the altitude of the spher- 
ical segment of one base, and B the radius of the sphere ; show 
that r«- «• iy« (^ - J H). Also, find V when i? = 12 and 

12. Given, a sphere 2 feet in diameter; find the volume of a 
segment of the sphere included between two parallel planes, one 
at 3 and the other at 9 inches from the centre. (Two solutions.) 

13. A sphere 4 inches in diameter is bored through the centre 
with a two-inch auger ; find the volume remaining. 



THE END. 
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